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КiИЫа Elastiktik Nэzагiууэsiпiп fiziki qeцi-xatti mэsэlэlэriпа
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Klassik Elastiklik пэzаriууэsiпiп - xatti qoyulugdakr biT 9ох
mэsаlаlэгi; mijstэYi mэsаlаlагi pTizmatik tirlэгiп Ьчгчlmа чэ ayilma
mаsаlаlэri (istэr xalis эЛlmа, istэгSа da topa ytik tэSiгiпdэп ayilma)
fiziki qeyri хапi qoyulugda hall oIunub, эdаdi misallara Ьжrlmrgdrr.
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ТЬе mопоgгарh was wTitten оп the basis of scientific геsеагсhеS
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MUQaDDIMo

Мопоqгаfi yada Elastiklik Nazariyyasinin fiziki qеуri xэtti
mаsэlэlэгiпа (defoгmasiya kоmропепtlэгi ila garginlik kompo-
пепtlэгi araslnda эlаqэпiп qeyгi-xatti halrna) baxrItb. Elastiklik пэ-
zагiууэsiпiп iki oblasta malik (sonlu oblastlar ЁЕiiп) masalalori
(miistavi mэsаlаlагi, pгizmatik tirlаriп burulma va эуilmа mаsэ-
lэlэгi чэ i.a) movcud оlап iK halda - kigik fitziki qeyri-xэtti
qoyulugda (Kogi, Qenki, Качdегегiп пбqtеуi пэzаri) чэ ixtiyaгi
fiziki qeyri-xatti qoyulugda Qгiп, Adgins чэ i.a. ndqteyi паzагiпе
hэll olunmugduT.

Baxtlan oblastlara malik elastiklik пэzэriууэsiпiп fiziki
qеуri хэtti qoyulugda Ьiг 9ох mэsэlэlэriпiп hэlli qox az
iqlqlandlnldlýrndan - xi.isusan da dUzxэtli gаtlша malik oblastlar
iigUn Ьlэ mаsэlэlагiп hаllэгiпiп dеmэk оlаг К, heg оlmаdtфпа
gбrэ, Ktab bбyiik эhэmiууэt kэsЬ edir.

Monoqrafiyada baxrlan fiziki qelTi хэtti qoyulugdakl
mаsэlэlаriп эksэгiууэti, xэtti qoyuluýda miiэlliГrп Ozii tэrэfiпdэп
hэll olunmuqdur.

Kitabda tadqiqatgllann baýqa эdэЬiууаtlаrа miirасiэt edib
vaxt itiгmэsiп dеуэ, bir gox lazrmi гiуаzi Еечiгmэlаr hмrг gэКldэ
чегilmigdir. Gэlэсэk tadqiqatgrlan mаrаqlапdtrап tёчsiууэlаr va
istiqаmэtlэr dэ Htabda бz уеriпi taplb. Xi.isusi оlагаq onu qeyd
еtmэk laztmdrr ki, kitabdakl ciddi гiyazi gечiгmаlагi уж9r
mэпimsэmэk tigiin, охчсчпчп mЦvaГrq гiyazi Ьiliklэrэ malik
olmast maslahatdir.

Monoqrafiyada Elastiktik Nazeгiyyasinin fiziki qеуri-
xatti mэsаlэlаriпiп tam kiill[yaпna baxrlmayb, уаlпlz bizi mаrаq-
lапdrrап bir gox mэsэlэlэrа baxrlmrgdtr.

Вчrаdа Ьахrlmауап Ьiг Еох mэsаlаlэгiп hэllэгi, kitabda
gёstэrilэп yolla аsап hэll oluna Ьilэr.

MonoqTafiya fiziki qеугi xatti elastiklik nazariyyasi
sahэsinda АzагЬаусап dilinda ilk adabiyyatdlr.

Kitab genig охчсч kiitlasi: tаlэЬэlэт, aspirantlm, miiэllim-
lаг, tadqiqatgllar чэ i.a. tigiin паzэrdа tutulub.
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GIRIý

Sоп illarda elm че texnikantn inkigafi klassik

пэzэгiууаlагiп dэriпlэgmаsiпi, Ьir Еох fаrziууэlэriп чэ asas

tапliklэriп (gегgiпlik va deformasiya kоmропепtlагi ш.аsrпdа

astlltqlar) хэttilэýmаsiпdап imtina edilmasini, hаmgiпiп Hassik

elastiklik паzогiууаsiпiп эhаtэ eda bilmadiyi Ьir gox mЁhiim

mэsэlеlэriп hэllini ve i.a. tэlэЬ edir.

Опа gбrа dэ dеfогmаsiуауа чётауап Ьэrk сisiпJэгiп

mexanikasrnda qeyrixatti masalalarin hаlliпэ genig уеr чегilir.

Bu, tedqiq оluпап сisimlэriп gэrginlik чэziууэtlагiпiп

dэqiq analizinin vacibliyi va Ьч fiziki-mexaniki рrоsеslагiп xatti

elastiklik пэzаriууэsiпdэп mэlчm оlап qапчпlшlа izah oluna

bilmamasi ilэ эlаqэdшdrr.

Biittin Ьч deyilanlar qeyrixetti elastiklik пэzаriууеsiпiп

inki;af olunmaslna gаtiгir, giink qeyгixatti mаsэlэlэr fizikada,

mi.iasir texnikada ЬбуUk эhэmiууеt kasb edir.

Klassik elastiklik паzаriууэsiпdэ qэЬчl оlчпап fагziууэ чэ

хэtаlаrdап tam чэ уа Ьir hissэsiпdэп imtina olunmasr, qeyrixэtti

elastiklik пэzэгiууаsiпiп mЁхtэlif чагiапtlаппtп уаrапmаstпа

sэЬаЬ оlчr (Ьеlэ Н, dеfоrmаsiуа tепZоruпчп чэ hamginin gэrginlik

kоmропепtlэri ila deformasiyalm агаstпdа аlаqэпiп miixtalif

fогmаlап mёvcuddur.)
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Klassik etastiklik паzэriууеsiпdэ xattilaýmэ prosesi asasan

iH istiqаmагdэ арапlrr. Biгincisi defoгmasiyaya чýтауап cismin

hапdэsаsi (dеfогmаsiуаlапп gox kigicik olduýundan опlапп iki чэ

daha 9ох dаrэсэdэп olan hэdlэгi паzаrа аhпmrr) чэ ikincisi

baxrlan cismin mаtегiаhпtп fiziН хаssеlэгidir (gагgiпliklэrlэ

dеfогmаsiуаlаr агаslпdа asllhhq-Hiiq qапчпч). Qеуriхэtti

elastik|ik пэzэriууаsiпiп mеуdапа glxmastnda Ьu iki аmildэп

istifada оlчпmчgdчr.

Defoгmasiyaya чFаmаglп fiziН qanunu-yani gorginlik-

lэrlа dеfогmаsiуаlаr аrаslпdа asilliliq (ba;qa sёzle elastik cismin

vaziyyэtini ifаdэ edan asas tэуiпеdiсi tэпliklаr) iH iisulla ifаdэ

оlчпчr:

l. GагgiпIiНаrIа dеfогmаsiуаlаг аrаsmdа iimumi

fчпksiопаI alaqaya - (iki rалqlr-dэrэсэli simmetrik

tenzor kоmропепtlэri аrаslпdа asrlhq) эsаslапап

Цsul.- O.Ko;i, Qenki, Качdеrеr va i.a, аlimlэгiп

пфtеуi пэzагi.

2. Elastiklik роt€шiаlп-dеfогmаsiуа enerjisi

funksiyaslmn daxil edilmэsi yolu - А. Qгiп,

D.Adgins ча i.a. аlimlэriп пфtеуi пэzэri.

Qeyd olunan hэr iH пфtеуi пэzэrэ uyýun, gэrфпlik va

deformasiya kоmропепtlэгi arasrndalc real fiziki ifаdаlэгiп

miiayyan olunmasr ve Ьчпlаrа эsаsап mЁаsir texnikanrn Ьir goK
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aktual mаsаlэlеriпiп halli, qeyrixatti elastiklik паzэгiууаsiпiп ап

miihtlm mаsэlаlагidir.

Qеугiхэtti elastiklik пеzэriууаsiпiп Ьir Еох aktual

mэsаlэlагi Ьч sаhаdэ i;layan diinyanln аралсl аlimlэгi -
N.N.Qoldenblatt, A.N.Quz, K.Z.Halimov, J.S. Еrjапоч, D.D.

ivlev, A.A.ilyugin, A.C.Kosmodamianski, Y.i.Kofi'man,
А.i.Lчrуе, Х.М.Мчgtагi. V.Y.Novojilov, Y.S.Potstгiga9,

Y.N.Rabotnov, O.Nemig, X.A.Raxmatilun, L.i. Sedov,

Q.N.Savin, Р. Lukaq, S.LexnitsНy, i.Teregulov, N.S. Sailov,

L.A.Tolokonnikov, Q.S.Тагаsеч, D.Р.Хоrоgiп, i.А.Тsчграt,

D.Adgins, А.Qгiп, C.Tгusdelli, F.iпdга, Q.Качdегеr va i.a

tэrэfi пdэп hэll edilmigdiг.

Bizim гespublikada qеугiхэtti elastiklik паzэriууэsi

sаhэsiпdэ gёriilэп iglar аsаsэп Д.Мiгzахапzаdе, Y.Omanzada,

M.A.Babayev, Э.i.isayev, H.Mammadsadrgov, RКогimоч,
RT. Qaribov, H.Quliyev va i.a. аlimlэriп adr ilэ baýlrdrг.

Вч kitabda, biz hэпdэsi хэttilэýmэпi saxlayrb, Htiq

qапчпчпdап пэzэrэ 9аФасаq dэrэсаdа kэпаrа grxrb (kigik

dеfоrmаsiуаlапп xatti qапчпlа dayigmasini qabul edarak),

gargimliklarla defoгmasiyalar arastnda аlаqэ ifаdэlэriпiп

qeyгixatti hэdlаrdап iЬаrэt olduф hala (fiziН qetгixatti elstiklik

поzегiуауа) baxrnq.

Kitab giгigdэп, tiE ЬОlmаdэп чэ эdаЬiууаtdап iЬагэtdiг,

10



Birinci fosilda fiziki qeytixэtti elastiklik паzэгiууэsiпiп

mЦstэчi mаsэlаsiпэ baxtlш (sonlu goxbucaqh iK rabitэli

lОчhэlаriп mlixtalif ytiklamalarden ушапап garginlik vaziyyatinin

tadqiqi).

Ikinci fasilda pгizmatik tirlэгiп burulma mэsэlаsi fiziki

qеугiхэtti qoyulu;da tadqiq оlчпчг.

UgЁncii fasilda pгizmatik tirlэгiп fiziki qeyrixatti elastiklik

пэzэгiууэsiпiп эуilmа mэsэlаlаriпа Ьакlrп;drr (istar xalis эуilmа

istarsa da topa yiikiin tэsiriпdэп епiпа эуilmа mэsаlэlэгi).

Kitab Ьч sаhэdэ АzагЬаусап dilinda ilk adabiyyat

оldчфпdап hаr fэsildэ gэlэсэk tadqiqatgllm UgUп уаrаrh

tбvsiyyalar dэ чегiliг.

1l



I BoLMa

Fiziк QEYRixaTTi ELASTiKLiK
NozaRiyyasiМп MUsTavi Masal-asi

ýI.l.Mosalonin qoyulu9u. FiziК qeyrixatti

miistavi masalalaгinin asas tопliнагi.

Маlчmdчr К, klassik elastiklik пэzаriууаsi, gаrgiпliklэгlа

dеfогmаsiуаlаr aTaslnda хэtti aýtlhqla ifada оlчпап Hiiq qanununa

asaslanlr.* Biz Ьцrаdа yalnrz fiziki qeyrixetti elastiklik

пэzагiууэsiпiп asas tэпliklегiпiп grxanlt;t i.lgЦп эп vacib ifadalaгi

чегiгik, Вч sahada genig mэlчmаt almaq istэуап охuсч rus va

ingilis dillэгiпdэ оlап mёчсчd эdаЬiууаtlага miiгасiэt eda Ьilэr

[2|,22,з8,6з,8з,94l.

Мэlumdчr ki, fiziki qeyгixetti elastiklik пэzаriууэsiпdэ dэ,

mllаууеп qЁvvalar tэsiгiпdэп cismin mi.ivмinэt tэпliklагi

аqафdаkl kimidir [22,38] :

' Kitabda ýаft olunan btitiln mэsэ!эlэгi Ьаýа duýmэk uýuп, biz hеsаЬ edirik ki, охчсч
klasýik elastiHik пэzэгiууаsiпiп эsаs Фlayrýlагl va ali nyazziyatla kifayyэt qэdэг
tалlýdlr. Охчсч бz zёчquпэ чуФп olaвq goxlu sayda rчs чэ iпфlis dillэrinda olan
"Elastiklik пэzэriууэsi" kilаЫал ilэ чэ bizim tэвГrmizdэп уаztlал Аzэфаусад dilinda
Ьч sаhэdэ ilk эdэЬiууаt оlап эsэгlэгlэ [25,26,27] tanlý ola Ьilэг.

12



0о, 
,

а*'
D',r*Or,.*у=6
Dу 0z

0t- ёо. Эт.-
____!L а ___--L а, ---!1 1f =Q0х Эу Эz

0"о *0'n *0Оr. *7 =g0х Эу 0z

Вч ifаdэlаrdэ ox,oy,oz, тху,см,ту garginlik kоmропепtlэгi,

X,Y,Z hecmi qtiччэlэтdir (mэsэlэп aýlrlrq чэ уа эtаlэt

qiiччэlэгi).

(I. l. 1) tarмtltq ýапlэгiпi

оц.i =0 (I.1.2)

kimi dэ kompakt gэkildэ yazmaq оlаr (hacmi qiiччэlэгi поzэrэ

almasaq).

Nогmаl gаrфпliНагiп ох,оу ч1 oz оrIл qiymэti оо огtа

gогgiпlik аdlашr чэ agagldakl ifadэ ilэ mi.iэууэп olunur:

(I.1.1)

l
оо =l 0.1.3)

Gагgiпlik tenzoru T -r:u oryz kоогdiпаt sisteminin ixtiyari

пфtэsiпdэ mаtгisа gaklinda Ыа ifada еtmэk оlаr.

(о,*оr*о,)

13



бх00
т= о

0 бz

00

0
0.1.4)

Onda gэгgiпlik tenzorunun S,,S2 va .ý, sогЬаst iпчагiапtогlагl

bu gakilda olar (о,,о, че о. поrmаl gоrgiпliklег, Ьа9

gагgiпliНаr olduqda):

sl = oJ +Оу *о. i 52 =or.oy+oyoz+oxoz;

Sз = oxoyбzi (I.1.5)

Тохчпап gаrgiпliklагiп intensivliyi ro agagrdakr ifаdэ ilэ

miiэууап оlчпчf:

&0-
}(+ - ".)' 

*(о, - оо| +(о, - оо)2 =

(I.t.0)

Dеfоrmаsiуаlагlп biгgalilik gагtlаri (tig Ьоучпа uzanma

че tig si.iri.iýmэ dеfогmаsiуаlап arasrnda elaqa):

\|а, 
*"', +Q -о"о, -о,о,-о,о,]tl,+f +ф,

"Э2г_ _ Э [L=----- - 
,-,|

фdz d, L

0У, ,0r,, 0f*
a.-an-a,

l4



2tэ-= L
lxOz Эу фЭхOz

.d'€, d 
IL-:---- - =-|dхф dzL
0fм 

+
1 0'у,, D'r, О2е.l; =-=- = -:--;- +-:-+;
) dydz dz' ф'

dTy" 0f,у

*.={+-g+, 1Ъ=+-{1, (I.17)lxOz 0х' 0z' аJф ф' 0х'

Dеfогmаsiуаlаr (а, ) чэ уеrаауigmэlэг и,u,w arastnda

эlаqэ iimumen bu gekilde оlчг (уеrdэуiqmаlэгiп iigtinci.i va ondan

уi.iksэk dаrасэlэгiпi пэzаrэ almadrqda):

Эу Э.т Эz

2

=zfu+
Э.t

0ч
1-
dx

du
Е

/л ,2
*[91l *
[Эrl

-[#)'-(#)'-

+

2

+

уу€

0х

z - :2
Irlи}1-1

[о]
zл r2

t#]

.,0u ,

ф

лOw

0z

0w
2

Е-
0z

0u 0ч 0uOu ЭuЭu 0wOw., =9 =--L- -L---!--I--J'^' " ф 0.r D*ф 0"Ф 0rф
0w 0u luOu duOu 0w 0w

у__ = Е =-+ -+--+--+-.-+..." 0х 0z lxOz 0xOz 0х 0z

Эu 0w )uOu 0u 0u lwЭw /_-л\
у._ = €. _ = -+-+--+-.-+--+... 

11.1.El'!' " az ?у 0уЭz ф 0z 0yOz
Qeyd еtmэk laztmdtr К, эgэr biz elastiklik паzаriууэsiпiп
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miistэvi mоsэlаsiпэ baxlnqsa, onda (I.1.7) чэ (I.1.8)

sаdэlа9iЬ аqафdаkl gakil аlаr:

Dеfогmаsiуаlапп birgalilik qэrtlэгi :

€ rr,уу + €уу,о - 26,у,лу =0; €о=f,
Deformasiyalarla уеrdауigmэlэr arasrndakl аlаqэ

ifаdэlэri

(I.1.9)

(I.1.10)

va l.a. (I. t. t t)

1t
E,i =rV,,i + И j,, )

Вч ifаdаlэrdа j va j uyýun olaTaq l чэ 2 qiуmэtlэгiпi

ahrlar.

IfаdэlэrdэК vergitl iqатаlэгi (Ьах. I.1.2, I.1.10 va

sопrаktlаппа) xiisusi tбrаmаlаri gОstэгir. Мэsэlэп

€i, j = €,,r + €х,у + Еу,х+ Су _Эg**Эа,*аr*Эе,
ЭlфDлёуу

Gэrgiпlik kоmропепtlэгi oij ilэ defoгmasiya

kоmропепtlэгi au arastnda astllrqlar tiýitn эksэr аlimlэr izotrop чэ

Ьirсiпs сisimlэг i.igUn Q.Qrinin nёqteyi пэzагiпа эsаslапrЬ, daxili

qiivvalaгin potensialtnrn - enerji funksiyastnrn olmastnt fэrz

еdiгlаг [22].

u =u(JiJ2;Jэ)

Вчrаdа "I, , J , vэ J, dеfогmаsiуа tепzоruпчп

lб



D=
€r,

€о

€r,

Еr,

€r,

'yz (I.1.12)

sarbast deyiýen iпчаriапllаrrdrr

Bela ki,

+ €уу + €ц!)

t, = Ib*r, + €уу€а + €а€м -

+ ,'* - е|,]

€ххJ,=L(, 2,
1

2

_е, 1
= i'ч'ч

/, =*

т,, = €,, va yn= €у,) slfir olduýundan dеfогmаsiуа

€о

€о

uy

'yz

- ,|1

€,,-

'zz

1

8'Ц' jo €it i (I.1.13)

"/, invariantr hacmi geni;lanma аdlашr. Ва9 gэгgiпliklэгэ

(о,,оr,о.) analoji оlшаq E*t,6yy va €zz Ьаý чzапmаlаr (_т,у

чэ Z koordinat охlап istiqamэtindэki defotmasiyalar) аdlапlr.

€м< €уу < €zz (I.1.14)

Oger oryz koordinat sistemindэ охlш uyýun o]maq Ьаý

чzапmаlаrа |е*,е,,r,е.) ршаlеl оlап, iхtiуагi пёqtаdа stiгiiýmаlаr

(r, Е
ху

tenzoru va sэIЬэst dауiýэп iпчаriапtlаr bu gэklа dilgаг (эgаr



(I.1.12) чэ (I.1.3) ifаdэlеriпdэ T"y=E"l=O; ту =€r. =0 чэ

r,z = €", =о olduqlannt паzаrа alsaq):

D=
Ех, 0 0

06 уу
(I.1.14)

0

чэ

J|= €м+ €уу + eu; J2 = €u€ rr l Eyy€zz+ €u€zz

Jз= €м€уу€- (L1,15)

Garginlik kоmропепtlагiпiп tadqiqindэHnэ analoji olaraq

огtа чzапmа ео bela Ьir ifаdэ ilэ miiэууэп оluпаr

(I.1.16)

Onda defoгmasiyantn kЁrачi tепzоrч Do Ьеlэ оlаr

Ео 0 0

0ео0
00Ео

(I.1. 17)

вч о demakdir ki, baklan halda cismin hасmiпiп

deyigmasi, опчп бz fоrmаslпt dэyigmadan аltr. Опа gёrаdа D0 -

xalis hacmi dеfогmаsiуа da adlanrr. Defoгmasiya tenzoru D ilэ

kiirэчi tепzоr (xalis hэсmi deformasiya) Do -пiп fэrqi,

dеfогmаsiуа dечiаtоrч adlanrb D' ilэ igшэ olunur. Веlэ ki,

0

€.20

*=+Ь *r,,tr,.)=LJ,

Do
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€u-€о
€о
€о

Ео
D'=D-Do= €о-Ео

Еу.

Е -,-

€ч-€о
(I.1.18)

Deformasiya deviatoru D' - е|е dеfогmаsiуаdrг ki, опч,

cisim hacmini dауigmэdэп аhr (yani cismin yalntz fоrmаslпlп

dэуiqmэsidir).

Тохuпап gеrgiпliklэгiп intevsiyliyina analiji olmaq

ýiiriiýma dеfогmаsiуаsl intevsivliyi amsalt qио aýagldakl ifаdэ ilэ

miiayyan оlчr:

Xalis hacmi deformasiya iigfin (e_=€yy=€zz=0

olduqda) (1.1.19) ifadэsi sаdэlаgiЬ Ьеlэ bir ýэkil alar:

(I.1.20)

Сisiпr]эriп mаtегiаllаппrп kristalik quгuluqundan asrh

оlагаq, gэгgiпlik ve dеfогmаsiуа kоmропепtlэгi arastnda astltltq

(alaqa) miiхtэlif gakildэ оlчг (atrafll mэlumat Ugtin Smit чэ Rivlin

Il17], Qriп чэ Adgins [22] чэ i.a. эdэЬiууаtlаrа baxmaq olar).

маlчmdчr Н, эksэr hallarda сisimlаriп mаtегiаllаппtп

kristalik quгulugu asasan Ьч siпiflаrdэп iЬаrэtdir: triklin sistem

(monoedrik чэ pinakoidalik siniflar), monoklin sistem (diedгik

2

ъ |[,i * 
"i 

* ,? - €х€у - € y,.z - ,,r,Ь |И + yl, + ^l,)$:,tЭ)

|й-t"-*)
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oxsuz sinif, diedгik охlч sinif чэ pгizmatik siпiГ), rombik sistem

(rоmЬik piramidal sinif, тоmЬоtеtrаеdгik sinif, rоmЬik dipiramidal

sinif), tetгaqonal sistem - Ьч sistem 7 kristalik sinifdan iЬаrэtdiг

- tetraqonal - tеtгоеdгik sinif

- tеtrаqопаl - рiгаmidаl sinif

- tetraqonal - diрiгаmidаl sinif

- tetraqonal - skalenoedrik sinif

- ditetraqonal - piramidal sinif

- tetraqonal - trарsеdгik sinif

- ditfotraqonal - dipiramidal sinif

Kub sistemi (kubik simmеtгiуа sistemi) 5 kгistalik sinfa ЬOliiпiiг.

- tTitetraedгik sinif

- didodekaedгik sinif

- heksatetraedriksinif

- tгiоktаеdrik sinif

- heksaoktaedгik sinif

Heksoqonal sistemin бziiпdэ 12 kristalik sinif vardtr:

- tгiqопаl - piramidal sinif

- rоmьоеdrik sinif

- ditriqonal - рiгаmidаl sinif

- tTiqonal - tTapeseedгik sinif

- heksoqonal - skalenoedгik sinif

- triqonal - dipiгamidal sinif

zo



- heksaqonal - piramidal sinif

- heksoqonal - dipiгamidal sinif

- ditгiqonal - dipiramidal sinif

- diheksaqonal - piramidal sinif

- heksaqonal - tгapeseedrik sinif

- diheksaqonal - dipiгamidal sinif

Nэhауаt trапsчеrsаl - izotгopik simmеtгiуауа malik

sistem чэ izоtгорik simmеtгiуауа malik sistemi qeyd etmэk оlаг,

Biz biitiin klassik siпiflэгiп mёчсud simmеtгiуа

хiisчsiууэtlэriпiп kifayэt dагэсэdа ifаdэlэriпi aqaýrda чегiгik

(cismin mаtегiаlrпrп deformasiyaya ugrауапа qэdэr olan

чэziууэtiпdэ iiE istiqamatinin olduýunu чэ bu istiqаmаtlэriп vahid

чеktоrlаппtп ё|,ё2, ёэ olduýu qabul edilir),

Тгikliп sistemda ёr,V, ча аз vahid vektorlaпn

istiqаmэtiпэ mahdudiyyэt qoyulmur чэ daxili qtiччаlэгiп

potensiah U (епеrji funksiyasr) iizэriпэ heg bir mэhdчdiууэt

qоучlmчг, уэпi bu funksiya

U=U(е-,а"r,r...а",,аr.,а,.) (I.1.21)

gэkliпdэ deformasiya kоmропепtlэеiпiп polinomu (gохhэdlisi)

kimi ifаdэ оlчпчr.

Сагi koordinat sistemi tigiin ixtiyari dtizbucaqh dekart sistemini

ОлУz Segmak оlаr.
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Monaklin sistem tlgtin V, ча Z, vahid чеktоrlап Ьir-Ьiгilа

dЁzbucaq эmэlэ gэtiгir, q vahid vektoru ф Q mЦstечisiпэ

реrрепdikчlуаr oluT. Bu sistеmdэ U funksiyasrnrn

deformasiyalardan astlhltýt bela olur.

U\e u,e п,с..,ео,€ n,E,r)=
= U (eo,co,cu,-uo,, n,-r,,) (T.t.zz)

Romb gaklinda оlап sistem iiEi.in ауе2, ез чаhid

чеktоrlап Ьir-Ьiгiпа qargtltql prpndikulyar оlчг. Ва9lапфс

dekart kooгdinat охlап (x,y,z) vahid 4,ё2,аз vektortlanna

paralel gбtiirtiliir. Daxili qiiччэlэгiп potensialr U funksiyast yeddi

kаmiууаtdэп (dеfогmаsiуаlапп kombinasiyasrndan) asrh оlчr

t] =U\eo,err,eu,e €22 2 (L 1.23)

Теtгоqопаl halda da q,е2,ёз vahid vektorlan Ьir-Ьiriпэ

qargrlrqlr prpndikulyardrlar. Rombik sistemdэ olduýu kimi

koordinat охlап vahid чеktогlаrа paralel оlчг чэ z охu эsiý

simmetriya oxu gt turultir.

Bu halda U funksiyasr iK сUг gdttiri.ili.ir. Пk tiE sinif iigUn

ьч ifаdэ Ьеlэ оlчг:

U(a-,arn, г-. г-.€ч,,f ,. ) =

-- tt (t-.,.с о,'t.^, r,,-r r,-u ",) 
(l,|,24)

Son dёrd sinif iiEtin isa

€
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U\e,,,, o,c..,e

= U (e r,co,cu,

2

€ 2

,с' ,с'-,с Е ,,,)=
у:

€€z ,€

Kub ;эklinda sistemi оlап halda da vahid vektorlar

q,Q, Q qaTgrlrqlr ргрепdikчlуаrdrlаг. Simmetrik охlап vahid

vektortara рагаlеl olan diizbucaqh koordinat sistemi segilir.

Umчmi halda kubik simmеtгiуа hаh iigUn U funksiyasr ilk iki

sinif iiEiin Ьеlэ gбtiiriiliiT:

UP-,e о,е"",е'r, €rz€

yz

€ ,Е

(I.1.25)

(I.1.26)

€2

,€

€ 2
yz

2

е2

€
yz

€

u ,r''n

=U

=U

(rr,r.,r* 2€2

(t u, с *, о о, е2,,, е2r" ,€' ,Е

,€ .€ .€
yz

,-)=

, *).

Yani polinom ifаdэdэп istifada оlчпчr. Sопчпсч 3 sinif tigЦп isэ

U funksiyasr belэdir.

U ,€ уу,е zz, Е ,€f;,'€,ь

{ro,r"",rn, ,€ € .€

2
,у

€2
2

=U

=U

rу

22(ru,r-,ur,u € ,€ .€

Heksaqonal sistemde dэ daxili qЦччэlэгiп potensialt U

funksiyasr va deformasiya kоmропепtlэri Eu mastnda asrllrhq Ьir

Еох чагiапtlшdа оlчr. Пk iK kгistal sinif Ц9Oп bu asrllrlrq 14

kэmiууэtdэп (dеfогmаsiуа kоmропепtlэri arastnda

2з



kombinasiyalardan), sопгаkr 3 sinif iigiin bu эlаqэ 9 kэmiууэtdап

vasitэsilэ yaradrhr va i.a.

Тrапsчегsаl izotгop sistеmdэ kгistаl siпiflэr tiqЁn U

funksiyasl va deformasiya kоmропепtlэгi au аrаslпdа alaqa bu

gэkildэ оlаr: polinom (уэпi Еохhэdli gэkilinda) olaraq Ьеlэ оlаr:

U = U V - + € уу, €2,у + €2у| € zz€ о - r rr,2r,r, * - ef, ,Zc,, En

Nahayat izotrop sistemda kTistal siпiflаriп hamrsr tiqЦп U

funksiyasrnln polinomial ifadasi

U = U(JyJ z, J з) qaklinda оlчr.

Вчгаdа ./,,,/, чэ ,I, sэrЬаst invariantlar olub (I.1.15)

ifаdэlэri ila mЦэlуап оlчпurlш.

Gэrgiпlik чэ dеfогmаsiуа kоmропепtlэri шаslпdа

еlаqапiп, учхапdа gбStэrilэп biitiin kтistalik siпiflэг iiqiin

ifаdэlэгiпi аrаgdrmаq, biT kitab gэrqiчаsiпdэ qelTi mЦmkiin

olduýundan biz Ьчrаdа yalnrz kubik simmеtгiуауа malik sistemlar

ilЕiiп оlап hala baxacaylq (izotrop mаtегiаllш tigiin Hiiq qanunu

klassik elastiklik паzэгilуэsi kitablarrnda |2,9,19,26,З0,45,6'1]

genig aragdrnlrb).

Gэrgiпlik чэ dеfогmаsiуа kоmропепtlагi аrаslпdа alaqa

kub gaНlli sistemin kristalik siпiflэri Uqiiп agaýldakl чагiапtlаrdа

gёttiriilur.
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*,,=So, Оч*SЬч-оо бч) {1.2,7)

Bu эlаqа О. Kogi, А. Qenki, Q.Кацdеrеr va i.a nёqteyi

паzэгiпсэ (с,, ча о arasrnda Цmчmi funksional эlаqауа

asaslanan nёqteyi пэzэr) эsаsэпdir.

сц = f1 бц+ fz.бц + fз.оil,.оJk; f"= 9oU. п=t,Z,З (I.1.28)
dJ"

Bu эlаqа isэ Д.Qriп чэ Ьаqqаlаппtп пфtеуi пэzэгiпсэdir

(dеfогmаsiуаlаr enerjisi funksiyaslnr daxil еdэп nбqteyi пэzаr).

Вч ifаdаlэгdэ К hэсmi stxllma mоdчlчdчr. G - siiriiýma

modulu. f - mаtеriаltп garginlik funksiyasldlr. U =U(JIJ2,Jз),

daxili qi.iччэlаriп potensialr (enerji srxlrýr funksiyasr)

S,,S, чэ S, - garginlik tепzоruпчп iпчагiапtlапdrr, &(so)

orta gэrgiпlik (so) funksiyasrdl., g(ro') 
'o"unun 

gаrgiпliklэгiп (ro2 )

intensivlik funksiyasrdrr.

so = 
90 -gatiгilmig orta gагgiпliуiп ifadэsi

to
rо

G
gеtiгilmig tохчпап gогgiпliklагiп intensivliyini

ifadэsidiг

ft(sо) чэ B(lj ) ГuпКriучt-п,

gёtiiгmak olar [З8]:

sonsuz slrа gэkliпdо
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&(so )= 1а 7., , so + ft, , s] +kr,s] +... (I.1.29)

B(ro')=r*rr,t2o + go,t!+ gu,l| +... (I.1.з0)

Вчrаdа

k,=-/1i Kr=2N-Iz;

kr=-St+57r,7r-7rlvei.a. (I.1.3l)

Bu (I.1.3l) ifаdэsiпэ daxil olan 7 funksiyasr uzadllma

funksiyasrdlr (Ьч uzadrlma xatti ёlgiiуэ aiddir, zаmапа уох).

8z=-Tzi вц=3rf,-rц;... (L1.32)

7 iso siiriigme deformasiyasl funksiyasrdrr. Gэrtirilmig

tохчпап gaгginlik intevsivliyini (rr), е(rо) va 8(rS)

funksiyalannrn kбmэуi ilэ bele ifаdэ оlчпчr[аг [38]

so=oo,k(so); ц=,trо.Ач3) G.1.33)

Onu da qeyd etmak lazrmdrr Н, (I.1.З1) ifаdэlэгiпdе 7, va

t, аmsаllаппп уеrlагiпi dэуiqmэklе (yani birini digэгi ilэ эчэz

еtmаklэ) ЬэrаЬаrliklаr ёz doýruluýunu saxlayrr

Ogar (1.1.33) - da (I.1.3), (I.r.4), ifаdэlэгiпi паzэrа alrb,

orta gэrglпlik tепzоrчпdап

То=оо'Е ( 1.1.з4)

istifаdэ еtsэk Ьir пе9э gечiгmаlаrdап sonTa gэrgiпliНаr

dеfогmаsiуаlапп kбmэуi ila bеla taprlar:
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о, = зк. ft(so). а о + zc. fy!)-Q, - ео)

оу = 3K.ft(so) е о *zc. у(,r3)-Ь, - uo);

о. = 3К. t(so ). эо * zc, fй). (е, - ео) ; т, = с Дч4). r,,

",, 
= с, r(ч'), rп; ",, =с, y(v|), r,. (r,r,зs)

Оgэr (I.1.1б), (I.1.17), (I.1.18) va (I.1.33) ifаdаlэriпi

паzаrа alsaq, deformasiya kоmропепеtlаri (r, ) gэrginlik

kmропепtlэгi vasitesilэ аgафdаkr kimi ifada оlаr(Ьч ifаdэlэrdэ

Ем= €х, €уу=€уi 6..=s. kimi qэЬчl olunub).

а,=} t(,o) оо*} Bt8)(c-".),

,, =!.tGо).оо-} Bt8) h -,.),

а, =f .t("o).oo*_l Bto')(",-"r),

l /.\ l /"\
f ,r= o,B|f ) 

Toi Tyz= G,g|g6)Tyi

r.=| вG) ".; (Ll,зб)

(I.1.З5) чэ (I.1.3б) ifаdэlэгiпdа К - hэсmi srxllma mоdчlч, G -

sЁЁgmо mоdцlчdчг. Yчхапdа gбstэгilап 15 tэпliklэr toplusu -
iig эdэd tarazllrq ýэrtlагi (I.1.1), altr аdэd dеfоrmаsiуаlапп

birgalilik яагtlагi (I.1.7) va altr эded gэrgiпliНэгiп dеfогmаsiуаlаr

2,1



vasltesila tapllmasr (I.1.35) ifаdэlагi (чэ уа deformasiyalann

gэгgiпliklэr vasitэsilэ taprlmast ifаdэlэп-(I.1.36)- qeyrixetti

elastiklik паzагiууеsiпiп (kiEik dеfогmаsiуаlаr iigiin) esas

tanlik]ar sistemini tэ9kil edir.

Qeyd еtmэk lаzlmdtг ki, elastiНik пэzэгiууэsiпiп miistevi

mаsаlэlэгi tiEiin (istэг miistэvi gэrgiпIik halr olsun, istэвэ da

miistavi deformasiya hah оlsчп) gсistэrilап 15 аdэd tэпtiklаr xeyli

sadelaýir.

Miistovi garginlik hahnda

о, =О; т,, =0 va 7r. =0

olduýundan (I.1.1), (I.1.7) чэ (I.1.35) tanliklaгi маlrr чэ б эdэd

olur: опlаг a;aýrфkrlaTdrг:

miivazinot ;еrtlегi

Эо Эr_, Эz_, 0о..

=+----:.=0; 
-;Д+=.-=оi ( I.1.з7)dхфdхф

dеfоrmаsiуаlапп biгgalilik 9агtlаri

а'г. . Э2г" ё'у*
________! + ______- = :,:а, (I.1.38)с]у' dx" dxdv

dеfогmаsiуаlапп gогgiпliklогlа ir"a"l".i,

." =f ,t(,o)."'o -} ,(,;) t,, -оо); T,-- f ,QЗ) ",
l _,, l r.t/ \

€у =-.&(so,) оо+й 8(ъ'' (oJ -ogJ (I.1.39)
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Bu ох,оу уб то gэгgiпliklэгiп ifаdэlэппiп glxaпlrgrnda

lОчhаlапп z oxu istiqamatinda qaltnhqlannrn digэr бlgiilera

пisЬаtэп gox kigik olduýu чэ bu gэrgiпliНэriп yalnrz х va у

охIаппdап asrh olduýu пэzаrэ altntb.

Eyni оlаrаq, mi.istэvi dеfогmаsiуа hallnda, klassik

пэzэriууэdа olduýu kimi qeyгixatti elastiklik пэzэriууаsiпdэ da

учхапdа qeyd olunan tапliНэr hаm sаdаlэgir, hэm dэ sayca аzаltr

(mtistэчi defoгmasiya hallnda а, -_f ,z=Tyz =0 olduEu паzагэ

alrnrr). Таkаr olaraq уепа qeyd еdiгik ki, bi.itiin bu sаdэlэgmэ чэ

tапliklэпп saytnln azalmasr yalnlz kigik dеfоrmаsiуаlаr haltnda

doýrudur. Мtistэчi gэгgiпlik чэziуэtiпdэ gэtiгilmiý оrtа gэrgiпlik

(rо) чэ toxunan gэrgiпliklапп опа intevsivliyi (lo) agaýrdakl

qiуmэtlэг аlrr:

о. =](а *",) (а *",)=fr;
9к

+оj-о,о,+Зфf

1
ýо=

a

0t V: (I.1.40)
9G2

Miistэvi gerginlik halrnda (I.1.27) чэ (I.I.28) ifаdеlэгiпdэki ou

gагgiпliklаri, klassik elastiklik паzэriууэsiпdэ olduýu kimi,

miivazinэt tanliklэrini еупiуlэ ёdэуiЬ, Еri garginlik funksiyasr

(F) vasitэsila Ьеlэ ifada оluпur [22,38].

о', = F,oo'6,, - F,,,, (L1,41)

29



Вчrаdа 6, amsallaп Ьеlэ Ьir fогmчlа ila miiayyan оlчпur:

4, =ЗL, 1.1.42), d€ii

JI dеfогmаsiуа tenzoru (dеfогmаsiуаlапп Ьiгiпсi sеrЬэst

iпчагiапtr) оlчЬ miistavi garginIik hah UgЦп

Jt = €rt, (I.1.4З)

kimi tayin оlчпчг. (1.1.42) va (1.1.43) ifафlагiпа аsаsэп yaza

bilэrik:

i* j olduqda 6,, = б ii = 1; оlаг du =0; it i olduqda:

Garginlik dеfогmаsiуа эlаqэsiпiп "kчЬ" dагосаdап оlап qanuna

эsаsэп (1.28) ifadasini Ьlэ de yazmaq оlаr |22].

ец = ltрш.6ц + hr.o,i + Цt.о2k* ,6-,j +

+ ,1rrоrо, . бч + 2)", . okkoц +

+ Ц, оЭч. 6,i + Ьз. oikoJk. бц +

+ Цz.оt .оь,.оi .6u + ,tr"r.o2*ou (t.t.+a)

Вчгаdа 2u - эmsаllап, baxtlan mаtегiаlrп fiziК хаssэlэгiпi

хаrаktегizэ еdэп sabitlaгidir.

Qeyd edak ki, [99] igiпdэ gёstaгildiyi kimi (I.1.27) чэ (I.1.28)

ifadalari elastik sаЬitlэri оlап JLц аmsаllаппtп agaýldakr

qiуmэtlэгiпdа i.ist-i.ista diiýiir:
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л l l l . _ l gz.
Щl= *- *; Щz= *: Ц=- u,;:

|8z | 8zЦ, ъ, ьl=ьz=ьз=о (I.1.45)
|2 G2' l8 Gз'
Вч ifadalэra daxil оlап К (stxllma modulu) чэ G

(stiгiigmэ modulu) эmsаllап, praktikada эп 9ох rast gэliпэп Е
(Yung mоdulч - elastiklik modulu) va ч - (Puasson эmsаh)

sаЬitlагi чаsitэsilэ Ьеlэ taprhr (чэ аksiпэ G, К mэlчm olduqda, Е

ча у taplhr):

G=|. u .Е, K=l. u .д
2 I+ч 3 ч-2

Е=2u+|.G=з.u-2 .к = 
9КG

v ч зК +G

2G б л зк+G
' Е-2G зк-Е - зк-2G'

(I.1.46)

Gагgiпlik kоmропепtlаri оц ча defoгmasiya

kоmропепtlэгi tч шаsrпdа эlаqэ ifadalaгini (I.1.27 ) ve уа( I.1.28)

ifadalarini dеfогmаsiуаlапп birgalilik ýэrtlэri olan (I. 1.7) ifаdэdа

уеriпа yazsaq, fiziki qeyTixatti elastiШik паzэriууэsiпiп milstavi

mэsэlэsiпiп halli аgафdаkr differensial tэпliklагiп

inteqrallanmastna gэtirilеr:

О. Kogi, А, QспН, Q.Качdегеr va Ьаgqаlап пфtеуi пэzэгiпса.,
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,t;)]
1

ю^{[# 
ob,l- ("

"tOy ц

-J_l. a'rt.')*
2GL " 0х'

фft]
0у'

q€G)
а.тФ

о + 2т,

a2F
ох

(I.1.49)

(I.1.50)

=0 (I.t.+z)
у

А.Qгiп, D.Adgins va Ьаgqаlап пбqtеf пэzэгiпса:

()", + )"r). ььr +,а", . л(м)]+

+ ц,. ь|ь(r,,,г,ч ) 
+ z(мл,,ч )u ]+

+4, л[лiм[] + Ц,,(r,,, г,,, F,^\^+

+4,[(мл,,чл,,ч)+4.[м)'F,чlr=0 (l.r.+B)

Вч ifadalarda F(л, у) gагgiпliklогiп Егi funksiyasldlг:

Веlэki miistavi gaгginlik vaziyyoti halr iigiin yazmaq оlаr [2,

25, 43,6'7) l

a2F
-ф" о d,F

-ху 
аJфу

Д isa Laplas ореrаtоrчdчг:

d,
А_ lf:

0х' 0у'

з2



Vеrgul igагаlагi xtlsusi toгаmэIагi gёstагir (паzаrdа saxlamaq

lazrmdrr ki, miistavi garginlik чаziууэtiпdэ j чэ j, hamEinin

t va z iпdеkslэri l чэ 2 qiymatlarini alrr).

Оgэr (I.1.49) va (I.1.50) ifаdэlегiпi (I.1.47) differensial

tэпliуiпdа паzаrа alsaq yazmaq оlаг:

^

-+ *Jd_, * Цd]=. (lrsr)
dx' ф" dхф dхф 

_]

Qeyd еtmэk lazrmdlг К, Ьir 9ох gаrфпliklэriп

konsentransiyasl mаsаlаlэгiпiп hэlliпdэ роlуаr

kоогdiпаtlаrdап (р, d) istifadэ оlчпmщl daha эlчегiglidiг.

Роlуаr kooгdinatlarla dеkаrt koordinatlar arastnda эIаqа

ifаdэlэгiпdап

7= pcosOi у=рsiпO; р= ,2 + у2 
,, tgo = ! 1l.t.sz1

{[# 
-u.,-+,t*)]*}-r[ а'л . а'gtо')

dч' dx'
+

х

istifadэ еdэгэk xiisusi tбrаmэlэr tigiln yaza bilaгik:

а 00р
0х 0р 0х

аа0 0о'ЭdЭх'Oл = 
J 

=cos'
р

а ,2 +ух
Эл

0 00о а а0 0о у _
:_=:_-1*_:_._:_ : .:1 =: = sln а;
ф 0рф аOф'ф р

зз



а0
ard| У

х
а

0х Эх

l+-

=_}2 __sind.
р2 р'

а0 х cos d

фр'р

d,d,d, ldld,
^=-+_:.=j,+_=:_1 

.= r, (LI.53)
dx' dy' dp' р dp р' d0'

Bu (I.1.53) ifаdэlагiп kёmayi ilэ (I.1.51) diffeгensial tanliyini Ьеlэ

de ума Ьilэгik:

[# ou., t*!*}_r;(##_
^

+

зG 8

1аF u'фu'о
р 0р а2 0р'

0 (I.t.s+)

Gёriindiiy[ kimi, fiziki qеlтiхэtti elastiklik паzагiууэsiпiп

mЦstэчi mэsэlэlэгiпiп halli (I.1.54) чэ (I.1.48) differensial

tепliklагiпiп inteqrallanmastna gэtiгilir. Нэr iki differensial

tэпliklаrdа Г(r, у) = F(р,9) garginlik funksiyasrdrT.

Опч da qeyd etmak lazlmdш К, (I.1.54) differensial

tэпliуiпdэ k(so)=1 чэ ,(r;)=, qabul etsэk va (I.1.48)

differensial tэпliуiпdа isa .,i.,, sаЬitiпdэп bagqa уеrdэ qalanlaпnr

[,a,rti) , ъ(,;))l
|Т-ТТ- р ф )1

"(t а,r r ал.1 [r a'c(,i) , Ъti))
"|рафO-Vа0)'V аф0 -V * )
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slflr оldчФп qebul etsak, hэr iki differensial tэпliklэг, klassik

elastiklik пэzэгiууэsiпdэп mэlчm olan

Ам =0 (I.1.55)

Ьihагmопik tэпliИпа gаtiгilэг (yeni baxtlan mаsаlэ xэtti elastiklik

nazariyyasindaki mаsаlэуэ 9ечгi|эr).

Наr iki halda (istar O.Koýi, A.Qenki, Q.Качdеrеr чэ i.a.

пфtеуi пэzэriпа аsаslапап (I.1.54) differensial tэпliуiп hаlliпdэ,

isrtакэ dэ А.Qriп, J.Adgins чэ i.a. аlimlэriп пёqtеуi паzэriпэ

asaslanan (I.1.48) differensial tэпliуiп hэlliпdэ) sаrhэd gэrtlэгi,

klassik elastiklik nazariyyasindaki kimi miiэууэп оlчпчr.

Оgаr (I.1.54) differensial tэпliуiпа daxil olan t(so) чэ

g(lj/ funksiyalaпnr (I.1.29) va (I.1.30) kimi slra gэkliпdэ

gбtilrsэk, onda differensial tanliyin hэlli hэmgiпiп sаrhэd

ýеrtlэriпiп бdэпilmэsi qox ciddi гiyazi gэtiпliklэгlэ qargrlagrr. Вir
gox mаtегiаllаr i.izаriпdэ арапlап tэсriiЬаlаг gostaгir К, огtа

gэrgiпliklэтlа (so), orta dеfогmаsiуаlаг (ао) arastnda asrhlrqlaп

xatti qanuna уахlп ifadalarla gбttirmэk оlаr.

Опа gёrэ da kiEik deformasiyalaT u9uп (I.1.29) ifadasini

konkret mаsэlэlэri hэlliпdа

e(so)=1 (I.1.56)

fiziki qelTixatti elastiНli

gаrgiпliНэгiп intevsivlik

kimi gбtiiri.irlэr (Hgik

пэzагiууэsi mаsэlэlагi).

уэпl az

Тохчпап
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funksiyasr (g(r;) tguп isэ) ifadэsindэki (I.1.30) srrапrп ilk iki

haddi gбtiiгiiliir:

B(rj)=r+g,,r]; (L1.57)

Вч iH (I.1.56) чэ (I.1.57) xiisusi halda fiziki qeyrixatti mэsаlа

iigiin(I.1.54) differensial tэпliуiп hэlli olduqca sadalaqir.

DiffeTensial tэпliklэгiп hаlliпа aid mёчсчd эdэЬiууаtlаrа

istinadan, (I.1.54) чэ (I.1.48) differensial tэпliklэгiп halli (yani

inteqrallanmasl) ilgUп, r(л,у) gaгginlik funksiyaslnln Kqik

раrаmеtгiп qiivvэt iisti.i srгаsr gаkliпdэ gбtururlаr:

F =Z).F"= Fo+tr, Fl+ fr , F2+... (I.1.5s)

Gdtiiriilan Kgik а раrаmеtгi (1.1.54) diffегепsiаl tanlik tigiin

d=f,= K,8z , |_

ЗК+G G2

(I.1.48) differensial tanlik iigUn isa

(I.1.59)

) Ь, (I.1.60)
hr+h,

kimi ifаdэlэгlэ mtiаууэп olunur.

Garginlik funksiyasr F -iп (I.1.58) srгasr gаkliпdэ оlап

ifadasini (I.1.54) чэ уа (I.1.48) diffeгensial tэпliklаriпdэ пэzэrэ

alsaq чэ kigik 2 ршаmеtгiпiп eyni qiivvэt Ustlii hаdlэгiпiп

сэmiпiп stfira ЬэrаЬэr olmasr gаrtiпdэп istifada etsak, bu
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diffeгensial tапliklэr hэг biri п sayda dofferensial tэпliНэr

sistemina gаtiгilir. Bu tэпliНаriп Ьiгiпсisi (2 раrаmеtгiпiп srfir

qi,ivvetiistlti hadlardan сmаlэ gэIэп differensial tanlik) klassik

elastiklik пэzэгilуеsiпа uyýun gаlап, xэtti bircins differensial

tanlikdir. sonrakr differensial tanliklar, хэtti elastiklik

пэzэriууэsiпа diizaliglaг (аlачэlаr) чеrir. Belalikla hэr iki halda

(yani istэr (I.1.54) differensial tэпlik, istэrsэ dэ (I.1.48)

differensial tanlik оlsчп) alrnan чуфп sistem differensial

tэпliklэгi, ylýcam ;эkildа bela bir dtistiirla ifadэ еtmэk оlаr:

ддг(0) =6 (I.1.61)

^^r.(")+.(,)[FФ), 
д(t),...д("-t)]= о G.1.62)

Вчrаdа a(") xotti орегаtог adlanlb, hэr Ьiг diffeгensial tanliyin

бzilпdэп аччэlki tэпliуiп hэlliпdэп лrпuп д(О), д(t), д(z)...дG-t)

fчпksiуаlаппdап ча опlапп tёгэmаlагiпdэп iЬаrэt оlап ifаdэlэгdir.

Наr Ьir Ьахrlап differensial tanlik hallindan аllпап F(') funksiyasr

бziindon аччэlkiпэ mUэууэп diizэli9 чеrir.

Odabiyyatdan mэlчmdчr ki, хэtti elastiklik пэzэгiууаsiпdэ

(mtistэvi mэsэlаlэrdа) gэrgiпliklэгiп Еri funksiyasl F(О) iKi

analitik funksiyЫaT 9Q) уэ чk) чаsitэsilэ bela bir ifаdэ ilэ

miiаууэп оlчпur [2,9, l9,25,26,27,З0,4З,6'7 ]
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r(о) =Re[z.p(z)* l,rQцr! G.1.6з)

Вчrаdа Re- simvolu опч gбstаrir ki, kvadrat mсitаrizэ igindaki

ifadanin hэqiqi (rеаl) hissэsiпiп gёtiiгmаk lazrmdlr. Baxtlan

cismin (lОчhэ, silindr, prizmatik чэ i.a. gaklinda olan сisimlэr)

sопlч чэ уа sопsчz olmastndan va hamginin пеgэrаЬitэli oblasta

malik olmasrndan astlt оlагаq Ьч p(z) u" y(z) funksiyalaл

agaýrdakl kimi gёtiiгiiliir (bu Ьагэdэ genig mэlчmаt olmaq iigun

elastiklik паzагiууаsi sahasinda оlап Ьir gox adabiyyata

[2,26,4З,6'7 l baxmaq оlаr).

l.Sonlu Ьiг rabiteli goxbucaqlr kопtчrа malik(bu kontur,

gечrэ, ellips, kvadrat, diizgiin altrbucaqlr va i.a. fогmаslпdа ola

Ьilэr) oblastlar Ugrin p(z) чэ rд(z) funksiyalan bu gэkildэ ахtапlrr

[2,26,43,67l:

qQ.)=Z ,,Ч*; y(z)=|Brz
д I

k
z

д

а

(I.1.64)

Вчrаdа

Ёkц |""".!\; в (,)
п-kр,

q q

2.Sопlч iH гаЬitаli oblastlar ligiin rеqчlуаr 9Q) u" y(z)

fu nksiyalarr bela gotiirulur [2,26,4З,6'7|

p(z)=Zao.€,o *ZД* z
д

k

з8

t=0



ч,Q=t р, л- -fiu-[;)-, (I l б5)

Burada {, daxili konturun (1"- iп) vahid Еечrэ atrafina inikas

funksiyastnrn ,=,(Ёr) tэrsi olan Ё = zk) fчпksiуаdrг. Вuпlаr

Ьаrэdа genig mэlumаt tigЦn [51] adabiyyatlaпna baxmaq оlш.

Analitik fчпksiуаlапп (I.1.65) ifаdэlаriпdа /* va В* эmsаllап

(I.1.il)- dэkiНmi

'о".о!)*; Br ,,
(")
п-k (I.1.6б)дk ь"Ё а

q q

(I.1.64) va (I.1.6б) ifadalaгina daxil оlап c|t) аmsаllап hэr Ьir

Ьахrlап konket kontur Цgiiп taprlrb сэdчэl gakliпda [5l]

эdэЬiууаtlаппdа verilmigdir.t lЛdчz igarasi (I.1.бб) srrasrnda

пёчЬэti hэddэ kеgапdэ iпdеkslэriп 4 (simmеtгiуа охlаппlп sayt -
qoxbucaqltntn tаrаflагiпiп say) qэdэr аrtmаstпr gёstагir.

Ikirabitэli oblastlarda Ц уе Ц kопtчrlалпlп konsentгik

olduqlan пэzэгdэ tчtцlчr.

t Istаr bizim оlkэmizdа, istaгsa dэ kчmiý SSRi (indiki MDB) makanlnda

TequlyaT funksiyalan -р(.) "" и(z) funK"ly^t"r,n, Ьir Еох аlimlэr-

tadqiqatgrlar iiz iglэтiпdэ 9ох kobud gakilda gбti.trtirdiilэI. Нэrgапd ki, indi dэ
Ьеlаlагi az deyit, Biz бz iglаrimizdэ bu funksiyalan dэqiq riyazi amaliyyatlaTa

asaslanan (1.1.64) чэ (1.1.б5) ýэkildа gёttiri,iriik (elmi rаhЬэгim, dtinya 9бhTatli
alim, mэгhчm D.i.ýегmапrп mаslэhаti ilэ),

з9



3.Qox гаЬitаli sопlч оЬlаstlаг iigiln analitik funksiyalan

cflz) u, y(z) bela ifаdэlэr gэНiпdа ахtаflгlаг |2,26,43,61|:

k

р(z)=Zдо +I Аz
д

(,)
+

*ft

*t|r, . , h(z - z, )+ 2, ln(. - ., )],

д(') g;t +I э, .tn(z - z,} (I.t.oT)

Burada з, sаЬitlэгi !(; =l,Z,...") kопtчгlап daxilinda ixtiyari

пфtаlагiп kоогdiпаtlаппr gбstэгir.

у, - haqiqi sabitlэrdir, 2, - kompleks sabitlerdir.

(I.1.б7) ifаdэsiпdэki ikiqat strаlаr gox rаЬitэli oblastln

daxilindэki i(i =1,2,...п) sayda ! kопtчrlаппdап kэпагdа hаr

уегdэ requlyaT оIап funksiyanr gёstэгir.

4.Sопsцz ЬirгаЬitаli oblastlar tiЕuп p(z) чэ у(2) analitik

funksiyalaT bеle Ьiг gakildэ axtaл|tr |2,26,43,67]:

рk)=dЁ)=Z "r €-r

,уk)=чG)=Z ь* €-r (I.1.68)
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S.Sonsuz iНrabitali оЬlаstlаr ltgtin геqчlуаг funksiyalm

,p(z) uэ ,y(z) а9афdаkr gаkildэ ахtапlrr |2,26,43,6'7J:

ek)=Z ao,E;k +| br,{;k;

,y(z)=Z c*,!;k +| a*.{;k (I.1.69)

6 че €z dэуiqmаlэгi sonsuz oblastt ( S ) dахildэп mehdudlagdrran

Ц уе Ц kопturlаппtп inikas funksiyalaп olan z -- а(ýr) u"

z = а(€) funksiyalmnrn tэrsi (aksi) olan €, = rrk) чэ

Ёz = zzk) funksiyalmdrr.

Yчхапdа gёstarilen (I.1.64) - (I.1.69) ifаdэlэriпdэ z

kompleks dayigen оldчфпdап а9афdа Ьir пеgэ gечirmэ

dUstiirlaпnl veririk Н, охчсч чэ уа tadqiqatgl bagqa эdэЬiууаtа

miiгасiэt edib vaxt itiгmэsiп.

Bela К, z--x+iy ча опчп qoýmiýl оlап z=x-fy

olduýundan yMmaq olar.

,=f(.+z), u=_L(r-z\ (I.1.70)2, 2,

xiisusi tёгэmаlаr:

э Ээz а az а а
:- = :-=- -г 

-?х \zOx 0Z 0х 0z aZ

4L



0 0?z а aZ (а а\
ф 0zф aZ ф (ёz aZ)

Вчпlапп tarsi оlап ifаdэlэr (tбrаmоlаr):

Э 00х а ау l(a .а\
Oz ЭхОz ' Эу Эz - 2[ах 'ау'

Э ЭDл а ау L(a а)
aZ lxOZ ф й 2[0.r ф)

(I.1.71)

(|.1.72)

Laplas орrаtоru Д isa, z kompleks dауiqэпlэrlэ Ьеlэ ifаdэ
оlчпаr

з2 r2 12

д= j" +j-=+j* (I.1.7з)0х' ф' 0zOZ

Yчхапdа dеуilапlэrэ asasan, hэr hansr biharmonik tэпliуi

^^/ 
=0

kompleks dэуigэпlэrlэ аgафdаkl kimi ifadэ etmak оlш:

оц =!!-r!2 ^*Ч=,о ,а',{ ,, =о ([1.74)
dx' dх'ф" ф' 0z'.0\Z)'

Elastiklik паzэгiууэsiпiп biitiin mаsаlаlагiпdа kопfогm inikas

funksiyalann ЬёуЦk va эsаs rol оупаdrфп пэzаrэ аlшаq,

texnikada эп 9ох rаst golan oblastlar UЕiiп z = аr(4) чэ опчп tэrsi

€ = zk) funksiyalar ча чуЕчп konturlar tlgtin taprlrmrg a[t)

эmsаllаппr а9афdа сэdчаl gэkliпdэ чегiгik.(Ьж. сэdчаl Nql.1,

Ns1.2)
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ý1.2. Магkоzi dаiгачi de;iya va iki diizxotlo gata

malik goxbucaqli lбчhапiп Hgik fiziki qeлixatti halda

gагgiпlik vaziyyati

Yuхапdа ý1.1 deyildiyi kimi, эgэr F gaгginlik

funksiyasrnln kigik раrаmеtrэ gбrе qurulmug (I.1.58) strastnt

(I.1.51) differensial tanliyinde паzэrа alsaq ilk iig yaxrnlagma

(srfinnct, Ьiгiпсi чэ iНnci) i.igitn agaфdakr diffeгensial tэпliklагi

аlапq [38,53]

ддг(О) = 6, (I.2.1)

дд"tt)*ц[дtо)]=о (1,2.2)

^^r?(r)+ь[r(0);r(')]=g 
G.2.з)

Burada Ц[F(О)] , 4[Д0l,"t')] , q"y.i*эttl ореrаtогlаr olub,

agaýtdak ifadalarle miiayyan оlчпчr:

ц|rоl]= rр* 
[,[+l 

-;+'-

-#,ý,) ,я,-(;+"-#*,) +

2
F}у ф) 1

-L-

р'
г(0)lH ф+1

р2р
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- i "я, |";l ("lt - ioy, - #,#,)-

-,(i,y, - 
#, я,)')- ib ll,,f o1p *

-Fl9,1 ,(,9 -iгy -},ý')-

-3 {,мr [; +,,-# *,)-

-3 1,1яЪУ t Я'-; ,Р -},lэ,) +

} "я ,1,1, (; ,я-# 4,)-

*} rр, rЯ ,ll-irll,|_Э r9 ,tr-

-} r!! rдl- пJ-(,яr-}+, *,]-

-#,tн ,я, ф-3 49 [и9r -1 ,р,|у-

+}r!l rдl -} (,я,,r -*,я,ly7-
7

*-, ,я |-i.lt,!) -,,I(# *g-* .9,)]-

5б



+).rll.е;У*# 19 
"#'7-

-}FIz'| -i ,l, Flyl -}oyl ц,уlу -

- # t Ж rgl - } г9 FI:lr -; ,у' , rI9 ,rý) *

-# ,l' FI}l -}rti\rýlY -} Fр]Г о#)-

-# Ш'I -$ F ll rsl+).plol (+9'I,

u Pt.l, 
"(rl] 

= 
? [по(о) .M(l) + о(о) ..ддо(1) +

+ zoflфnl) + zot'l(Mr'l)" .,. д60). дг(о) 1

+ zo$l(Mtol) + zog'l(Mt'l),]- 
[о

(0)
рр 2

1 rý -; 4")-р

+Ф0)
рр(+,оя,-; ,1r)-+l 

[+ 
.9-* .9,)-

t,9(+ *9-i.l,)]-

-l(*,y,- 
о' 

-я,) [; ,lg-i ,р)-

-(; .g,-# .g,Х; 4p-;,J,)], (I.z,+)

5,1



Harada К, Ьч avazlamalar edilib:

И,I

.tolp,a)= rр (rр-f, г!"l-{ гgl)-

-"f,[i ,р,-3 гýl)*злýl (+ ,я,_} ,о)

-;Fg)I J*-,

+

*tl1о,r1=zrý' r9 -LrFЯ' дtl)а p{r). дjО))+

- 
}(rrР| 

,!) - еЯ) . rЯ * r!! rt'l * оrЯ) лj})*

+ \(гfl р9 * rll. rДl -rr9 
"tol 

_rдgl. дУl)*

-} Qo#t ф+олj'l.лj'l);

Вчrаdа F(0)- slfiппсt yaxrnlagmadakr gэrфпlik funksiyasrdrr чэ

bu uyýun mэýэlэ iigiin xatti elastiklik паzэгiууэsiпdэп mаlчm olan

gerginlik funksiyasrdrT (Еri funksiyasrdrr).

Qoxbucaqlr iki rabitali loчhэlэr iigiin bu Д(0) funksiyasr

[2,4З,26,5З,6'7l iglarina эsаsэп а9афdаkl dtistiirla miiаууэп оlчпчr

(lбчhэ daxildэn р, va хаriсdэп р, ЬаrаЬэr paylanmrq hidrostatik

tэzуiqа mэruz qalrr) (9эk.1.1).
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г(о) = K"[z-.p(z)+ !vQ)az)

Вч ifаdэdа analitik p(z) ue y(z) funksiyalaпnrn

(I.2.5)

e(.)=I н,(") *Z Ь,
r
z

(I.2.б)

dауigэпiпdэп

-i0va

(l.z.l)

r
z

t
z
д

t;]
(z

р"'0

)"-Д,-

k

и(.)=I н,(")

kimi olduqlannl пэzэrэ alsaq, yaza Ьilагik:

роlуаг koordinat sistemina (r;d) keEib z =

olduýun паzаrэ alsaq):

r(О)(р,а)= i [H,(t). r* - р'-О, e,.cos(t+ tP+

+Ьr,Д-k . р'*О -€r.cos(t - tP + Hr(t),r,tnp +

+ нr(п). rk . p|-k . erl( - k),cos(t - t)a+

+ Br.A-k.po-' .fi..or(r +l) а];

Burada a;aýrdakt ачэzlэmэlэr edilib t2б]

н,(")=Ё-о* лI lJl}; н,(ч)=Ё-а- aj,4iI;

z р

i=0 t=0

Butun f) эmsаllап #) * Ё;j1},,сI1) =о gэrtiпdап taprlrr
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(t
8 Ё

(*) 
. (t-l ). (*) =4-," 5-,

8лI 8 8

е2 +a'
2er

4-, = j-z, 1 -1)o|,,c|l,, [_*)'" #,
Вч ifаdэlэrdа * ulduz igаrэsi onu gёstэriг ki, сэm igаrэlэгiпdэ

пёчЬэti hэddэ kеgdikdэ, tорlапапlагrп iпdеkslэri iki-iki dэуigir.

te daxili /-,, kопtчтчпчп (r гadiyuslu gечrапiп) malik olduф

d zxэtli gatrn qчrигасаq пфtэlагiпiп koordinatrфr,

эgэг п=0 o/sc

эgэr п *О olsa

эgэt k*q-|; 2q-| ;.,..

эgэr &=q-l i 2q-1...

эgэr ft * 1; q +l ;2q +|..

эgэr t=l; q+|;2q+l.,.

Вчrаdа q=N - goxbucaqltnln tаrэflэri (simmеtгiуа окlап)

saytdtr.

Bжrlan halda stfiпncl yaxtnla;mada sэrhэd gэПlагi

аgафdаkt Hmidir.

e2r уэ a2l (I.2.8)

l
ц2
lo

|,

€

q

б0
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-daxili I kопtчrч Цzэгiпdэ (r radiyuslu 9ечrа чэ опdап gtxan

iK duzxэtli gat)

-rоll _[r.агtО)* r_ а'rlО)'l 
=_р,"' |"=,,=|V' Ф -7-irr-Jo=,,= ''

-хагiсi Z" kопtчru iizэгiпdэ (diizg0n goxbucaqlt)

1.аг(0) _ t аuг(О)

р ар'р'а0'оФ| = -Pz 0.2,9)

=0

Sопrаkr yaxrnlagmalff Ugiin (istar biгinci, istагsэdа iКnci

yaxlnlagma оlsчп) sаrhэd gэrlэгi bela оlаr:

l аF(') , зzд(t)
-.--l---рар'р2а02

otr)

о9'|"=,=

г,L l аF(') , бzд(t)
_.--l---

р ар'р'а0' =0 чэ i.a. (I.2.10)

Bu igаrаlаrdэ ,| va ,2 -чуgчп оlаrаq Lr(j=l;2) kопtчrlаппlп

пфtаlэriпiп affi kslэгidir.

Sопгаkt (I.2.2) differensial tanliyinin hэlliпdэп F (1) funksiyasl

tарrlшr. Bu (I.2.2) differensial tanliyiп 19111, ДДГ(t) = 0 bircinsli

differensial tanliyin tlmumi hэlliпiп h9) чэ gёstэгilап

differensial tanliyin xtlsusi rrarrinin (Лj] ) сэmi gаkliпdэ ахtапlr:

бl



дt,l = 4f)+ 4[l (I.2.11)

Маlчmdчr ki, Ам(') = 0 bircinsli differensial tэпliуiпiп Цmчmi

hэlli a9aýrdakr kimi gбtiiriiliiг (iimumi halda):

F!! = rr* 
"rр' 

+ r., р' ,lпр+rо,|пр+

+|rр' + 
"u. 

р-' + с,7, р + сs. prn р]3'r+

Kigik dеfогmаsiуаlаr iigi.in, kigik fiziki qeyгixatti

mаsэlаlаriп mбчсчd olan hаllэriпdэ [З8,53] gбstэгildiуi kimi biz

Ьiriпсi yaxrnlagmada baxtlan mэsаlа ijgiin F(l) funksiyasrnr

F!|,) =r,,lnp+rr,p' (I .2.1з)

gэkliпdэ gбti.iriiгi.ik.

Qeyd еdэk К, (L1.58) differensial tэпliуiпdэ роlуаr (р,d)

kооrdiпаtlаппа kеgsэk чэ miivafiq tёrэmаlаri уегiпэ yetirsak,

пэtiсэdа F(l) funksiyasrntn tapllmast iigiin agaýrdak differensial

tanliyi аlапq [53].

Оgэг (I.2.2) diffегепsiаl tэnliyinda F(О) funksiyaslnrn

(I.2.7) ifаdэsiпi чэ (I.2.4) ila mi.iэууэп olunan r [FФ)]

ореrаtоruпч пэzэrэ alsaq Ьir пеgэ пуаzi эmэlrууаtdап sопrа (р

va d dеуigэпlэгэ пэzэrэп xi.isusi tбrэmэlэr ahb, р dауigэпiп eyni

(l.z.tz)
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qi.iчyэt iistlii hаdlагiпi Ьir srra gaНinda toplasaq) differensial tanlik

agaфdakl 9эНэ di.igar:

ддгtl)=! р*.и(t)*Ё pk.v,(k) 0.2.14)
t=l t=0

Bu tэпlikdэ Ц(t) va Vr(ft) kэmiууэПэгi р dэyiganin еупi

qi.ivvat tistl hаdlагiпiп саЬгi сэmidir ( fiksэ edilmig d bucaýl

i.iEiin). QеугiЬirсiпs differensial tэпliЯп (I.2.14) i.imчmi hэlli,

ддг(') = 9 Ьiгсiпs tэпliуiп Umчmi hэlli оIап (I.2.13) ila (I.2.la)

tenliyinin xi.isusi hэlliпiп (xtisusi inteqralrn) сэmi Hmi

axtanldrýlndan, {} - xtisusi hэlli (I.2.14) ifadэsinin dёrtqаt

inteqrallanmastndan aqaýrdak Kmi аlrпаr [53].

4g Ё
t=0

p-k*a .a.vr(k)+Z р. po'n .vr(*) (I.2.15)
t=0

Вчrаdа

о =[Р - *)r . (z - t )' + а, + аr|' l

р =[@ + +)' .(z+ *)' + р, + р,|'

а, = (а - *)2 . (z - ь)' .Vr(&)]r, buraaa-Kvaarat

indeksi d - уа gбrа ihqat tёrэmэпi gёstэrir.

о, =LV, (Ur)b -dбгtqаt tёrэmепi gёstэrir,

mёtэгizэпiп

бз



р, = (к + ф' Р. + K'),[v,(K)1* ; р, = lv,(к)Ы G.2. 16)

Oxasimmetrik mаsэlаlаrdа (mаsаlэп kопsепtгik gечгэlэгэ

malik oblstlar Ц9 uп) щ=а2= Д= Fz =0 оlчг.

Веlэliklэ (I.2.14) differensial tэпliуiп iimumi hэlli Ьч

gakildэ аllпrr ((I.2.13) чэ (I.2.15) эsаsэп):

rоl = r"9 +4] = i o-r*o . a.v,(*)+
t=0

*L pr*o.P.vr(*)+cr.lnp+cr.p2; (l.z,lt)
t=0

Bu ifаdэуэ daxil оlап mасhчl amsallar с, va с, Ьаюlап

mэsэlэпiп (dахildэп р,, хагiсdап р2 mtlntazam рауlапап tazyiqэ

mэrчz qаlап iНrabitali Eoxbucaqlr lёчhапiп garginlik deformasiya

vaziyyati) sэrhэd gэrtlэriпdэп (I.2.10) tapllrr [53]

daxili t konturu ilzэriпdэ р = rr olduqda

о!)=о

Хаriсi l,, konturu iizerind1 p=tz- Д olduqda:

о!) = о (I.2.1S)

Оgэr (I.2.17) ifadasini bu gartlarda пэzэrэ alsaq (mtvafiq

tёrаmаlаr еlэуiЬ ! iizагiпdе р=\уе l,, Uzаriпdэ р=А оldчёч

qэЬчl edilir) bir пе9э sada гiумi gечirmэlэrdэп sопrа cl чэ с2

эmsаllап U9Uп a9aфdakt ifаdаlэr altnar:
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,,=| (a-ъ).a.v,(k 4-k
l

{-

[-,

t
(,

ц
t

t

д2 -t
I4- k

+

|пр+

4-k
l

*I (t ++).p.v,(t<). i-^-j|Q k+4
l _ дk+4

Ё [" и0,).(+-t) (,Г'-дП*)*Cz=
l

2 w-J
+ p.vr(t<). (t<* 4). (rf 

-О 
- д**'I, (l.z,tя)

SаЬitlагiп ирrlап ifаdэlэгiпi, yani (I.2.19) аgэr (I.2.17)

паzаrа alsaq, baxtlan mэsэlэ iigtin Ьiгiпсi yaxlnlagmada r0)(р,О)

gэrgiпlik funksiyasr пэtiсэdэ agaýldakr ifаdэ ila milэууеп

оlчпаr [53]:

F(l)И, а) = Ё po-r . a ,v,(t )+i рЬО . P .vr(t )+
l=l i=l

+| (п++).B.v,(t) k+4
l

-{Д и-*l " и(ft) 
[-,i-- 

- jqQrr-о.--Ц*

tr-'-о--'Ц}l'-,?
-4Ь Ё [а v!K) (+-п) (,c-r -дЬl)+

+ p.vr(t<).(*+l)Q|-o - or-o)].p',
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Вч (L2.19) va (I.2.20) ifаdаlаriпэ daxil оlап А эmsаlr хагiсi 12

kопtчгчпчп fогmаslпt хаrаktеrizа еdэп раrаmеtrdir. Belaki

diizgiin goxbucaqlr konturlar ilgtin

А= О .,m=, |,r=О-Ь (|.z.zl)|+m (lv - t)' а+Ь

Вчrаdа y'f - goxbucaqltnln tаrэflэгiпiп sayr (simmеtгiуа охlап

say), c -goxbucaqlrnrn хаriсiпа Eakilmiog gечrэпiп rаdiчsчdчr,

D -hэmiп goxbucaqlrnrn dахiliпэ gаkilэп gечrэпiп гаdiчsчdчr.

Оgэr baxrlan kопtчг ellipsdiпa, onda а уэ Ь uyýun оlшаq

ellipsin ЬёуUk va kigik уапmохlапdrr (Ьч halda N = 2

gёturtilur).

Gэrgiпlik funksiyasrnrn Ьiriпсi yaxrnla9mada taprlan

qiymэtini p(t)(r,y)= F(|)b,0) -Ьilаrэk ikinci yaxrnla9ma i.igi.in

garginlik funksiyasrnr P(z)(л, у)= FQ\Ф,o) analoji olaraq

ирапq, va i.a. Gaгginlik funksiyastntn

F(p,oJ)= F@ф,о)+ 1rФ(р,о)+ n . rФ(р,о)+ -

ifadэsini tapdrqdan sопrа (уэпi Ьч ifаdэуа dмil olan

д(0) , 
p(t), p(z) funksiyalan mаlчm olduqda) gаrфпlik

kоmропепtlэгi бр уэ оо iigi.in аqафdаk slra gaНlinda ifаdаlэг

аlапq:
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ор=

оо
a2F o,Ф)*tr.o(ll*n.o0|*...00о

lаF 1

0р'

а2F

"(о) 
t 1."(tl +1r.lr). +... (I.2.22)tро

р' а0 р аф0 ре

Аhпап tlmumi hэll a;aфdakr аdэdi misallara niimayig etdiгilir.

1. Dаiгачi degiya vo iki diizxatli gata malik Hgik fidki
qeyrixatti materialdan olan siliпdгiп gагglпlik

veziyyati.

Вч masala xatti elastiklik пэzэгiууэsiпdэ miifэssэl hall оlчпчЬ

(Hiiq qanunu gэrgiчэsiпdэ). Опа gёrэdэ burada yalnrz [53] i;inф

аlrпап пэtiсэlэri чеriгik.

Silindrin iK гаЬitаli oblastr, хагiсdап R rаdiчslч 9ечrэ ilэ,

d.axildэn r rаdiчslч 9еwэ чэ опdап glхап iki dUzхэtli gata malik

kопtчrlа ahata оlчпчЬ (ýэk.1.2)

Вч halda analitik funksiyalx cdz) ua qл(z) bеta gёturiili.iЬ:

* t. Э'{=о(о) +),o(,|+,t.o{r\+.,,
р'а0' р р р

1аF
рар

е(.)=Ё o.6i-*Ё or B;r(l)r

и(.)=Ё d-,€i,-Ё. .,(;)
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En kasiyim эsаs бlgЦlэгi аrаslпdа пisЬэt iH variantda verilib:

I чагiапt rl П = O,S; е = 0,6 Л; l = 0,1 Л

П vmiant rln=1,1; е =0,8R; l=0,1 R

Кэsiуiп хаrаktегik пбqtэlэгiпdэ taprlan of;) чэ сгr0)

gэrgiпliklэri (tохчпап gerginlik Tpg 9ох Kgik olduýundan

zrр = 0 qэЬчl edilib) aýaфdakl сэdчэldэ чегiliЬ: (саdч.Nэl.4)

Kasiyin эп qоrхчlч пбqtэsiпdэ (gatlann son пбqtаlэгiпdэ z = +е )

gагgiпliНэriп. intensivlik эmsаlr К, i.igtin bu qiуmэtlэr ahntb

lOKrf цJТ пisЬэtiпdэ):

I variant iiqiin '7 ,М; Il чагiапt iigiin 11,б8

Тэsir еdэп daxili р, = р tэzyiqinin kritik qiуmэti (уапi cismiп

daфlmasr gatlanna uzanmasl i.igiin minimal gэrginlik) iiqi.in bu

qiуmэtlэr altnlb (саdчэl Nч1.5):

I чагiапt i.igiin Pt = |,46fo ь1; II чаriапt tigiin Ро. = 0,S83[or]

[ou ]-ba*rtun cismin mаtегiаlrпtп texniki mбhkэmlik haddi

(buraxrla Ьilэп mаtегеiаllп dбzаЬilэсэуi maksimum gэгgiпlik) Ьir

9ох mаtеriаllш iigiin сэdчэldэ чегiliЬ (Ьах сэdчэl JФl.3)

rр(z) vе y(z) fчпksiуаlапп tapandan sonra xэtti elastilik

пэzэгiууэsi qэгgiчэsiпdа (stfinncr yaxlnla;mada) garginlik

funksiyasr rФ)ir, ,1= r{О)lр,9) учхапdа qeyd оtчпап (I.2.7)

б8



Buraxrla bilan gэrgiпliklаr [ou ] tqЬ-'
Сэdчэl Ns 1 .3

Material Dart ma Srxrlma
СчЁчп 280-800 1200_ 1500
Polad 1400_1500
Mis 300-1200
Latun 700-1400
Вгопzа (tunc) б00-1200
дtiminium 300_800
Diiгаliimiпiчm 800_1500
Tekstolit 300_400
AýacJif boyu 70_100
lif enina l5-25
Beton |-7 l0_90

diisturuna эsаsэп tapllaf. SonTa isэ r(1)(p, а)-ЬИпсi

yмrnlaqmada gэфпlik funksiyasr (I.2.20) ifаdаsiпdэп tар ш.

rФ(р,О) gэгgiпlik funksiyaslnln иpllan ifadэsino аsаsэп, (I.2.22)

diistiiflanmn ktimэyi ila kэsiyin хаrаktегik пбqtэlэгiпdэ tapllan

оd gэrginliyi сэdчэldэ verilmigdir. (Вах сэdч. Nч1.4, qэk.1.3)
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Garginliyin intensivlik amsah (lOKl /Р,JI vahidi ilэ) чэ bzyiqin
kritik qiymati ( Р*, ) (Dаirэчi silindr)

Сэdчэl Ns1.5

Vагiапt Tazyiq

р

Xalis mis

l=0.255,|Oa

Магtеп polad

Kl Kгitik

tэzyiq

(Р*,)

Kl Kгitik

yuk Рь

I

r/R = 0.5

el R=0.6

100

200

500

б.958

6;l26

5.015

1.aS[ou]

1.535[%]

2,05[ool

1.024

6.999

6;l92

La67[ou]

|.а7З[оч|

1.51[dr]

п
rlR=0;|

e/R = 0.8

l00

200

500

|1.552

22.|,76

8.928

йsz[а]
0.922[ou]1

1.155 [oD]

11.664

l l.бlб

l1.284

0.SS4 [dD ]

0.S87 [о, ]

0.9l4[oD]

1|



б.

l500

l400

l з00

l200

1l00

l000

900

Е00

700

600

500

,lo0

з00

200

l00

2

2

л

0 l00 ,l00

Punktiг хэtt-хэtti mэsэlэуэ чуýчпdчг.
Biitciv хэtt isэ - qеуri-хэtti mаsэlауэ uyýundur.
l) xalis mis; 2) mаrtеп polad

ýэk.l .3

lr
/1
т

r
,1|

ll 7/ a
r,

/ ,
I 7 ,

// Zl -a ,
I 7Za

/,la
l
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2 Dаirачi degiya va iki diiaatli gata malik altibucaqli

lбvhanin fiziki qеугiхаtti qоучlчýdа garginlik vaziyyeti.

Вч mэsэ|эпiп xatti elastiklik пэzэгiууэsiпdа halli

adabilyatdan mэlчmdчr [26,53]. Alttbucaqlr lёvhanin istапilэп

пфtэsiпdэ ахtапlап gэrgiпliНаr (о}О)) .u*t.lir variantlar tlgtln

(еп kasik бlgЦlэriпiп пisЬэtiпiп mtixtalif qiуmаtlагiпdа)

hesablamb сэdчэl ýэklinda veгilmigdir. Dtlzxэtli gatlann

qчrИrасаq пфtаlагiпdа tapllan gаrgiпliklагэ эsаsэп gэrgiпlik

intensivlik эmsаh (К,) чэ hэmgiпiп daxili tэzуiqiп kгitik qiymati

р, taprhb, cadval NsI.7 чегiliЬ (hаr Ьir vaгiant UgOп).

д(о)lr, ,1 = д(о)lр, d) fuпksiyaslnl mэlчm ifadэsini fiziН qеугi

хэtti mэsэlэпiп hэlli Ц9Uп alrnan differensiaI tanlikda (I.2.4)

паzэrэ altb, hэll etdikdэn sопrа (aralrq гiyazi hеsаЬlаmаlап

Ьчrахlпq), хэtti mэsэlэdэ olduýu kimi kasiyin ап qorxulu

пфtэlегiпdа - gаtlапп qчrtшасаq пфtэlэгiпdэ (z=+e =Хрfi)
daxili tэzyiqin р, - р mЦхtэlif qiуmаtlэгi UgUп gэrgiпliНэr

taplhb cadval gэklinda чегiliЬ (cadvel Nэ1.6, 1.7). Qаtlапп tэра

пёqtэlэгiпdэ gэrgiпliklег Ugiln Ьеlэ Ьir ifada alrnrb

I чагiапt rl l, = О,5; el l, = 0,6; 7п = 0,04; Ь = 1,922;

", l р = 
"Е', 

+ а оу f р = 1,6g -9,2, а, р2 .

lз



Altrbucaqlr liivhenin gегфпПk konsentгasiyasr.
Сэdчэl J\Ъl.б

iхэtti паzэri
martan
polad
J = О,032. 10{

Variant р хэtti
пэzагiууэ
oolp

xalis mis
)=О,255,1,Оа

aliiцninium
Фmiiq

2 = 0,053, 1О{

1,6798984
1,ы9зм8
1,6,7746
1,669835
1,61648

I
rl А=о,5

el l,=o,B

20
50
100
200
500

1,68
l,б8
1,68
1,68
1,6Е

1,б79r85
|,67494
l,б5975
1,5990l
|,I7з84

1,6659
1,6654
1,663б
l,б566
l,б07

з,2|
з,2I
з,2|
з.2|
з.2|

з,208,14
з,20212
з.168482
з.O8з928
2.522о5

-2,66588
-2,6652
-2,65|5
-2,654
-2,591

-2,6659з
-2,6655
-z,6629
-2,6587
-2,2106

п
rl д=0,7
el л, = 0,в

z0
50
100
200
500

Gэrgiпliуiп intensivlik эmsаlr (10К, /Prf vahidi ilэ) чэ yiikun

kritik qiуmэti ( Р*, ) (Alttbucaqh silindr)
Сэdчэl JllЪl.7

Vаriапt Тэzуiq
р

Xalis mis

2 = 0.255.10{

Marten polad

к| Kritik
tэzyiq ( Ро. )

Kl Kritik yiikP},

I
r/R = 0.5
elR=0.6

100
200
500

6.624
6.з52
4.4

1.56 [оо ]

1.62З|оч1

2,ЗаЗ[оч]

6.708
6.6,792
6.464

1.5З86[оD]

1.5аЗ|оо]

1.595h]
п

rlR=0.7
e/R = 0.8

100
200
500

12.б8
L2.24
LL.92

0.803 [оо

0.842[ou

0.865h

|2.8и
12;7,76

|2,44

0,804 [d, ]

0.S07 [оr]
0.S29 [dbl
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II variant: rl,a=o,1 ; ef А=0,8; m=О,М;Ь=1,3'1r;

о, l р = ф| * о4) l р =з,21-14,62. а. р2 ;

Ыrаdа а=),=-:+r=r=о,225,ю-6 s*of kg2- xalis mis
\ЗК +GР'

i.igiin. а = 2 = 0,0З2.10-{ ,*О f kgz mаrtеп polad i.igi.in.

Yчхапdа агаgdrпlап hэr iki пiimцпэ mэsаlаlаriп hallarinin adadi

пэtiсэlэriпdэп gбriiпiir К, fiziН qеугiхэtti qoyulugda, хэtti

qoyulugda аltпап gэгgiпliНэгiп эп maksimal qiуmаtlегi azalrr

(garginlik еручrаlаппrп pik пфtаlагi srýallanrb, hаmаrlаgrr).

Вчпч чегilэп сэdчэllэrdэп чэ чуýчп mэsэlэlэr Ugiin qчru|ап

еручrаlаrdап- gэkillеrdэп dэ gбгmэk olar (Ьах ýek. 1.1)

3.Qalrn diчагlr Ьогчпчп (Lyame masalasi) Kgik fiziН

qeyгixatti qoyulugda gагgiпlik vaziyyati.

Klassik elastiНik пэzэгiууэsiпdэ (mэsэlэпiп xatti qоуulчýчпdа)

Д(0) gэrgiпlik funksiyasl i.igi.in Ьlэ diistiir аlrшЬ [2б;53]:

-2
р(О) ф.g) = р,. Е- * dr. r.|п р ir'

(l)
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Воrчпчп daxili р, va хагiсi р, hidrostatik tazyiqa mэruz qalan

hah i.igiin Р, че d, эmsаllап Ыr ifаdаlеrdэ miiаууэп оlчпчrlш

Фах [26;53] аdаЬiууаuпа):

p,=L Р,'t-:ЧЁ; а, --Еr:7г,'R',(pr- рr) (2)

Вчпlап F(О) garginlik funksiyaslnrn yuxaпdakr di.isturunda уегiпэ

yмsaq аlапq:

rtоlцо,g1 -- " 
R'_r(e,_; Р,) и о * f,lt$$! о' ; (з)

Bu ifadэni Ьiгiпсi yaxlnlagmada F(') gаrфпlik funksiyasr iigUn

аhпап (1.2.20) ifаdэsiпdэ пэzаrа alsaq, аlапq:

(р, - р,)' t'[n++' ь, _ р,) _FOь,0)= ro Ro

2 R2 -r2

_ (л' +,'|r,,' - рrп')],П о * }э[(о,,' - rrП')-

(д'*,'}r' - р,)].р' -ib,U - о,*') #*
+f,,'п'(р,- о,};}, (з)

Bu аhпап ifadэ biitovliiкэ Тsчграl i.Д. tsЯ] чэ Jпdга F. t124]

tэrэfiпфп alrnmrg ifаdаlэrlэ iist-Usta diigЁг. Qalln divarlr Ьогчпчп

iilgiilэri, (daxili gечгапiп radiusu r чэ хагiсi gечrэпiп radiusu R
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araslnda nisbat) iH variantda gбtiiгiili.ib, Ьоruпчп daxili чэ хагiсi

kопtчгlап Ёzэгiпdэki пaЧtэlэrdа gэФпliКаr taptlrb сэdчаldэ

veгilmigdir (Ьах. cadval Nчl.8).

Воruпчп mаtегiаlt iigiin: xalis mis, aliminium tчпс чэ marten

polad segilmigdiг. Baxtlan mаsэlэ iigiin (Lyame mэsаlэsi) daxiii

gечrэ iizагiпФ garginlik konsentrasiyasl i.igiin чуgчп оlаrаq

agaýrdakr ifadalar ahnrb:

I чагiапt ооlр=|,66В-Ц,444.),р2; р,= р

П чагiапt ool р = 4,55-25,3.1. р2; р, = р .

Bu diistчrlапп kiimэуi ila daxili tazlqin (р, ) miiхtэlif

qiуmэtlэriпdэ 20<р(500 hеsаЬlапап Оd gэrgiпIik]эгi hаr iki

variantda qrafik gaklinda й ауапi gdstэгilmigdir (Ьах 9эk.1.4).

qrаfikdэ btitбv хэtt fiziki qеугiхэtti mэsэlапi, qlпq-qlпq (punktir)

хэtt iSэ xэtti qoyuluýdakl mэsэlэпi gбstаrir.

Сэdчэllэrdап gёri.iпi.ir К, р - daxili tэzyiqinin 100-dэ agagr

qiуmэtlегiпdэ dа gеrgiпliНагi demak оlаr 0,17о deyigir (azahr),

p>l00 qiуmэtlегiпdа xэtti va qeyrixэtti qoyulugda mэsэlэlэг

hэlliпdэп аhпап о, gагфпliКаriпiп farqi hiss edilacek dэrэсеdа

gox olduýu gбzэ 9агрrr.
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1.З. ikiгabiteli ýoxbucaqli liivhonin ixtiyari fiziki

qeyrixatti qоучlч9dа garginlik vaziyyati.

Оgэг gэrginlik funksiyaslntn r(", у) = r(р, а) Ьir srra gаkildэ

(1.58) ifadэsini (1,48) differensial tэпlikdа пэzэrа alrb kigik

ршаmеtт а -nln qiivvat iistiinэ gбrа hаdlегiпiп саmlагiпi stfira

ЬаrаЬагlэqdiпэk ilk i.ig qiivvat i.isti.i tigiin (slfir, Ьiгiпсi, ikinci)

agaýrdakl differensial tапliНаг sistemini аlапq (burada 2, =а,

ilэ эчаz edilmigdir).

^дг(0) 
= 0 G.з.1)

(q, +qr).лм0) +d,, .^Г(м(О))'l +,,L, ,)

+ d,[^kr9) r!'l)+ z(Mtol {!'))u] = о

(а,,+a,r).lM(z)+2dzt 
^ФФ) 

.*0)) +

* o,,|z ь(г,Р,) г,u) )+ (м (') . r (') + г!оl м t, ) 
), ] 

+

* 
",,[л(м(')[] 

* 
",, [41ll 41ll 4*)J,", *

(lз.z)

(l.з.з)*o,,{oft1ll 4(Ф лл(0))+[(lгtol[ 41ll],_} =о
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Bu tапliНэrdэ a,r(i = l;2; j = Ц2) еmsаllап mаtегiаllапп fiziК

хаssэlэгiпi хагаktегizа edan sabitlerdir,

Оччэllэг deyildiyi kimi, vergЁl i;шэsi xiisusi tбrэmапi

gdstагir; bi.itiin i, j,t,n iпdеkslагi l чэ 2 qiуmэtlэгiпi аhrlаr.

Baxtlan mаsаlэ Ugiin xэtti elastiklik паzэгiууэsiпdап F(0)

garginlik funksiyast mэlчm оlчЬ (I.2.7) ifadэsi ilэ miiаууэп

оlчпчr [2б;53].

д(0)(r,у)= F@(p,0) gэФпlik funksiyasrnrn (1,2,,1)

ifаdаsiпdэп biiti.ln lazlmi tбrаmэlэгi alrb, (I.3.2) va (I.3.3)

differensial tапliНэriпdэ уегiпэ yazsaq, Ьiг пеgа iyazi
gечirmаlагdэп sonra (р dэуigапiпiп mапfi va mЦsbat Ustlil

hеdlагiпi Ьir уеrэ yrýsaq, d-пlп fiksa edilmig qiуmэti Цgtiп)

a9aфdakl ddгdtiпсЁ dэгэсэdэп diffегепsiаl tэпliНэгi аlапq

|22;53l.

ддг(l) * azl .tb,o)+
al+ а|2

*:+_ [f,(p,o)+z1,(p,o))=0 (I.з.4)
а11 + d|2
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лмJz) + 2а21 .fnb,o)+
а|| + а|2

* О'' 
Ur(p,o)+ f"(p,0)1+

а11 + а|2

,, --Ь-. 1Q,о1 + л!--. t,b,o)+
щl+чz аl+ап

*ffi V,(p,o)+ 1,оф,о)]=о 0.з,s)

Вч tanliklarda agaSdah эчэzlэmэlэr edilmigdir:

1,ф,о) = z.(M(o)b . м(О) + z. [(мФ)Ь ]' +

+ 
2 .м(о)
р
)

а-;
р,

(м

M.)L+] Mol.(Mol)*+

0lIJ';

f,Ф,o)=z(r!t| -zr|t r!)",tf, r!! r!!,*
2* ..
р' Fl%l -Эrr;2).F|Р**

-rо(} r1:)' - } rt,) .1,1 -4лl,r 
) 

*

-о(# ,ly'-3 оУ' оЯ-irЯ'),
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t h,о) =(-(.'t . dP * z. (ддt'l), rlt *

+м(о) rtь-# (*Ф)) .4о)_

l м rllL.6p<ol. 
"дl

1
+ _--т .

р,
(^j"Ф)) .4)+0

р

+)мФ) р(Ф-}.маl.rа)+! ФФ)) .*)+

+ } 
, м.tol rtol - } Фt t;,, . 

"r.' 
-

,
+--а

р- ФФ)[ 4р
l+т. (м(O)L.д#)+

-} (*Ф\,,rЯ+},м<"l.rа

-} м.al rО +].Mto1.4l_

3-7 &.,t 4р-i.Ф(0)) .FJф+

Ф.,t 4g)-# (м(rf'.4;}*

ФФ)) 4ll* +).мФ).р(Ф -

Ф.,L" r,Ф)-+.(м(Ф) ..#),

l
+

2р
.l+-.,р2

l
р-
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fоЬ,о)=(-.'t . дг(r) 1 2. (дг(о)) . Ф(,)), +

+мФ).(м0)) -} (*.'1 .АF(')*

1 1 
доФ) Фu,L +](Mtrl) Mt'l+

-+ Ф.,t Фu,L+]M(o) 1*t,l)*;

s,ф,о)= ь|rý) rfl - z(L rуl -

-# 4)]

1
-ч

)(;

п(р,о)=(м
+ м(О) .r!)оо

+dl.[rп,)

")," 
,It

+ r!!оом

.J'')--# 4,) [; "9
г0)*[1...,_4 ля,

\р р р,

l
р

)
+_.

р

*z.(Mt,l) 49,*
(l) +z.rI% pt,l) +

дr(о) . rJ! _ ].мФ) . гlr) .,.-
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* J_. рlg. *l'l - # оР' . *'7 
",-

_4 |r*.l rj! -....lr.мФ). pr,) _p

р- Lp р'

* l .4r.l д"О1_4аtl.мОl]r*

* ' .[' .*tо,..,l1*_|.*tоl.ф+
plp р,

* l 4o1.o"t,l*} 4l Mtl],*

l
р- [!.*t,l. 

д,l * J_.6pui . рý *

* 1 
4оl.д"Оl*{ г#l м(')]*;

f,|@,0)=^[(*.'I] ,

лЬ,Ф=|r<"r -} о}р oly -

-# ,9 ,lY rf,ll L pto\ plof *

+) rlil рlr *} rll r!! rýl*
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-i ,9 ,ý'7 -;li,t, rs +} r!! rýl+
рр

-# rlf rfl-).ryl rр rl"l-}.#).4оf *

-# rУ rýl-)rдl rI9 rр\*} rýl rt,r +

-(;q"-# *,)'], 1
-L-

р- |;"я "ж 
*} r!! rýl +

-3rУ rll-\.rуl rр r1,1+} rf).rJор*

-3 rtf rSl-}rДl г1,1.r!)+L рý) р!оf *

t(i,y,-+,r,i]--

t(;ur* +"ilэ,у r!,)-,ff ,!",?-

-,(),ly-i,Jr)' *} rlr r!)*

-# rу,,rý).rl9-3 rý, rll_}rр eyl_

-} ,я.лJф.г,9) -}rр rдr)
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1,ф,о)= b|Mrl . о<У'7- оlЗдд.(о). rtФ' _

_{Mtol. lol . r!! + \ bpt') о*] -

^|;*., ".\',,L 
брul.рФ).4)+ l мФl л#l,],+

1,оф,о) = z.(Mtol) . лФ) + z. Mlol . (Mtol)_ . гФ) +

*а.дт(О).(лr(О\r rЯ+(мt.lУ . r(Ф +

- ;[;{-rr " 
t.l*]ogl (д"'.'I 

], 
*

-#[;Фrr p<ol *).рдl 1*tol| + 1,, +

-Х.J;r'2l*(0))'- l rФ) (lл.'r],,-

-hlbr\'*t,l|- ' etol (д"
"'I], 

, (I.з.с)

Gэrgiпlik funksiyaslnrn Ьiгiпсi yaxtnlagmadakl ifadasini

Оt'lЦр,О) muэууэп еtmэk ugtiп (I.3.4) differensial tэnliyini Ьеlэ

dэ yazmaq оlш. (эgэr (I.3.10) ifаdэlэriпэ daxil оlап fr,f, va f,
funksiyalaпnda (1.2.7) пэzэrе alrb, qruplagma apmsaq):
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^^jп(l) 
+(д * p).L л,(ч).р-" +

+(!,+ !).Z л,(ч).р" =9 0.з.т)

Вчrаdа

Ft !, azz

di+dDdц+ар

lr,(u) чэ Nr(v) kеmiууэtlеi, fr,f, va /, fuпksiуаlаппа

daxil olan FОФ,0) gaгginlik funksiyasrndan alrnmlg ЬЁtiiп

tijrэmэlэгiпiп toplusu (саЬri cami) пэzэrdэ tutulur (uyýun оlшаq

р deyi;aninin eyni qЁччэt tistlii hэdlаriп cami).

(I.3.7) differensial tэпliуiп hэlli 1чхапdа ý1.2-dэ deyildiyi

kimi (Ьах (I.2.14) tanliyinin hэlliпа) bu qэkildэ axtanlrr:

лt'l = г*)+ г,{l G.з.s)

Burada.(P _( I.з,7) tапliуiпЭ чуýчп olan Ддг(t) _g

Ьiгсiпс tэпliуiпiп itmчmi hэlli olub (I.2.1З) Kmi ifadэ ile

mЁаууэп оlur:

49="i,|пр+сi,р1 (I.з.9)

Inteqral sаЬitlэгi ci чэ с] (1.З.9) ifadэsi ilэ miiэlуэп olan

.(Р gaгginlik funksiyastmn, (I.3.7) differensial tэпliуiпi ёdаmэsi
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ýегtiпdап tapllar. Sэftэd ýэrtlагi (I.2.10) olduýu kimidir. Bela ki,

daxili ! konturu iizегiпdэ

u.,l laF(') lа2л,0)о':'| =_._-:-+---т------=(.)l' 
|e1l р ар р' а0'

Хаriсi 1, korituru Ёzэгiпdэ

0) 1 аF(,) t а2r,(')
=-.-+-

р ар р2 а0'

allnar.

4tl = 

' 
N,(u),pn-" .(Д* Рr)r,*

+ ) lur(u).p"*a .(Д+ Рr)сr+

0 (I.3.10)

(t.з.t0

о

(I.3.7) diffeгensial tэпliуiпiп xiisusi hэlli 4f} bu gakildэ

,, = {1+ - u;lz - ul [t, - ")l - dI'

,, = {i+ * u;lz * 
"). [(, 

* 

'' 
- r]Г' G.з.12)

Belaliklэ (1.3,7) diffeгensial tanliyinin iimчmi halli,

k=2

-(д-д)ц(1{*rе-*) , з

Вчrаdа

0.3.8)-( I.3.12) ifаdэlэriпэ эsаsап agaфdakl ;akilda аhпаr
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p(r)P,a)=c' ,р' *ritnp+ i p-'n .(F,+рr).ш,(ч).а, +

* Ё р"*О , (Р, + Рr). M r(v). е, +

__ dзl

ап+а|2
азz

Щtt dtz

+(д +д)ш,(") (*,"r_*) , (t.з.tз)

Analoji olaraq пбчЬеti - i.igi.incii yaxrnla9.u* O(z)lp,a)

garginlik funksiyasr i.igiiп а9афdаkl ifаdэпi аlапq (аgэr (I.З.3)

differensial tэпliуiпdэ F(О) tigtin allnan (I.2.17) ifadэsini va

F(|\(р,0) Ёgiiп аllпап (I.З.l3) ifаdэsiпi пэzэrэ alsaq):

Оwэlса (I.З.3) differensial tэпliуiп bеla da yazmaq olaT:

ьм('\ +(zý,+ ýz+ ýэ+ 0о* Fr).t р* .w,(b)+
Ё=l

+(zр,+рr+ýз+ýо*рr) Ё ok .wr(t<)=g (r.з.r+)

Burada Р, чэ Р, kеmiууэtlэгi (I.3.7)-daH Kmi tэуiп

оlчпчrlш.

э

Вэ fo Fs =d,ql+а|2

rv, (t) чэ w, (t) tizuпаэ Р(0) u. Д(t) funksiyalannl чэ

опlапп lazrmi tёrэmэlэriпi сэmlеgdirэп, р dэуi;епiпiп epi
qtlччэt iistlii hаdlэгiпiп сэmiпi ifаdэ еdап kаmiууаtlэrdir.

(I.3.15)
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FP\(p,0) funksiyaslnl mtlаууэп еdаrkэп FOЬ,O)

funksiyasrnr taparken istifadэ оlчпап (I.3.10) sэrhаd ýаrtlаriпdап

istifada оlчпчr.

(I.3.14) differensial tэпliуiп halli (I.З.7) tэпliуiпiп hallinde

olduýu Kmi, bu gaНlda ахtапhr:

p(z)(p,o)= п9)* F,9}

4fr 
) -funksiyasr (I.3. 14) differensial tanliyinin iimчmi halli

(I.3.9) kimi gбtiiгiililr.

rýl(р,о) = ", 
,lп р + со , р2 (Lз,lб)

сз уе с4 эmsаllап с| чэ с2 sаЬitlаriпiп taprlmasl

Нmidir. Вчrаdа da sэгhэd gагtlагi (I.3.10) sэrhэd ;апlэгiпiп

epidir.
(I.3.14) differensial bnliyinin xiisusi hэlli Ьiriпсi

yaxrnlagmadat<-r Hmi analoji оlагаq bu gэКldэ miiаууап оlчпчr:

49] = Ё p+k .2,(tc). 6. е, *t pnr*,q(lc). 6. еr+
k=2 t=l

+, o,(l)[*hp-*) О (l.з.tz)

Belalikla (I.3.14) differensial tэпliуiп iimumi hэlliпi

tapmrg oluruq:
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F@ = FФ + FQ), = rr|n р+ "ор' 
+

tZ po-r . q(ъ). 6. с, *Z рО** ц(tс). а, еr+
*=2

3 (t.з.tв)

Вчrаdа 6= 2Д + !z+ р, + ро+ Brevazlamesi edilib. €,

va а, эmsаllап (I.3.12) ifаdэlэri ilэ miiэууэп оlчпчr.

Biz Ьчrаdа, iig yaxlnlagma ila kifayэtlanirik. Aydrndrr ki,

lazrm gэldikdэ 4-cii, 5-ci va i.a. yaxlnlagmalaI tlqun 
'b-t)(p,0)

gэгgiпlik funksiyaslnl tapa Ьilэrik.

Altnan hэllаr bir эdэdi misalla пiimауi9 etdirilir. Yчхапdа

ý1.1-daki qalrn divarh Ьоrчпчп garginlik vэziyyatini (yani

эdэЬiууаtlагdап mэlчm olan Lyame mаsаlэsiпi) indi burada

ixtiyaгi Гrziki qеугiхэtti qoyulugda hall еdэk фчпч, Kgik fiziki
qеуriхэtti qoyulugdakr mэsэlэпiп hэlliпiп ixtiyari fiziki qеугiхэtti

qoyulugdan hэlldэп пэ qэdэr fэrqli olduýunu niimUyiý etdirmak

tlgilп еdiгik).

Хэtti elastiklik паzагiууэsiпdэп mэlчm olan F@b,O)

gэrgiпlik funksiyaslnrn (I.2.7) ifadэsini (I.З.7) diffeгensial

tanliyindэ пэzэrа alsaq birinci yaxrnlagm ааа F(n(p,O) garginlik

funksiyasr iigiin Ьеlэ bir differensial tэnlik аlапq:

+а q() (}br-*) ,
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^^jг(,) 
=64,D 4, Fz. р- -з2д? р2. р4 ; (I.з.19)

вч tапlikdэ

,'R' ,(pr- рr)=-- R'-r'
1 Р zr2 - PrR'

ь|

,1
' R'-r'

2, ц2 R2 -r

0,
dtz

dl+Щz

эчоzlэmэlэri edilmi9dir.

Yчхапdа gэrh оlчпап yolla (I.3.19) differensial tanliyini

hall еdэrаk паtiсеdэ Ьiriпсi yжrnla;mada garginlik funksiyast

r(|')(р,0) uЕuп bеle biT ifada аhпаr:

дtl)=4fl+{l

49J=.i +сi,lпр; 4(jl =lп'р,ц +D2,p-2. (I.3.20)

Вчrаdа agaфdakr ачаzlаmаlаr edilib:

Dr=8blAlp2l оr=-f,Щýrl G.з.zI)

civa с] sabitlari (1.3.10) sаrhэd gэrtlэriпа еsаsэп Ьч

qiуmэtlагi alrr:

|- ^' 
u # - rc ц ь,р,(п2 п. - 

" 
ln л)]

п---1 R1 R2 -12Цр, (l.з.zz)r2с|
R2 -12

8Ц1'OrI

9з

12 R2



Gэrgiпlik funksiyasr rO|Ф,О) iiqiin аlrпап (I.3.20)

ifadasini (1.3.5) differensial tэпliуiпdа паzэrэ alsaq iigЦncii

yaxrnla;mada FQ'(Р,0) funksiyast iigiin beh bir differensial

tanlik аlапq:

^м(') 
+д [6,, pu - 6;. pu]* p,lai. ра + бi. р-а +

6| . р-s + бi lл. р- - 6]|п р. р О]- д [д; . р-6 - 6; . p-n -
-ай р-']*дЬ,1 .р-6 -6;2.p-J-_o (l.з.zз)

Yчхалdа gёstэrilэп yolla (уэпi F(') funksiyasrnt mUэууап

еdэrkап istifadэ olunan Цsul), Ьч differensial tantiyi hэll edib

Р(2) gэrgiпlik funksiyaslnl tарапq:

F(2) = F(r) + Fk] = сэр' + со:rп р+

*д[-}r",r а; *ta;o.f*

+ рrf-аitпz p.ei +6iеilпЗ p-6iuip-'-
- бilп. р-2 . ei-6! е! р-а]+

+ pn[- а; ра ei+ djci lп' р + бiо ,i р-О|*

+ рr[- а;rра е; + бiz€; lп2 pf= о;

с, чэ cn sаЬitlэriпi (I.3.10) sегhаd gэrtlэгiпэ asasan tарlпq

(L3.24) ifadэsinde аgафdаkl ачеzlэmэlэг edilmigdir.

(I.з.z+)
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бi =5|2.fl, Ьiц; ai =256,р2.цд? i

бi = 44, 
"r -1956, P|, b, l| ; \ = з16, 0z, 4

Ц =t152. Fz.ff l,, - lо. цсr-32,Щ,с2;

6; =1оS8.рr .Ь, l',; бi =5|2,р2,ц2дli

d]=вв 4a];dj =4О.tд,; d,'. =9оа|;

бi, = |цц, ь, l,! ; ai, = gB, Й д, ;

- =ri[u[-*q,"*-*,:+#)-

* в.( - t ч,rпД-!.л tn 
R *лч' ". {' -"l. 4l r |6 7 r эL rzRz

l -12-R2 1 -lnR l -lпR_-.D -----:----:_ + 
-. 

а 
-_-.о --ll28 б r"R' м бR' 64 u r'

l *rа-Rа+-.о | |

288 5 r"R"

( | -r'-R' ff . л
| 
-о 

.-----=- л- +..._ . lп _ _
[64Еr'R' 8 r

-* q.;+) - r,[*с ;f-} r;,,"З
)],

)- 
о,
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" 
= r-[о[-}{," *-! r; о!)-

+ B,L zt с,lп л +1.Д] ln л + 26]г" l-8 , ,,R,
l л- l 1 л. lnR t лл t\-а.d" вr*i.оu , +-.d, ,J+

-u[*q#-ja;,"*--!_ 4*)-
-u(*o:,#-i +,"-)]_

*l^-(i q',-*,;})-
* в.( -za'r,lnr+f .r- lnr+'"\' 41 8 7

*rау,\-) u:)-* о:У

-u(*o:i-io, r",-fr а;

-u[*q}-i r;,",)] ,

l+-
|44

6
1

4
+

r
1

+
4r

Odadi misal hэll еdэrkэп еп kasiyin бlgiilэгiпiп пisЬэtiпi iki

variantda gtituriilmti9diir:

I variant: Rlr =2; П чагiапt: Rlr =|,25;

Вчrаdа r -daxili gечrэпiп rаdiчsчdчr, R isэ хаriсi gечrэпiп

rаdiчsчdчr. Silindг (qalrn divarh Ьоrч) yalnrz daxili р, = р
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tэzyiqina mэruz qaldr$ hal Ц9Цп, daxili kопtчr 0zэгiпdеki

пфtаlагdа о, garginlik komponenti Ц9Цп (stfinncl чэ Ьiгiпсi

yaxtnla9mada) alrnan ifаdэlэr a;aфdakl Kmidir:

I variant: orl р = о9) + о!| =1,666_ц,6,fr, p,l

П vaлiant: oulp =оЬО| +оý| =4,556-2з,58.fr.р2; (1.з.25)

Вч ifаdэlэгэ эsаsэп dлili tэzуiqiп mЦхtэlif qiуmэtlаriпdэ

mtixtэlif mаtегiаllат ilgiin taprlan О, gаrgiпliklэгi a9a$da

сэdчэl gэkliпdа чегilir чс bu саdчаlэ asasan qrafik

qчrчlmч9dчr фах 9ak.1.5)

9,7
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Eyni Ьir masalanin (Lyame mэsэlэsiпiп) hаr iki yolla (Kgik

fiziki qeyгixatti va ixtiyari fiziki qеугiхэtti qoyuluglarda)

hэllэгiпdап bela паtiсэуэ gэlitik ki, xatti qапчпdап (Htjk

qапчпчпdап) azacrq da olsa kапаrа grxdrqda, garginliklarin

zirvesini (эп mаksimчm qiymatini) xeyli azalrr (уэпi

hamarlagdrnlrr). Praktiki nёqteyi пэzагiпdап ilk iK yaxtnlagma

(srfiпncr чэ birinci yaxlnlagma) ila Нfауэtlэпmеk olaT.

Gэrgiпliklэгiп taprlan qiуmэtlэгiпэ эsаsэп чегilэп сэdчэllаrdэп

va qurulmug qrаfiНаrdап bela пэtiсэуэ gеlmэk olar ki, gэrginlik

konsentrasiyast аsаsап mаtегiаllагdап, tэsir еdэп уtlkdэп asthdtr,

ёzUdа iхtiуагi fiziki qеуriхэtti qoyulugda maselanin hэlli

сisimlеrdэ gаrgiпliklэгiп paylanmastnt daha daqiq хаrаktегizэ

edir. МаtеriаIrп fiziki хаssэlэriпi эks etdiran Р, еmsаh Рr>0

olduqda, gэrgiпliklаг paylarrmasr miiпtаzэmа daha yaxrn оlчг.

Р, < 0 olduqda aks effekt ahnrr.
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II BoLMa
рЁZмлтiк TiRLaRiN FiziЁ QByKixoTTi

QoYtlLUýDA BURLJLMASI.

ý2.l.Masalenin qoyulugu. GеrgiпПk funksiyasrnrn

segilmasi.

Еп kasiyi iki гаЬitэli oblastdan iЬагэt oan prizmatik tiгlэгiп

Ьчrulmа mэsэlаsi хэtti qoyuluýda эdэЬiууаtdа [2,19,25,5З,

67,101] mЦхtэlif ilsullar чэ чагiапtlагlа ёz hэlliпi tapmrgdrr. Вч

mэsэlэlэriп hamrsrnda qabul olunur ki,

ох= оу = oz=T,y =0; Х --Y = Z =0

то=то(r;у); тr,=tr,(х,!) Щ.1.1)

Bu gаrtlэr daxilinda (I.1.1) mtivazinat gаrtlэri aýa$dah Ьir

ifаdэуlэ gэtirilэr:

0т_ 0т""
:* + 

-:У'=0 (п.1.2)
dхф

(I.2.1) mЦчаziпэt gаrtlагiпiп ilk iНsindan aydln оlчr ki,

t-- (,, у); (л,у), уэпi toxunan garginliklar z

dэуigэпiпdэп asrh deyil. Dеfогmаsiуапtп birgэlilik gаrtlэгi olan

(I.1.7) ifаdэsi isa (tr.1.1) че €t = €у = €,= y,у = 0 ýэrtlаriпа

asasan bela оlчr:

Ту=Ту,

101



а:-
ф

0
а

а,
9Ь-у-
фOх

ц.--у*
фЭх

0; €,

=0 (п.1.3)

Вч sопчпсч ifаdэdэ kvadrat mёtэгizэ igэгisiпdа olan

hаdlагiп eyni olduýuna gёrэ Ьеlэ bir tапliklэ еупi giicl dЦr

Ц--а?, =r=сопst. (ц.1.4)
фЭх

FiziК qeyгixatti qoyulugda fiгlэriп Ьчrulmа mэsalasinda

уегdауigmэ kоmропепtlэri u ,u чэ |у , xэtti elastiНik

пэzагiууэsiпdаН Hmi Ьеlэ gёttГiilUr.

u=c.y.zi u = -r . x. zi , = ,(r, у)

Вчгаdа u -tirin vahid uzunluýuna diigan burulma Ьчсафdlr.

Deyildiyi Kmi, sопчпсч ifаdэlэrэ эsаsэп, чzапmа

dеfоrmаsiуаlап hэqiqэtэп de

ёu 0u aw
€I 0; €,

ф 0zЭл

оlчrlаr ki, Ьч da (П.1.1) ýartlaгini ёdаЯr.

Gбstаrmэk оlаr К, (П.1,1) va (II.1.3) gэrtlэriпi saxlamaqla

r-(r,у) чэ zr.(x, r) gэrgiпliНэгiпi ela segmek оIш Н, (L1.1) чэ

(I.1,7) gartlari fiziki qеугiхэtti elasiНik nazariyyasinda da ёz

dоýrчlчфпч saxlasrn.

Оgэг toxunan gэrgiпlilагiп

0Ф(х,у

0

Тr"ох2-
ф
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Kmi gdtursэk (tr.1.2) tэnliyi ёdэпilэr. Вчrаdа Ф(.r, y)-toxunan

gэrgiпliklэr funksiyasldtr.

Оп<tа Ф(-т, у) funksiyanrn л чэ у dэуiýэпlэriпа паzагэп

tdФmеlэriпi чуýчп iпdеkslэrlа gбStеrsэk, gatirilmig оtrа

gatginliyin G. ) G.l.З) ifadэsi чэ gatirilmig tохцпап

gогgiпliklаriп intevsivliyinin kvadratrnln (ro2 ) irааэsi g.r.О1

sаdэliЕiЬ bela 9аНа dtigэr:

-=+=*(" + оr)= 6

2L

It
9ь
ф

2
}+2i I]

(0"*
t, а,

2
ь Ф (п.1.6)t, +0 зGz зG2

Yuxanda dеуilэпlэrэ asasan deformasiyalaT а9афdаk Hmi

оlаг (оgеr (I.1.36) ifadalaгini dэ пэzэrа alsaq):

уеrdэуigmэlаr tigЦп €х = €у = €z = rо --0

Siiriigmаlэr iigiin

r,--o; r,,=:фil r-, ,*=|r|3),"*. (п.1.7)

Оgаr (П.1.7) ifadalarini (tr.1.3) tэпliуiпdэ пэzэl,а alsaq, уаzапq:

fr bt;) ,'.J-}b(,;),"of=, щ.l.s)

Bu tэnlikde (П.1.5) ifаdsэlагiпi паzаrэ alsaq, yaza bilaгik:
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а
Ь(,;).*]*0х

Вч sопчпсч ifadэdan, lazlmi tdrаmэlэr aldtqdan sопrа,

аЕафdаkrlап умапq bu differensial tэпliуi hэlliпi, tохчпап

gэrgiпliklэriп intensivlik эmsаhпlп xЦsusi haltnrn (I.1.57) 9эНiпэ
чуФп gёtuгuluЬ:

8(,а)м*
*fr .[оlо- + 2Ф,Ф,Фо *o]o,o]g'to')-. =о (п.r.rо)

Вчтаdа

$Ьt*Ь ,]= "
(п.1.9)

эчаzlэmэlагi edilmigdir.

Оgэr siirtlýmэ defformasiyalaл Ум уа У у, !9i1пl

{(й)=*м) * 
^=#-#

ayl, 0ur-=ы+тi r. _0u, ёw

0zф
(II.1.7) ifаdэlэгiпэ аsаýэп agaýrdakr

awlrу=ы+t.х=-_ 8k)Ф,

r-=!-" l=-} зt3) о,.

olduýunu пэzэrа alsaq,

пэtiсэуэ gаlmэk оlаr:
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Вч ifadalardan da tiгiп еп kэsik mUstavisinin deplanasiyast

(yani mi.istэvinin fогmаstпrп tэhтif olunmast duz miistэvi haltnln

pozulmast) funksiyasr w(.r, у) аgафdаkr iki gэгti еупi zamanda

ёdэmаsi vacibdir.

#=-*,(,,),,_" 
,

*=-*r(,а)' y-T,yi

Вч isэ о zaman mЁmk0пdUr Н, Ьiгiпсidэп 
' 

gёrа, iКпсidэп isэ у

gёrэ tбгэmа alrb saý ьгаflаriпi ЬэгаЬэrlэgdirаk

}{ffьиl .,l-frb(*) * ,\=-,",

чэ уа (П,1.9) ifаdэsiпэ эs.ýэп с sabiti ilэ, vahid uzunluýa diigan

burulma ЬчсаS аrаstпdа

с -- -2GT asllrh$ оlmаhdlг.

(II.1.10) ifаdэsiпdэп gбгШпiir К, (П.1.1) ýаrtlэriпiп, fiziki qеугi

хэtti elastilik пэzэriууаsiпdэ istifadэ оlчпmаsrпdап tохчпап

garginlik funksiyasl tlgtln xllsusi t0гэmэlагlэ iНnci tэпiЬli

differensial tanlik аhпlr (уапi (П.1.1) gэгtlэri qеуriхэКi qoyulugda

da уаrаrltdlr).

Qeyd еtmэk lмtmdlг К, Ф(.т, у) funksiyasr Ьахrlап

ikirabitali kопtчrlаr \(j = t;Z) Ёzаriпdа с, sabir kэmiууэt alrr.
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Ф(r,у)=,r =ci; L, Цzэriпdэ j=|;] (п.1.11)

(П.1.10) differensial tanliyi, Hiiq qапчпч gаrgiчаsiпdэ (xatti

elastiklik nezeriyyasinda) g(r])= r оlачрпdап, ДФо = ДФ = с

differensial tanliyina gevirilir (yani хэtti elastiНik

nazariyyasindэki melum tэпliуа 9ечгilir).

Вч 
^Ф0 

= АФ = с tanliyinin halli хэtti qoyulugda hall

оlчпчЬ [2,19,25,67].

Miistavi mаsаlэlэriп fiziН qeyrixatti qoyulugda hэlliпэ analoji

оlшаq (П.1.10) tэnliyinin hallinin Kgik pmametr 2 gсirэ ЬеlэЬiг

polinom gaklindэ ахtапhr:

Ф=Фо+4Фr +rtФr+.,.+IФп. Щ.1.12).

Kigik 2 раfаmеtгiпi I btjlmadэki kimi 2= grKf (ЗК+СР2

ýэkliпdэ gбturtlrlik,

Вчгаdа Фо(х,у), хэtti qoyuluqda Ьчrчlmаdа gэrgiпlik

funksiyasrdrr (srfiппсr yaxrnlagma)

Ф,(r,у), Фr(r,у) чэ i.a. funksiyalaп isэ

пёчЬэti уахrпlа9mаlаrdа фiriпсi, iКпсi чэ i.a.) Ьчrчlmаdа

gэrginlik funksiyasldrr.

Оgэr (П.1.12) ifadasini (П.1.10) differensial tэпliуiпdэ уегiпа

qoyub 2 = g, Kgik рагаmеtrа gёrа eyni qUvvэt iistlii hаdlэгiп
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сеЬri сэmiпi slfira ЬэrаЬэrlэýdirsэk п sayda (п = 0;t;....")

differensial tапliklэr sistemi аlшq.

Вiгiпсi уахtпlа9mаdа ().= g, va n=l olan hal iigtin)

(П.1.10) tэпliуi agaфdakl gэkil altr:

о., *4} *Ьх -(.)i]-#+ 
fr k..)1 *(o.)i]-

2

зG,
(п.t.tз)

Хэtti elastiНik пэzэгiууаsiпdэп mаlчmdчr К, Фо(r, у)

gэrgiпlik funksiyasr, burulmaya mэrчz qalan pгizmatik tiriп еп

kasik sаhаsiпdэ rеqчlуш olan F(.) kompleks dэуigап

funksiyasrnln kёmэуi ilэ bela taprhr [2,19,25,53,б7]:

Фо(х,у)=Ф9(z, il=f,lrk)-{ui1l-.f,*. (п.1.14)

Ргizmаtik tirin en kasiyi iНrаЬitэli ,S оЫаstrпdап iЬаrэt

olub dжildэп ! kопtчrч (r radiuslu 9ечrэ чэ опdап glхап iH

dilzxэtli gat ilэ mэhdчdlа9ап), хаriсdэп isэ | kопtчrч ila

(dЦzgiin goxbucaqh kontur) mэhdчdlаglЬ. Веlэ Ьir oblastda

rеqчlуаг оlап analitik F(z) funksiyasr mэlчmdчr ki, agaýrdakr

gэКldэ жtапlrЬ, (mOэууэп оlчпчЬ) [25,53, l01] :

fto,)] +(о.)]]=о

r(.)=' a*.{1k+|b* z
д

k

i=0
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В чrаdа

bk i-B.."9)*
q

Biititn dt va Во аmsаllап хэtti qoyulugdakl masalanin

hallinda uyýun (konkret) en kэsiуi iigiin tapllrпý, Ьiг сэdчэl

9эkliпэ salrnrmgdrr. (Ьж [25,53] эdabiyyata). alt) amsallan, hаг

Ьiг kопkгеt l, konturu UgUп mэlum olan (Ьах сэdчеl JllЪl.l va

сэd. N1.2) о!) аmsаllап vasitasila mtiэууап edilir (Ьах I.1.82

ifаdэsiпdэ gj*) эmsаl,п,п .еkчгzепt diisturuna).

Yuxaпdakr (П.1.14) ifadэsinda * чldчz igшэsi саmiп

пбчЬаti hэddэ kеgэrkап indeksinin 4 (goxbucaqlrnrn simmetгiya

охlап sayr) qэdэr dэyigdiyini gёstагir.

F(z) analitik fuksiyasrnrn (II.1.14) ifadasindaki €,

dayiganini z= x+iy kompleks dэуigэпi ilэ эчаz еtmэk iigun !
kопtчrчпчп vahid gечrэ еtrаfiпа inikas funksiyasrndan z=о7Ё)

чэ опчп tarsi оlап f, = 7(z) funKsiyaaan ifаdэ edilir

z=r.a.Z rл-t.Ёt";

2п

Ё,=A,)=:t o,[' (п.1.16)
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yn, чэ бп_1 аmsаllап эdеЬiууаtdап [25,53] mэlчmdчr (Ьах [51]

kitabtnda (З. 15, 3. 17) dЦstчrlаппа).

Bclalikla (П.1.14) ifadasini (П.1.15) dtistчrчпа эsаsеп bela da

yazmaq olar (bir пе4э sаdэ riyazi gечirmаlаrdап sопrа):

F(z)=! а". ьk (п.1.17)

z z (п.t.tя)

r
z

t=0

+
z
дi

е=0

t

Ьчrаdа

o"=t'a* Л_r /j9
t=0

Вuruп lj* ) эmsаllап (I.1.82) ifайlэriпа asasan taprhr [5l]. Yэпi

Ьч amsallar Ьч ýortindan taplhr.

ll*)+ I l^_",; чll=0 (П.1.18)
лl=l

(П.1.17) ifadasini (П.1.14) dtlsturunda пэzэrэ alsaq, yaza bilarik

(slfiпnct yaxtnlagmada tохчпап gаrgiпliklэr funksiyast iiEЦn):

Фо(zlZ)= +'а
l
,,

+! Zbrа

[;)--
bk(r"

t=0

z )*'l l
т) )т

(:
\z

г-l,
Ly=,

)"-

Bu ifаdэdэп z va Z dауigапlаriпэ gdrэ tёrаmаlэr ahb
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olduýunu Ьilэrэk, (П.1.1З) differensial bnliyi aga$dakl 9эКl аlш:

8
, * с """",=' зG'

dtistчrlаг аlrпаr

а а,а.,л а_
ЕхOzаzф

.(а а)
\а. -Е]

^Ф
(оо)..(оо). -#k. ,):

(ooL . (оо), = t;Ё [-+# 
. 

"-io(t+l) 
*

+
а.)Ф0

+(oo)].(oo)o+z(oo)o.(.o)..(.o).]=0 (tr.1.20)

Вчrаdа z = peig vэ Z = pe-io olduýuna эsаsэп роlуаг

koordinat sistemionde (Оо). .(Оо). чэ i.a. ifаdаlагi Ёgiin Ьеlэ

k-|

",,G-0]-
+bk.k р

дk

-i0 ,
1

7
lJr
J l.z I

a,,v, r" , gig("*|)
р ++lр

(п.1.21)

Вч ifadani sada 9эkildэ bela da yazmaq olar:

(Оо).,(Оо), =t цfu),р-" *ivr(n) р' (пJ.22)
п=1 л=l

Analoji olaraq (П.1.20) ifadasina daxil olan digar hаdlаr iig0n dэ

Ьч эmэliууаtr араrsаq пэtiсэdэ, gбstэrilап differensial tanlik

+ b,.v о*' ."-"t""l)_f,B,,\

1l0



aýagldakl ýэkla gэtiгilаr (eEeI Р dэti;эпiпiп еупi qtlччэt iistlii

hadlarini Ьiг сэm kimi gёstersak):

^Фl 
= 

' 

Mr(k). p-r +| Mr(t ). pn . (п.1.2з)
l=l t=l

Вчгаdа М,(&) ve M r(k) аmsаllап Ц(*), Иr(t)...чэ i.a

kimi ifаdэlэгiпiп toplusu (сэmi) olduýunu gёstэriг.

Bu (П.1.22) ifadasindэ a5aфdakl ачоzlаmеlэr edilmigdir:

и(t)= lr.'(")+ lg,(*)+ ц,(t)+ lvr(t);

vr(t)= лr,о(t)+лrп(t +r)+цr(t +r)+,vu(t)+f а

N]п)= -п. о". ,П . 

"iO(П+|| 
; Nr(п)= п6"д-п . 

"iО(п-l) 
,

Nз(п)=-1,опrП ."iO(П+t), Nafu)=n.6". д-п . 

"iO(п-|),

M rfu) = !па,,' 
. (r'"' + r-"); м ufu) = -!пЬ.l-' Qbo * " 

-0) 
;

N,'(,)= i' ц(п). lr,(n - v +r). а, ;

l.ц(") I tл,(") ц(, - п +|). сr+ ц(и)ц(и + l)a,]
4

1
Nr(n)

4 ! lr,(п-ч+t).ц(и+3)

",,(,)=iЁ 
M,Q). м nfu -v +2)

lll



ц, (,) = -i Ё [r, (и - r). rv,(и - п + l). е,+ lr, (и). ц (v + r)a, ] ;

N12(п) = -}Ё r,{" - " 
* l). lrr(v + З);

€t=
0 эgэr

l эgэr

п>2
п<2

[0 эsэт

[1 эgэr

эgэr

эgэr
С2 -

п=|
п#l

0

1

€з=
п*|
п=|

(п.1.24)

Adi qaydada olduф kimi ,( П.1.23) diffeгensial tэпliуiп hэlliпi

o,(z, z) = О, ф,r) = (Ф, ),", + (Ф1 )",

gаkliпdэ ахиппq.

Bela Н, (П.1.23) tэпliуiпiп xЦsusi hэlli bela оlаr:

(о,),"" =I p-k'2.Mr(v).yi +

(II.1.25)

*Z pr*' .Мr(ч).ri

Вчгаdа

у; =(r-v)a; yi=Q+2)a

Мэlчmdчг К, (П.1.23) differensial tanliyi ilэ bircins olan

ДФ, = 9 tanliyinin iimцmi halli

I12



(о,)"- =", ,|пр + crp",cos(nd) ш.1.26)

gаkliпdэ ахtапltr.

Веlэliklэ Ьiгiпсi yaxlnlagmada O,(z, Z)= О, (р,а)

funksiyast Цgiiп bela Ьir ifadэ alrnrr:

а,ф,о)= L p'-r м,(0. ri + rt рk*' M r(tc). у| +
t=l k=\

+ сr.lп р + сr, р" .соs(лd);

(п.|.2,1)

q чэ с2 sаЬitlэгi аgафdа}l sэгhаd gаrtlэгiпdэп tapllш:

- dжili kопtчr l, tizагiпdэ

Ф, =с1 i

р =tf-io olduqda

- xarici kопtчг Q ilzэгiпdэ

Ф, =О; р =1rg-i0 olduqda (п.1.28)

чэ уа

lаФ
"r=-;;=0; р=\ olduqda (t iizаriпdэ)

аФ

'& 
===0; p=rz olduqda (12 uzэгiпdэ1

ор

Bu 9эrtlэrэ эsаsап cl чэ с, sаЬitlагi bu qiуmэtlаr аhr:

l1з



с, =-Ё t|'kм,(ф.уi 
й Д 

t{-'M,(*).y|

{Ё,i--r,{о) ,i ff-
l| cos zd

lпr,А" . cosnd - lп А. ri costld

+i tf*'M,(t) r; #-
-i t|-rM,(K).yi -i t|r'M,(K) yi

t=l t=l

1_
ln/,

lnl,--Д,' tiсоsп0.|п4 - lпl, .l| соsпd [Ё r*r,tolr; ff-
+! f-*M,(r) ,; *-Е \'-rM,(k).yi-

-| f,aM,(t<).yi -| t|-kMr(r).yi

(п.1.29)

Garginlik funksiyasrnln Фоk, Р) чэ О, ф, а) ifаdэlаri

оlап (П.1.19) ча (tr.1.27) dЦstчrlаппr bilarэk (уэпi stfiпnct чэ

Ьiгiпсi yaxrnlagmada gэrgiпlik funksiyalaпnrn ifadalaгini Ьilэrэk),

anoloji оlагаq iНnci yaxrnlagmada Фr(р,0) garginlik

funksiyasrnrn ifadosini tapanq чэ i.a. ВеlэliНа istэпilэп

уахrпlаgmа UqUп Ф" (р, d) funksiyasr taprlar, fэrq уаlпz гiуаzi

эmэliууаtlапп goxluýunda alrnan ifаdэlэriп ЬёуЦkltlуOпdаdiг.

1l4



Gэrgiпlik funksiyaslnrn (П.1.19) чэ (П.1.27) ifаdэlэriпэ

аsаsэп, prizmatik tiгiп еп kэsiуiпiп эп хаrаktеrik пёqtэlэгiпdэ

(еlасэ da diizxatli Еаtlапп tapa пфtаlэгiпdэ) toxunan gэrgiпliНаr

С xz va С у аdэЬiууаtdап mаlчm olan dllsturlarla tapllr:

lаФ
То

р а0'
tв аФ.n-.a- 

ОР
(п.1.30)

Вч ifаdэlэrdэ gэгgiпlik funksiyasrnln (tr.1.12) ifadэsini

паzеrэ alsaq, ума Ьilэгik (П.1.12 dUsturunda ilk iK hэddi

sжladlqda)

, о, = 
"у) 

- r,4|" = ;# - ) r,* = * - r, i#,
"," 

= 
"!) 

+ g,ф=*-"* =ф * r,*, щ.l.зl)

Вчrаdа т!0] пэ т!ф , Ьашlап pгizmatik tirin хэtti elastiНik

пэzэгiууэsi gэrgiчэsiпdэ burulmasrndan malum olan tохчпап

gэгgiпliklаrdir (уэпi slfiппсt yaxrnla;madakr tохчпап

gэrgiпliklэrdir).

Yuxanda gбstэrilэп ilmumi hall a;aфdakt эdэdi misalla пttmауig

etdiгilir.
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l.Markazi dairovi degiya va iki diizxotli gяtа malik

kvadrat tiriп fiziki qeyгixotti qoyulyugda burulmasl.

Вч mэsаlа xэtti elastiklik nazariyyasi gэцiчэsiпdа 0z

hallini ирrпgdlr [25,53]. Тiriп еп kэsik бlgiilэгi аrаslпdа пisЬэt iki

variantda verilmigdir (9эk.2. l ).

Ivariant rlb=0,5; е =О,6Ь;,=-l, А=2,5r;
9

Пчагiапt rlЬ=0,5; е=0,1Ь; -=-!, A=2,5r
9

Gэrgiпlik funksiyasl Фо(z; z)iigtin (П.1.19) ifаdаsiпэ

эsаsэп Фафdаkr diisturu alanq (analitik F(z) funksiyasrnda ilk

iH haddi saxlayrпq, giinki а* чэ /* эmsаllаппrп sonrakrl

qiуmэtlэгi sопsчz dаrэсаdа kigikdirlэr).

F(z)= ао
tI

["я,- 
а,,[з)' - 

[;)'],

(})'-",
t

+Ьц ,-[;)']-о{
z

+Ьв (п.t.зz)
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у

х

ýэk.2.1.

Вч ifadani 
'| 

чэ 
'2 

dауiýэпlэгiпiп Ьiriпdэп digэriпа kеgmэk i.igiin

Ц чэ Ц kопtчrlаппtп inikas funksiyalanndan istifada оlчпчr

(Ьах I Ьбlmаdа cadval N:2.1)

Bu ifаdэуэ daxil оlап ао, ц, Ьа va Ь, аmsаllап hаr Ьiг

чагiапt iigiin hesablanrb сэdЬчэl gаkliпdэ чегiliЬ (Ьж сэdчэl

N:2.1).

IL,l

h ь

с

д

D



Сэdчэl 2.1

оmsаllаг vагiапtlш

I чаriапt П чагiапt

а4

q
ь4

ьs

0,01з379

0,01l487

-0,00з9з9

-0,00l927

0,0524

0,0,и07

-0,0lб8

-0,00255

Xatti elastiНik паzэгiууэsiпdэ Ьжtlап, еп kэsiуi kvadrat

оlап tiгiп burulmaslnda tapllan tохчпап garginliНar сэdчэl NФ.2

чегilir.

F(z) analitik funksiyaslnr Ьilаrэk (2.1.19) ifadэsi ila

slfiппсl yaxrnla9mada Фо(z;Z) funksiyasr taplhr. Sопrа isэ birinci

yжrnla5mada gэrgiпlik funksiyasrnl Ф, (z; Z) a9aSdakl

differensial tапlikdэп ирапq (эgэг П.1.32 ifadэsini П.1.19 va

П.1.20-da пэzэrа alsaq):
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^Фl 
+ Bl . р-" + Вr. р-^ + Вr. р-20 + Bn , р-lt +

+ Bs.p-16 tBB-p-'o * Bl .р-'2 + Вв,р-20 + Bn.p-8 +

+ Вю- р-6 t Вrr.р-а t Brz,р-2 + Et.р20 + Еr,.p'u + (П.1.33)

+ Ез, р'О + En. р" + Es, р|0 + Ев, р8 + Е,. рб +

+EB-pa+Eg.p2+€'=0

Вч tэnlikda agaýrdakt ачэzlэmаlэr edilmigdir.

h = oo. t| ; Ц = ц. t| ; )" = о0|, 6u* 4*).ьr ;

Ц = t|Ьц+ с{в).rr-<л ; )s = ti9 . Ьв;

ц =ll52a. 6. e-|0i0 . Bz =|412\, ц6. e-4i0 i

вэ = з2оЦ, цб . ru'' + 288ц. ь6. e-t0iq i

ц = 2s846. е-|t'0 - |6)2"6 i

Bs = s021 . 6 . e-niq - п52tr.,1о6, e-72i0 + l92ц. ),46. e-2i0 i

вв = 22а. hL. 6. е-|о'0 - |6\, ь. "о'' 
. 6 ;

щ = -аOs. hlztra. 6. g-|8i0 -п52ц. )., 6. e26i0 +

+ ааs. Щ. L. 6. ru'' +9il". )". )о. &u'' i

вв = ао. Ц . 6. e-l0i0 - 4i? 6,

Bg = 4. ьб -tбоц),46. e-|4i0 - п92hьц, e-22i0 . 6 +

+ |8ц6. e-|0i0 + 48Ц)"46. e2i0 + 89il,]")r, &|0i0

Blo = lбЦhб . e-|2i0 + 48 ) rl"о. 6 . е4'0 6 - l44цlо. 6 . eaiq ;

lю



вп = -2\. eu'? 6 + 51,,"а'0, 6 - з2оцц6, e-laio +

+ 9il"fi, . е-|0'0 6 + ||2Щцб . е6'0 ;

Btz = 8hlцб ,eai? + З2),]16 ,e-|6i0 + 8)].об ,e-z'g -
- 6+Ljr6 . e-2i0 ;

€' = 64hДб . e4t 0 
+ 7 68)j,]r6 . е-'о'0 - 896цlоцб . 

"^'"

Е| =8gбдб .ебi0 ; Е2 =7о88144,6 ,e2i0 i

Еэ = -лбЦб -z24Ц6,e|4i0 i

Ед = |g2Ццб . e-2i0 + 224Ццб , ебi0 ;

Еs = -|6trццб ,eaiq -Lбоlацб , e|Oiq ,

Ев = 4Цб . eti 
0 - l2Ы"frr - eaiq, 6 - 24,116, еъ0 + 1 ),, 6, eбio ;

Е7 =4Цб -24л6,ебi0 ;

Ев = зlц6 . e2i0 + t28Щ,] 16 
. euoiq - 448ц )пц6, e-2i0 -

-64оь)2, .6. e-l0i0 +21o&ai0 ;

Eg = з24 ц6. e2i0 + lilr\, 5rzio -! 5 . 

"-tzio,

(П.l.З3) differensial tanliyin hэlli Ыа оlчг.

Фt = (Фl )*, + (О, )_ ;

BuTada
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(о,)*, = ВrеrР-'6 + Вrеrр-22 + Вrеrр-|8 +

+ Bneop-|6 + Вrеrр-lа + Bueop-|z + Вrеrр-|0 +

+ Вrеrр-Е + Brenp-6 + Вrоеrор-а +

+ Вrrеrrр-2 + Вrr"rr\п2 р -! ер2 + Еrеrр22 + Ererp|s +

+ Еrеорlб + Еоеrрlа + Ereup|2 + erсup|o + ЕrеrрЕ +

+ Еrеорб + Еrеrора

(Ф,)"- =с, lпр+с, (II.1.34)

с, va с, mаlчm (П.1.28) sегhаd gэпlэгiпdэп tapllr.

ВеlэliНэ baxrlan halda cl va с, sаЬitlагiпiп ifаdаlэгi Ьеlэ olar.

- =й+* Ь ",(b-'u 
-;*)+ вr"r(ь-" -t,-")*

+ Вrrr(D-" -r,-")+ Bo"o(a-'u -l,-'u)+ Вr", (b-'n -r,'о)*
+ Buru(b" - tr-")+ Вr"r(Ь-'О - r,'О)*

+ вr"rф-s -r;s)+ вrеrф{ -l;б)+ цое,о(а-П -r;О)*

+ в,,е,,(ь-2 - t;2)+ вrrеrr(tп' ь -tn' t,)-L 6(6' - ,')Il +

+ Еrеr(Ь22 -t!')+ вr"r(ь" -r|')+r,r..(ь

+ Епеr(iа - t',o)+ Brru(b'2 - t'r')+ врr(ь

|6 -t

'0 -,
)*

)*

16

l
l0
l

+ rrеr(# -r|)+ вr"пфu -r|)* rп",оЬО - ,l)*d

|22



", = f, 
.Ь - u*,(u-'u + t;'u) - в rr r(6-" + t',') -

(buu )- вr", (а'О * ,;'О )- Взеэ

- Ввев

- Ввев

+ Brer(b-ls

+ Bu"u(b"

+ Bren(b-6

- Ваец

- Blel

)+ Воео

)* ur,
+ 4oero

)* вr,, (Ь-'

+ в,1,,(ь-2

(,

(,

-l8

-12

-lб+

+t

-t

+t

+t (u-,o

(u-,u

(r-,о

(ь-^

l

,)

,) +rll
,;u)_t _t

I

о 
)_

-4o",o(b-n +r;n)-ь )-"*n(u'*
+ Bue,r(b-2 + r;2)+ B,r",r(tn' ь *ln' ,,)*|r'(ь'

)* вr", (а'О -'l')*

*,i)-

- Е,"r(ь" + t',')- оr"r(ь" + r|')- zr"оfi'u + r|u)-

- Ео"r(ь'О +t',o)- Br"u(b" +r|')-лu"r@'О +l|О)-

- в,,,(Ь' *r|)- лро(ьu *,;)- Bn",o(bn -,i) -

+НЁi# ;b,,(b-,u - t|u)+ в,,,(ь," - t;")+

+ t

-t
t

_lt
1

-l2
1

-lб
l
-l0
l -t )*

)*-t_б
l

-4
l -t

_Е

l-t

16

+ 4r",, (tn' D + ln' l, ) )(ь'-,?)* 
r,",(ь" -,-( +

+ Е2е1

+ Е5еб

- Еsеg

1

(6rB _rrB

(ь" -|,'
(u' * ,i)

+ Еrео

- Egeto

l

-_€
4

-t
-t

)

)

(u'u

(u'o

Ьо -,

+ Eue,

)* вп.rfi'О -l|n

)*4",ф'*,|)

+
l
l0
l

4
}+с

, 676 , 484

l, з24

1, 256,
l

'5 - 196'
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111l1ев=- lц; е, =-_; ,в=- м; еs=-й; ,rо=-lбi

",, 
=-* ' ',r---f,'

Вч baKlan mэsэlэпiп xatti elastiklik пеzэriууаsi

gэrgiчэsiпdа hэlliпdэК kimi Ьurаdа da (уэпi qеуriхэtti

qoyulugda) эdadi hesablamalarda еп kasiyin ёlgUlагi iH variantda

gёtUruliib. Stfinncl чэ Ьiriпсi yaxrnla9madakl garginlik

fчпksiуаlапп (Фо va Ф,) Ьilэrаk, tохчпап gаrgiпliklэr (П.l.Зl)

ifаdэlэгiпэ эsаsэп hesablanrb agaфdakr сэdчаllаrdэ(Ьах сэdчэl

NФ.2) verilmigdir (еп kэsiуiп эп хаrаktегik пфtаlэriпdа чэ

mЦхtэlif mаtегiаllаr iigiin).

2. Dаiгочi bogluq ve iki diiжotli ptla zaifladilmig

dаiгечi silindiгin Гlziki qeyri xatti qoyulugda burulmasl.

Bu mэsаlэ dэ xatti qoyulu9da [25, 53] КtаЫаппdа ёz

hэlliпi tapmrgdlr. FiziН qеуriхэtti qolulugda Ьч mэsэlапiпi

hэlliпdап alrnan паtiсэlаr а9афdа сэdчаldа чегilmi;dir (qэk.2.2,

сэd.2.3)

Biz Ьчrаdа malrq hesabatlaпnl atlb yalnlz allnan паtiсаlэr

чегiгik,
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2. Dairavi boqluq va iki diizxatli gatla zaifladilmi9 dairavi
siliпdгiп qeyгi-xatti qoyulu9da burulmasl

у

D

ýэk.2.2

х

в
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3. Кчаdrаt boglugla zeifladilmig dаiгочi siliпdiгiп fiziki

qеуri xetti qoyulugda burulmast.

Вч mаsэlэ xatti elastiklik nazaTiyyasi gargivasinda

D.i.ýегmап [25] hall edilmigdir. FiziК qeцi хэtti qоуцlчýdа

altnan паtiсэlэr сэdчаl J,,l!2.4 чегililiг.

Alrnan эdаdi паtiсаlаг опч gёstэгir Н, gаtlапп tэра

пёqtэlагiпdа чэ хагiсi Ц kопtчrчпчп d=0, z=p=b

пфtеsiпdе tохчпап gэrgiпlikэr, fiziН qеуriхэtti qoyulugdan

hаlldэ, хэti qoyulugdakl hэldэп mаksimчm |0 -|5Чо farqlaniT.

Yani maksimum qiymэt azahr, garginlik epyuru hаmагlаqrг. Qalan

пtЦtэlэrdэ (xiisusэn daxili kопtчr 0zarindaki пфtеlаrdэ zr. чэ

taz gэrgiпliklегi gox az dэуigir, yani Ьчrulmа mэsэlэlагiпdэ

mаtегiаltп ГrziК qеугiхэtti qапчпа чуýчп olmasl bir о qэdаr da

gёzlэпilэп effekti чегmir).
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3.Кчдdrдt bogluqla zailladikntq dаirачi siliпdriп fiziki qеугi хэtti
qoylllшgda Ьчrчlrпаsl

вх

ýэk.2.3

у
D

R
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пIBoLMa

PRizMATiK TiRLaRiN FiziKi QByKixaTTi
QoyLrLUýDA ауir,моsiтчпа caпci1.lliK voziyyoTi.

ý 3.1. Prizrnatik tiгlеriп xalis oyilmesi.

Еп kэsiyi iКrаЬitэli oblastdan iЬаrэt olan prizmatik tir,

опчп qчrtагасаglаппdа tэtЬiq оlчпап sabit М ayici momentina

mэгчz qaltr (уэпi tiг xalis ayilmoya mэruz qahb). Еп kasik

хаriсdэп d0zgЦn goxbucaqh (l, konturu) ilэ, dахildэп rаdiцsч r

оlап gечrэ чэ опdап glхап iki diizxatli gatla (Ц kопtчrч) аhаtэ

оlчЬ. Koordinat Ьа9lапфсr kэsiуiп mагkэzi 0zэгiпэ dЦqtib, z oxu

isэ tiгiп simmеtгiуа oxu iizагiпэ duqiib (яаk. 3.1).

Вч mэsаlа xэtti elastiklik паzэriууэsiпdэ bizim

tаrэfimizdап hэll оlчпdчф UýUп qlsaca olaraq qeyd еdэk ki, хэtti

elastiklik пэzэгiууаsi gаrgiчэsiпdэ tх2 чэ fr" tохчпап

gэrgiпliНэгiп eynila srfir olduýu чэ tirin охч Ьоуч уаrапал о.

поrmаl gафпliуiп z охчпdап asrlr оlmаdrф mэlцmdчr.i

Мэlчmdчr ki, fiziki qеугiхаtti elastik пэzэгiууэsiпiп btitiin

tапliНэri о vaxt бdэпilэr ki, biz xatti qopluqdakl gэrtlэrdэп эlачэ

о,(",у), or(l,r) ua 
"nG,l) 

gэrgiпliНагiпiп da уаrапmаslпl

| Вч Ьаrэdа mэlчmаt UgUп [26,5Зl эdаЬiууаtlаппа baxmaq оlаr

130



qэЬцl еdэk [38,5З], Вч gеrgiпliklэriп hamrsl z dэуigэпiпdэп

(oxundan) asth оlmчrlаг,

Bu gапlэг dахiIiпdэ, fiziki qеугiхеtti eIastik пэzаriууаsiпiп

эsаs tэпliКагi (1.1.1) чэ (1.1.7) agaSdak ifаdаlэrэ gэtiгiliг:

- taraaltq(mtlvazinat) tэпliklэгi

9-,Ъ=о, ,%.*9=о (ш.1.1)dхфdхф
- dеfогmаsiуаlш п birgalilik gэrtlэri:

tL-t:r-"О"о.
ф' ' аr' -'ахф '

{9=о, *=о, *3=о (ш.1,2)
dx' ф" dхФ

GафпliНагlа (q,) dеfогmаsiуаlаr агаslпdа mЦxtalif

пФtеуi пэzэrа istiпаdэп asllrhфn ifафlэгi (I.1.27) va (I.1.28)

yuxandakl qэЬчI oIunan ýаrtlаr daxilindэ daha da sadalagar.

- Kogi, Qenki, Качdегег чэ i,a. пфtеуi поzагiпсэ.

а. (r, у) =

)уху€ (

*[,}-ь.и -i,t;b,]

+t
Ех х,у e('o),oo -( )

1

зк

-fi,(,;)"] 1, =yo=yn=0 (ш.t.з)

13l



вч ifadalarda

й=\о ",
* о, * о");а

1

;
5

*ь.)=*(#) ,(*)=,
zЩ
gG2 ),

Adgins, Qrin va i.a. пбqtеуi пеzэгiпсэ:

ец = офц t а2оц * dзоiро i1, i i; j;k =l;2;3; (IП.1.4)

Gaгginlik-deformasiya asrlrlrфn "kubik" qanununa tabe olan

mateгiallar ilgiin bu sonuncu ifada agaýrdalo kimi оlчr:

е,, = crrou6,, + crrou + ,rro2*6u + crro^o*6u +

2crrouou + сgоро i1 + 
"rrё*6,, 

+ сэ2б ь|о bno ij +

+ сrrо 
^о 

no.,6 u + 
"rr}uo,, 

+ сз4о шо ino jп +

+3сrоолоrо.пбч (Ш.t.S)

"ч(i--t-Э; 
j =L- 4) эmsаllап, materialrn fiziki

хiisчsiууэlэгiпi хаrаktегizэ еdэп sаЬitlеrdiг.

Вч ifadanin ahnmaslnda, a9aýrdakr эчэzlэmэlаr edilmigdir.

d1 = qlT1+ crrTrz +2сrrТr+ сrrТrЗ +2сrrТrТr+ сrоТ,

а, = сr, + 2с22Т, + 2сrrТ, + сrrТr2 ; dз = с2з + сз4Ц

ll
Тr= ou; Tr=rouou; Tr=io,,ouo,*l (Itr.1.6)

Вч ifаdэlэrdа { - gerginliНar tепzоIчпчп iпчаriапlапфr.

lз2



Mi.ivazinat ýэгtlэriпi (Ш.1.1) ёdэуап

funksiyasr) iigiin bu ifаdаlаг gбtiirtili.ir.

d2F O2F а

funksiya (gэфпlik

'F (ш.1.7)Ox==-Ti бу
dy- аJфdx"

Тrу

Gэrgiпlik funksiyasl r(х, у), pгizmatik tiriп уап sэthinda

aEa$dakl sэrhэd gэrtlэгiпi Odэmаlidir:

0! 
="onrr; ?F =.on"t (ш.l.Е)

фOх
Вч sаЬitlэri (const) stfrr da qэЬчl etmak оlаr.

Qeyгixatti qoyulugdakr mаsэlаlаrdэ о, че F kэmiууаtlагi

agaýldakl srrа gaНinde (kigik 2 раrаmеtrпа gбrа) gбttНilЁr

[38,5з].

o"=6lo1 1цo!t) +no?| +",

д=д(О)а2р(t) +пrQ) +... Gп.1,9)

Вч ifadalarda о(о) u" д(о) kаmiууаtlэгi (srflппсr yaxlnlaýdakl

qiуmэtlэr), xatti elastiНik пэzэгiууаsiпdэ baxrlan mаsэlэ iigЁn

bela qiуmэtlэr аlr:

F(О) =0; оФ)=_Ч, (ш.l.tg),J
Вчгаdа М -эуiсi moment, "I- isэ еп kasiyin sаhэsiпiп atalat

momentidir.

Umumi 9эНldа atalat mоmепti
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drdy; J --Jz-Jt (ш.1.11)

d0sturu ilэ hеsаЬlапrr. Jl -dлili ! kопtчrч ila ahata оlчпап

sфasinin (degiyin) etalat mоmепti, J, isэ xarici ! konturu

ilэ ahab оlчпап sаhапiп (goxbucaqllnrn) эtаlэt momentdir.

Вiг пеgа sada hапdэsi сisimlэr iigiin еп kэsiуiп sahasinin atalat

mоmепlэri сэdчэl Ns3. l veгilmigdir.

Оgэr garginlik funksiyaslntn (Л), tШ.t.Sl ifadэsini пбчЬ ilэ

(Ш.1.3) ча (Ш.1.5) dustчгlаппdа nazaTa alsaq (Ш.1.10),

(IП.1.7) 9аrtlаriпа asasan аlапq:

- Kogi, Qenki, Качdеrег va i.a. nёqteyi паzагiпсэ (Ьiгiпсi

ужrпlа9mаdа):

ддг(t) 8аз
= 

зG(Эк + 46Е'
(ш.1.12)

Вчrаdа

мо=-ji

GП. 1. 12) ifadasinin ahnmastnda, оrtа gaцinlik funksiyaslnl

еGо)= t ча tохuпап gаrgiппнагiп intensivlik funksiyaslnl

g(ro)=l*grro2 gэНiпdа gёtilrtllmuýdi.ir Фж I.1.29 чэ I.1.30

ifаdэlэгiпа).

/=lJ,
s

2

G -siiLriigme mоdчlч, К hacmi srxrlma mоdчlчdчr.

lз4



- Qriп, Adgins ча i.a. nФteyi паzагiпсэ (уэпi ixtiyan

fi ziK qeyrixatti qoyulugda):

.,,[дм + до.]+ 
",rпм 

+ 
"r, 

[п({ + г| + o')l+

* 
",,|ь(r] 

+ г] + zr]o'")]* z.,, 
{S [tM * о. )rо ]*

* $ kM - *)+l-S[t* - 
". )ъ 

+ 

-

-,"{ý{rl- л; )-$ (4 - л; )-

-#Ьr' *.;.,} *.,[о (ri + ri*о' )*

-*,{S[("; +2г| + F2 * о!)r,)*

**[kЗ +2F] + F'_ + о|)r_]+
dx-

-#tk; +2F]+F2 ",Ь}-
+ с,,lftм + о.) .(r| + zri + r' * о!)]+

l35



-*{$К* + r} + о|) r,|-#tft* * r| * о!)r-|

- #[(* - r; - ";)F,}- *.{$k* - ,) (r,,* 4)*

*$kM *,.Хr1 - r;)-rft Км * о.{л;ло *

* Fоъ) }+з.rlfu + r| + о| +зF,F]+зr;гj]= о.

(ш.t.tз)

Dеfоrmаsiуаlапп birgэIilik gагtlэгiпdэп (Ш. 1.2) gёгUпUг

ki, о. поrmаl garginliyi х уе у dэуigэпlэri ilэ хэtti

asthhqdadlr:

с,,(М + о, )+ с rrо 
" 

+ rrr(F! + r] + о',)+

+ 
"rr|rf; 

+ F] +2r] + o|f+zcrr.o,(bF + о,)+ сrrо2

+.з, hi, + г| + Qf+ сrrо 
"(r! 

+ r| + о', + zr])+

*.,,(м * о.{{ + rfl +zr] + о!)+

* ,rrо"(r] + r| + о|)+ rrоо|(м + о")+

+З.rп(r] +r|+ф+
+ЗF о.F]* 3л; .4)= д,х+ вrу + с

(Ш.1.9) ifаdэlэгiпi (Ш.1.13) ча

tапliНэriпdэ паzага alsaq, Ьiriпсi

differensial tanlik Ьlэ оlаr:

(ш.t.t+)

(Ш.1.14) diffегепsiаl

yaxrnlagmada аhпап
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ддг0) 1 д4l(r) * (z * zp;). 4 *

*(вД*вр;+18р;) 4J=0

70) *ддгtr) *( +зр; + $). Ц i' +

+(fi, + Zft - 4Р; - d# аЗ =,4,х + В,у * с;

(ш.t.ts)

(ш.t.tо)

Вчrаdа аqафdаkl эчэzlэmэlэr edilmigdir:

pi = "' ; fi=czz. Б=%; й=%,
С | +С Q Czl Czt Czt

Ё
сзз

Czt
р;

Сз2

Czt
в

Сзl

Czt

Оgэг (ПI.1,16) diffегепsiаl tэпliуiпэ 
^=#-#

ореrаtоruпц tэtbiq edib, (Ш.1,15) ifadasindэK 4/0)

funksiyastnl уох etsэk (эчаzlэmе etsak) паtiсаdэ Ьеlэ Ьir

differensial tэпlik аltпаг:

^м(') 
= Hr + l1z .х (ш.1.17).

Вчгаdа

f о!
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,, = тЫ|Q * в р; * 2 p:)pi - z - z pi]$,

", 
=| 

u|ko; 
+6ft +t2pi +zas)ff -

-6й -6Ё -rrБ15
Веlаliklэ fiziК qeyгizatti qoyulu;da, prizmatik tirlэriп

xalis эуilmэsiпdэ hэr iki ntЦteyi пэzэгэ эsаsап, mаsаlэпiп

halli (Ш.1.12) va (Ш,1,17) kimi чуфп differensial tэпliklэгiп

hэlliпэ gatiгilir фiгiпсi yaxlnlagmadakl F0) gbгginlik

funksiyasrnln tapllmasl U9Un).

ОwэIсэ (Ш.1.12) differensial tэпliуiпi hэll еdэk. Вч

tanliyin hэlliпi Л(l) = F{) + {Р gэkliпdэ ахtалпq.

(Ш.1.12) tanliyini роlуаr kооrdiпаtlаrdа (р,9) а;афdаkl

gakiIdэ yazllm.

ьлF(|\ =Ьх- Ьр cosl (ш.1.1S)

Xilsцsi hэll {), bu gэkildэ аhпаr;

P_(r)_ = 
Ь= 

р5 cosd (ш.1.19)'льJ 
22>

Umчmi hэll ГР фlrсiпs ДДа(t) = g bnliyinin ilmumi

halli) isэ Ьбlmэ I чэ Ьбlmэ Ц-dэ deyildiyi Kmi
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FS ="rlnp+ р'", (ш.1.20)

gэНiпdэ ахtапhr.

Nэtiсэ еtiЬагi ila (Ш.1.18) tanliyinin halli Ьlэ оlчг:

л(')= +tl + r!! =ftp'"osl+cl|np+crp2 (ш.r.zr)

qуэ с2 sаЬitlэгi (Ш.1.18) sаrhэd ýэrtlаriпа аsаsэп Ьч

qiуmэуlагi аltrlш:

bcos0
'45

Bu ifаdэlагdэ 4 чэ 
'2 

чуЕчп оlаrаq daxili t чэ хагiсi 12

kопtчrlаппrп пбqьlагiпiп affikslaridir.

F0) gэфпlik funksiyaslnr tapandan ,o*u о(') = Л(r,у)

funksiyasl a5a$dakr ifаdэ ila taprhr (Ш,1.3 ifаdаlаriпdэki

Е, deformasiyast

а. = аР) +c.aj') = s!0) +cz,@, х+ р, у + у)

gэkliпdэ gбtiirЁlur, sаg tэrэflэriпi ЬэгаЬэrlэ9diriЬ,

/0)(r, у) funksiyasrm ирlпq)

зК +G

2
- """",- d

9G'
ЗхЗ +3(а.х+ Р.у+у

г[r-r)
L\zc зк)

зG.к .м(,)_/()(,, у)

ttr -t] bcos 0 .5 _,5,l, .z, 
1Ш.1.22)t;-tit -,? с2-

ttr -t? 90

,]
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а,Р ve / sabitlari tirin yan sэthlarindaki sэrhаd

gаrtlаriпdап tарrlаr

ll о!')а,ау = lJ л0)(,, у).ьау = О

ss
ll f,('l(",уЪьау=м;
s

fi Л(')(r,r),уdхdу=g (ш.1.24)
s

Prizmatik tirin еп kэsiyi simmetriyaya malik olduфnda

0 = r =о оlчr. Belalikla o!t) = 1tt)lx, r1 funkýiyasl ugtlп

bela Ьir ifada аllпаr:

,t,)(л, r)
зк.G м(,) _
зК +G

l( t l \ll 

--- 

l

L[zc зк )

-fu "'.рЗ cos' 0 +3а, р. cosl]; (Ш.r.zs)

aamsalr ll trt\(",irbay=M ifadasinden taprlrr.
s

Qriп dUsturunun kбmэуi ilэ iКqat inteqral birqat inteqralla

эчэz edilir.

l[ f,(')G,i,a,at= lмr- lor=M (ш.1.26)
Sцц

Вчrаdа

Ф = 7r0l (*, у). х; olduфndan
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о = [ t!'\G,lbа' оldчф mцэууап oluT.

Intiqrallama dp ltzra olduýundan sопчпсч ifаdэdэп va

(ПI.1.25) ЬаrаЬэrsizliуiпа asasэn р(r,у) funksiyastnl

tapthr:

d",l={ta,-d,)cos29+

*t-d ,r"о"'o+a.dotg*rz g (ш,r,zт)

Вч ifadani (Ш.1.26) tапliуiпdэ пэzагэ alsaq чэ

dy = dpsin9 уэ p=t2 olduýundan (хагiсi kontur Q йэriпdа)

yaza bilaгik:

[fr{o, 
-r,)""r' о t| * |аr, сr, t)cosz о +

+ L a. do"o"' а;]rrr-[}t, - d,)cos2 6},б +

*La^."".t? cos2 0 +Ld,a.i cos2 01siпо = М6' L2, ]

Вчгаdап аlапq:

12M

aдo ba(ri-li)
(d, - d"|ё -tf)+z,,a,|) - t])

(ш.t.zя)
a,|i -ai)

2
:)

d
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Вч ifаdэlэrdа a9aфdakt avazlamalar edilib:

dI
зкG зкс(t t\

= 

-| 
--- 

|4
3К+G[2G ЗК)

9КG з"о"'0
зк+G

/ t aлtt)'\l _- l

lpao)

зК+G

(ш.1.30)

(ш.l.з1)

Веlаliklэ Л(')(r,у) vе f,х, у) funksiyalaп tаm mOеууап

оlчпчг. Sопга isa (ПI.1.9) ifаdэlэriпiп kёmэуi ila gэrgiпlik

kоmропепtlэгiпi tарапq:

о, = о!о) * вrо!|) = apcos0 + gd,р,o); og = #
, зzд(t) l аF0)ОО=} аd + 

о-а;'"о,
а

0р
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Alrnan iimumi hэll, А, N, и , рагаmеtflэгiпdэп asrh olaraq

Ьir gox konkTet misallmla niimauyig еtdiгilэ bilar.

1. A=R; и=0 olduqda хаriсi kопtцr I, 9ечrа

gaklini alrr, Ьч halda biz silindiгik tiriп эуilmэsi masalasini alanq,

Вч halda daxili kопtчr ,Q, оlапй e=r olanda r rаdiчslч

gечrэуе kegir. Yani silindiгik tiгiп еп kasiyi, konsenкik

gечrеlэrdап ibarat оlчr (R чэ r radiuslu konsentгik gечrэlэг).

2. N =2; *="-! , r=0; I =e-r=0 olduqda
а+Ь

уапmохlап 4 va Ь olan, biitёv elliptik tiгiп эуilmэsi masalэsini

аlrпq. Нэr iki halda allnan пэtiсэlэr [22] isiпdэК kimidir

(gэrgiпlik funksiyastmn Ьiгiпсi yaxrnlaqmadakl qiymэti F(l) чэ

р(л, у) tlnKsiyasrnr ifadasi).

Analoji оlаrаq r(х, у) чэ f.r, у) funksiyalaпnln sonTakr

(ikinci чэ i.a. уахrпlа9mаlаrdаk qiуmаtlэriпi) yaxrnlagmalardakt

ifаdэlэгiпi tapmaq olar. Gэlэсэk tэdqiqаtgllаr bu igi davam еtdiгiЬ

эdэdi misallma Ьаха Ьilэrlэr.

Indidэ (Ш,1.17) diffeгensial tanliyin hэlliпэ baxaq (уэпi

ixtiyari fiziki qеугiхэtti qoyulugda ргizmаtik tiгiп oyilmasi

mаsэlэsiпiп hаlliпэ baxaq).
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Оgаг (Ш.1.17) tапliуiпdэ .х чэ у dэуigапlаriпdэп z ча Z

dэуigапlаriпа kеgsэkg аlапq:

о 
а'..('] 

= H,+!H,(z+z); (ш.l.з2)' az2az2 "| 2..z\ý ý,/,

Bu ifadani dбrd dэfа inteqrallasaq, Ьеlэ Ьir ifаdэ аllпаr:

r(') = lH, . r', (z)' * }н r|' 1z1' + z'(z)']+

*|ai.rQ)'*!.aiQ)'+a|z+di (ш.r.зз)2, 2 "

Bu ifаdэdе plyu Ь,0) koordinatlanna kegsak аlапq:

7{t) t",p) = L н,, ро * 
*r, 

н r, р5 cos 0 + L di рз +

(cosp-isind) d) . pl (cos20 - isin 2d)+
1+_.,

+ di. рЗ (cosp-i sin d)+dj ; (ш.t.з+)

Bu ifadaya daxil olan di vе di sаЬitlэгi (inteqral

sabitlari) tiriп gэгgiпlik чэziууэtiла tэsir еппэdiуiпdап

опlап srfir qabul etmak оlаr (gаrgiпliНэriп (Ш.1.7)

ifаdаlэгiпdап gёrЁпЁr К, r'(р,d) funksiyasrndan р va

d gёrэ ikiqat t0rэmа aldrqda dj чэ dj -sаЬitlэгiпiп

эmsаllап srfir оlчr). di чэ di -sabitlarini isэ tiгiп уап
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sathindэ sэrhэd gэrtiпdэп (о,=о, =0 olmasr gэrtiпdап)

taPlhr:

oi = -""l+",0, * t,) + f; н r, |1 *,,, r+ r,' )"о, а], 
"'' 

;

а; = - а''|| н,,,,,, * L Н r, Q, *,,),,, * t,' .о" 
|, "'' ; 

(ш. 1.35)

r(') funksiyasrnrr tapandan sоша 7(t) funksiyasr (ш.1.1б)

ifadasinэ эsаsэп Ьеlэ taprlaT

flt = - й[н,. а * 
!. H,.(r'z t а')*

++c,.z!-(t+$-dI5k't

-ratz')-f,.$[ft, +pi + pi .z+

+ц.в|.k z|+j а, (z+z)- i,B,(z-z)+i (ш.r.зо)

Bu ifаdэуэ daxil olan А', в* va с" sаЬitlэгi tirin уап

sethindэH sarhad gаrtlэгi оlап (Ш.1.24) ifadalaгina asasan

tapllrr. Bela ki, aga$dakt пэfiсэlэr allnrb:
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"=,* [-+ 
н, f",|i-,l)-* д ", |:-,f)-

- *о; рlЬl -,l- h # |+зрi* д).(,; -,;)-

-# # И + pi +2. s-+.a).('; -,;)],

ot,l = 
ail(') , ry,= rl.r"' , "9Ф' ' dх-

а'F

6. =Q; !. =0

Вiriпсi yaxlnla5mada, F(') va ;(t) ;чп*r'rПаппt tapandan sonTa,

gагgiпlik kоmрпепtlэri Ьч ifаdэlэrlа taprlaT:

о, = о!О| * fr (r, ,1 = Д1 . д + 1t1)(x, у) ;

аrф'

Аlrпап timumi halli, konkTet adadi misallarla пUmаЯý

еtdiгmаk оlаr. Tэdqiqatgrlar чэ mаrаqlапапlаr Ьч igi asanhqla

уегiпэ уеtirэ Ьilэrlэг (mэsэlэп еп kэsiyi kопsепtгik gечгэ оlап tiгiп

dairavi degiya malik kчаdгаt, elliptik va i.a, prizmatik tiгlагiп xalis

эуilmэ mэsэlэlэriпi fiziН qeyгixatti qoyulugda hэll edib эdэdi

эtiсэlаr almaq olar).
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ý 3.2. Тора yiik tаsiгiпdап prizmatik tirlаriп liziki

qeyrixatti qoyulugda ayilmasi.

Yчхапdа ý3.1, prizmatik tiгlаriп xalis эyilmasinda istifada

edilan metodu, topa yiik tэsiгiпdэп ayilma mаsэlеsiпdэ istiadэ

edirik. ý3.1 deyildiyi kimi pгizmatik tirin еп kэsiyi iki rabitali

oblastan ibarat оlцЬ, хагiсdэп diizgiln goxbucaqh ila (l,
konturu)daxildan isэ rаdiчsч r olan gечrэ чэ ondan gtxan iki

dtlzxatli gata malik kопtчrlа (I. konturu) аhаtэ оlчпчЬ. Qаtlапп

tapa пфtаlагiпiп kооrdiпаtlап +ie ilэ iýаrэ olunub (9эk.3.2).

Тiriп iimumi uzunluýu l , topa yiik Р ilэ igаrэ olunub (topa yiik

tirin qurtmacaq z = L оtчrасаЕtпdа .х охч Ьорпса tэtbiq

оlчпчЬ).

р

zP
х

у

ýэk.3.2

0

I
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Xalis эуilmэdэп fэrqli оlшаq, topa yiik tэsiriпdэп bi.ittln

gэrgiпliklэriп \о,,оr,оr,тr,со, zr. ) olduýu halda (meydana

gэldiyi halda), qеуriхэtti elastiklik пэzэгiууаsiпiп btttUn tэпliНегi

Odanilir. Oziidэ о,, о, va rо gафпliНаriпiп z oxundan asrlt

detildir.

Birinci Ьёlmэdап mэlчmdцr ki, hacmi qiiччэlэr olmadtýt

halda, mЁvazinat tапliНэгi aýaфdakr gakilda yMrlrr Фах I.1.1,

I.1.7 ча I.1.3б ifаdаlаriпэ):

$--аэ--9з=о,9З*9*0],. =0;dхфdzdхфdz

*-*9З*9=о, (ш.2.1)dхфdz
Dеfогmаsiуаlапп biTgalilik gаrtlэгi

0'чl- O'u" Ээ" Oxv._ О2с_ О2с.
-------L, -------:---2- = ----------э- -L ----------1 .

фOz Oz2 
' 
ф2' OzOx ах2 Oz2 '

Oztyo _а2 с, tO2c,
аrф Ф' а"' '

|49



,tb=l
фOz ?х

1,1r r, ,1,1ro , 0,уо
-...:-.г...:-.г....:-dхфdz

0у_ ,llttn ,0уо
фOхOz

ztЭ= а ( _аv', * 
0Иr, 

* 
Dи. ]: (ш.2.2)

ахФ Э.[ dz Dх ф )

Deformasiyalaпn gэфпliНэr vasitэsi ilэ ifаdэlэгi

е, =r*!t(ro).oo*_lB(r.') (+ -".),

е, = f t(,o). оо - }Bft ) (+ - ".),

2
а € а

2

),

),
у

lxOz Ф

,. =.*lt(,o) оо *}rV) @,-og); у/,у=}r('а) ",,

, * = * r|З). 
" " 

; v - = f, вGl- ; (ш.2.3)

Burada оо = (" огtа garginlikdir

Indi g0гаk о,,оу,о7,тry,т,7 чэ тr. вагglпПklаriпi песа

gёtUrаk (песэ istifada edak) Н, опlаr учхапdаkr btitiin tэпliНэгi

(gэrtlэгi) iidasin.

Xalis эуilmэdэ olduýu kimi, e9ar ох,оу уе тху

gэгgiпliklаriпi F(х, у) gэrginlik funksiyasr vasitasi ila

l
з

,,*оr*о")
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a2F d,F
0у

02F
ох

2 dхф
(ш.2.4)

(ш.2.5)

Kmi gбttirsэk, (Ш.2.1) mUчаziпэt gаrtlаriпiп ilk ikisi ttdапilэr. Вц

F(.т, у) gerginlik funksiyasr, pгizmatik tiriп уап sэthidа

aF аF-=- = сопst va 
- 

= сопJ' ,

dv dx

ýэrtlэriпi Оdэmэlidir. Вчrаdа sаЬitlэгi slfir da gбtllгmаk оlаr фч

gаrgiпliklэrа xalal gэtirmiг). Мttчаziпэt ýэгtlагiпiп (Ш.2.1)

sопчпсч ifadasi, о vaxt tidэпilэr ki, d, поrmаl gэгgiпlik

о, = o!0l + 1. JQ,z) (ш.2.6)

va hэmgiпiп Txz че T,z toxunan gаrgiпliklэr dэ

"*=Р, "*=-P-|ry-l.f,.y (IП,2.7)* ф * 0х J'
ýэКldэ gёturtllsuп.

Вч ifаdаlаrdэ Р- tirэ tэsir edan topa y k, J- tiгiп en

kasiyinin sаhэsiпiп пеуtrа1 оха пэzэгап эtalat mоmепtidiг.

Мэlчmdчr Н, эtаlэt momenti bela bir ifаdэ ila mЦэууап оlчпчr:

, = ll "*о 
(ш.2.8)

s

Yчхапdа deyildiyi Hmi OstoqradsН-Qгin dЦstчrчпчп

kiimэуi ila iНqat inteqral, birqat inteqrala gэtiгilir (Ьж (Ш.1.1l)
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dtlsturuna). Bir пеgэ sada hапdэsi cisim]arin аtаlэt mоmепtlэгi

саdчэl M3.1 da чегiliЬ.

Оgэr (Ш.2.3) ifаdэlаriпа daxil olan оrtа gэrgiпliklэr

funksiyasrnl tt("o)l чэ tохчпап gаrgiпliНагiп intevsivlik

funksiyaslnl g(ro'), i*tiy.i gёtilrtllsэ, onda I чэ tr Ьёlmэdэ

deyildiyi Kmi, mэsаIепiп halli va sэrhэd ýэrtlэгiпiп ёdепilmэsi

ciddi riyazi gэtiпliНаrlа Uzlэgir. Мэsаlапiп hallinin

asarr[agdrпlmasl ilgun e(so) * 8(r;) ifаdаlаriпdэ (I.1.29, I.1.30

I.1.57 чэ ifаdаlаriпэ) xUsusi hal ila mэhdчdlаgrЬ, Ыэ Ьiг 9эkildэ

gёturiiгiik:

kb.)=r, c(,i)= 1+ gr.t| (ш.2.9)

Yэпi /c(so ) * 8(r; ) funksiyalannln birinci yaxrnlagmasr

ilэ Нfауэtlапirik (srfinncr yaxrnla9ma xatti qoyuluýdakl helli

чеriг). Eуni zamanda (Ш.2.7) ifаdэlэгiпdа fr, у) fчпkriул,nr

р = ,p(ol ,, ц , ,(t (ш.2.10)

kimi gёtiirsak чэ hэmiп ifаdаlэrdэ пэzэrэ alsaq, Txz уе tу

tохчпап garginliklэT i.igiin а9афdаk diisturlm аlrпаr.

6r(О) оа0)

"*=iг* Bz,S-l

эр(О) ,оrр(l) р .
= --=- - tb. -*- - =ry - л. tz. у idлdх]tп
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Оgэт tохчпап gэгgiпliНагiп intevsivlik funksiyast оlап

g(rj) Ьfiп.l Ьбlmэdаki (I.1.6) ifаdэsiпdэ (Ш.1.4); (Ш.2.9) чэ

(Ш.2.1 1) пэzэгэ alsaq чэ g, эmsаlrпtп kvadratr va опdап yiiksak

dэrэсэlагiпi пэzэrэ almasaq, yaza Ьilэrik:

с(r.')= с, $|": 
- 

"', 
+ о| - о,о, - б yoz - охо. +

+зф+зт'п-з4,1=#.в,.[о; *ЗО], (Ш.z.rz)

Вцrаdа

о = з(r1'lf +з(е!'l[ +oe!'l |,l * зt 
" 
f

Onda уеrdэуigmэ dеfоrmаsiуаlап (r,,rr,r,) чэ ýUriiýmэ

dеfогmаsiуаlап (yI,y,l{o vе V у") kоmрпепtlагi iigfin (Ш.2.3)

ifаdэlагiпэ еsаsэп a5aýrdak_rlaп yazmaq olaT;

€,=\о9| +nt1z.f +пt2z,М *}BrFo-

-чв,(о!f +ojo) ,,;,

ur -- n o!o) * n gzf + n gz, M * }вrr- -

-ЧВ,(оff *о!о) ,о),
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с, = nrolР| * nr, 8z.. f + пl. 8z. М +

+2п,. g, 
[ЬI.)I 

*"P1.of, v, = -f в,r,

V* = f(oi * в,r9')- # r,(rf) , о(Оf 1 рФ) ,6,
)

1
t{y, = - G

2/-БF8,[

(of) * g,ell *!2* r,f,r)_

р!ф .о!Ф" + рlо) .о +

+о!о)' Рrу 
* 

Рху 
. a (ш.z.tз)JJ

О = 
g-g _ Laplas оргаtоrudч.0х' ф'

Dеfоrmаsiуаlапп Ьirgэlilik gэrtlаriпdэп (Ш.2.2) birincisi,

iКncisi чэ жlпnclst-alttncrsl а9афdаkl Ьir gэпа gаtirilэr.

4rЭ-+]=. (trI.2.15)azr[ar' 'ayrJ У \Ц]

Оgэr (Ш.2.14) ifаdэ|эriпi Ьч sопчпсч diistuTda уеriпэ
yazsaq аlапq:

\fо=6ц.в,\d",

Burada aqaфdakr эчаzlаmэlаr edilib

11 l1l
п| 9к бG'

п, =---------т; пr = 
-+-,- 2,1G" , 9к зG

(ш.2.14)
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vеуа М = P(L- z) оldчФ uguп y^za bilaгik

f*=ub"r,$*

r(r,.)=*** cu+czi

(ш.2.16)

ifаdэпi .х dэуigепiпэ gбга iH dэfэВч sопчпсч

iпtеаrаI lasaq аlапq:

(ш.2.17)

м 3

Ц=6 ц
8z

п1 Jз

q уе с2 inteqral sabitlaгidir. Вчпlаrdап Ьiгiпi с, = 0 qаЬчl ebok

фч mэsаlапiп hэlliпэ чэ tiгiп gэфпlik чэziууаtiпа хаlэl

gаtirmэz) digarini с, sabitini isa / funksiyastnln

llr-,.aal= м (ш.2.1s)
s

ýэrtiпi ёdamasindan tapa Ьilагik (gunki, tiгiп hаr hапsl еп kэsiуiпэ

tэsir еdэп gэфпliНэгiп toplusu М эуiсi momentina

ekvivalentidir).

Bu iкqat inteqral, Qriп dЦstчrчпчп kбmэуi ilэ birqat inteqrala

gэtiгilэr:

[lr ",о,щ= Iл,ь-!r,,в-м (ш.2.19)
sцц

Inteqrallama biitiin I" ve I. kопtчrlап Ьоучпса аршl1r.
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В*ааа $= /.л эчаzlаmаsi edilmigdir.
dx

Onda l, = [fхЬ+сэ о|ж.

Ogor bu sопчпсч ifadada (Ш.2.17) ЬаrаЬэгliуiпi паzаrе

alrb (Ш.2.19) da уегiпэ yмsaq alanq:

lлаl- lлаl=
,5 *'Па;5+ cr7+ С,II

цLц ц

J
L1

,5 хЗп4-+сt-+сз (ш.z.zо)dy=M

Iпtеqrаllаmапl tam уеriпэ уеriгmэk tigiin -r чэ у dауigапlагi

агщlпdа (istar I. kопturlап olsun istэrsа dэ 1, konturu) эlаqэ

умmаq laz tm galir.

Kompleks dэуigапlэrэ kegsak (burdakl z, tiгiп охч уэпi tiгiп boyu

Цzга убпэlэп simmetriya oxu deyil)

z= х+ iy; Z = x-iy olduýu itgUn

|, _\.т=1(з+Z);r=-|(z-Z) оrчr. (Ш.2.2l)

Хагiсi l, konturu (ditzgiin goxbucaqlr) vahid gечrа

эtrаfiпа inikas etdirici funksiya bladir [51]

z= дGr+*т|-'); Z= Щ";'+лт{"); (Ш.2.22)
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Daxili t kопtчгчп ( r гаdiрs|ч 9ечfэ чэ опdап glхап iki

diizxэtli gat) vahid gечrэ atrafina inikaý olunan funksiyast isэ Ьч

ýэКldеdir [5l ]:

z = rrtZ*r"l,ttn ; z= rT,'Z-r"_r,4 (пI.2.2з)

Вч sопчпсч (П|.2.22) va (Ш.2.23) ifаdэlэгiпdэ 7 dэуigэпi

vahid 7 gevrasi tizаriпdэki пёqtэlаriп affiksidir (yadda sжlamaq

lazrmdrг ki, vahid gечrэ tizэгiпdэ т = ei9 уе t.i =l olw). Д,m,N

kаmiууаtlэri bijlma I va П deyildiyi kimi Фах I.2.21 чэ ЛЪ1.1

ifаdэlагiпа) tirin еп kasilпi хагаktегizа еdэп эmsаllаrdrr.

1n_, эmsаllап isa [51] asasen tарllrг (Ьах П.1.1б ifаdэlэгiпэ).

Gёruпduуu Kmi (Ш.2.20) ifadasindэK iпtеqrаllап

hеsаЫаmаq iiýiin л ча у dауigапlагiпiп пэtiсэ etiban ilэ z чэ Z

dэуigэпlагiпiп эп azl beginci dэrасаdап qtlvvэt UstUnUn ifаdэlэriпi

bilmak lazrm gаlir. Опа gбrэ dэ biz agaýrda (Ш.2.22) че (ПI.2.23)

ifаdаlегiпiп istапilэп qiiwet iistlii ifadэsini чегiгik (Ьчпч gэlэсэk

tэdqiqatgrlann yolucu hеsаЬаtlапп apanlmastnda eziyyat

gеkmэmэlэгi UgUn ediгik).

оччэlсэ * ifadasina baxaq.

(Ш2.22) asasan (yani dtiz$in N bucaqh iigttn).

а = дzm(тN + z-')+ а'[ +,n')
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(Ш.2.23) asasan (yani iK dilzxatli 9аи ma.lik 9ечrэ).

Е=rtZ yn-rt-"rc-lI Tn-ttn =12| t"Тr+12| T-"Tr(v)
л=0 л{ ч-=о r-l

?i(")=I To-tfn-u-t', Tr(v) =|' rл-tт*"-t (П|.2.25)

(Ш.2.22) ifаdэsiпэ эsаsэп

t-y t-v

у=0 ч+Е

/v-l

k = 2;3;....,ч = 0;|;2;...

(Ш.2.2З) ifафlагiпэ эsаsэп

k

Q| =|,+(t + л}-)-= Ё ""ц(")* Ё r-"?i(ч);
у=0 у=0

k-y k-v

?ъ(у)=r'-А*сtilиff ; ?i(v)= I-'a'c*n mN ;(ш.2.26)

(.I = rt|rп-{-П = I"'ц(")*Ет-"rч(ч);
л=0 у=0

ц(")=r-lдвI9" ; 4(")= Я,.*l,сI?",

(t) -8 , с
rl=0

k =2;3;...;

(t)"(t-l), 
" = "(tl =T"-tr?l Ол-л ' Оп Оп 

T_t

п = 0;|;2;...; (ш.2.2,1)
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вч ifаdаlэгdа * чэ ** ulduz igаrаlэг саmlэгiп пёчьаti hэddа

ke4dikda indekslaгin чуgчп оlаrаq 2 чэ N qаdэr dэуigmэsiпi

gёstэгir.

Differensial tэnlik (Ш.2.20) bir пе9а riyazi

эmэliууаtlатdап sопга agaфdakr ýэКl аlаr (Ш.2.2l, Ш.2.22,

ЦI.2.2З, |П.2,26 уsШ,2.21 ifadalэrini пэzаь aldrqda):

r{ч4:I-Ц)ь"+^"l-" +
; [з2 30\ 2 г,

+ t1l +,м!а|. [t +п(t- п)rlfl +

+ 62 + m(м - l|T! -]*,, {( - *\(т, + лт1" r' +д\ 2),"
+ т1' + лт! -'|ft + fi, +,п(t - MfiN -
-",(п - r}ri']- *(-f;)[r -,(r _ lg)";' *

+t;2 -п(м -t|T!-z| t2-
J{

5

(-;)[Дr-,"r"-
Пqf
з0 з2

+Zr,_rti-' Z y,_r(t - 
"lT r' -Z r,_r(п - tlrГ' dc, +

5

л=0

1r-
+с. -'24(-;) [Дr,"'-" 

* Ёr'"i']' 
[Ёr_,t,-")",, 

-
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- t y._,(, - tW-)*, - 
" *(-})[Ё r, t, -,и;, -

]},
-|r"-,("-thГ' \=М

Bu ifаdэуэ daxil olan Ьutuп inteqrallaпn hesablanmastnda,

yalnlz t dayi;aninin mапfi bir (-t) UsПil daxil hэdlэr оlапlап

stfirdan fэrqlidir, qalanlan isэ slfrrdr фч inteqrallann hamrst Kogi

tipli iпtеqгаllаrdlr),

Y эпi t=еiо vэ т-| =l.e-io olduýu UgUп: -1- J

Qiinki

! t = 
^4е" 

= b(r"'' 
)fr" = hl+ r"(1",, l;" =

=lnl+iO|з'=0+2пi olal,

Bu inteqrallardan bagqalan еупiупэп slfirdrr. Masalan,

"-z 
7" = _| 

"-tз

чэ уа

(шz.zв)

dN 
=l;

т

2о=
0

,dtl,=
J, 'a

,t

J
L

l;
i01

-- --е
J

(cosa-isind)]" =О
1

з

1б0



J
L
d Т2 

1zo _| 
"izo|zo2l0 2 lo

la (cos+; sin а|]" =
l

=_е7

1
= -cos2

2d}"
l0

l..
+ -, srn

2 1" =0 (п.z.zч)2q

n,^u n, *йп .п"480 , 24 ,

ve l.a.

Btitiin Ьч yuxada dеуilэпlэrа аsаsэп (Ш.2.2б) tэпliуiпdэki

iпtеqгаllап hesablasaq, a9aфdakl пэtiсауа gаlэгik:

,tбл-п|-.' "480

Вч ifadadэn с, sabitini tаршq:

Ct=
м -П 

'пц

480
n,. ов _П 'Пl 

,в, 480 (ш.2.зl).

41тПз-& сrПо=у щ.2.з0)
8

Вчrаdа П, , Пr, П, va По - kэmiууаtlэгi inteqrallamanln

пэtiсэsiпdэ meydana grxan эmsаllаrdtг (п,N, f ,_t

ратаmеtrlэгiпdэп astlt amsallardlr). ВеlэliНэ f(",z)

funksiyaslnln Ьiriпсi yaxlnlagmadak ifadэsini tаршg оlапq,

Оgэr f(*,r) funksiyasr mэlчm оldчýчпч Ьilаrеk,

dеfоrmаsiуаlапп Ьirgэlilik ýаrtlэriпiп (Ш.2.2) Ugtпсusuпdэ,

dеfогmаsiуаlапп \с r, e r,v r) ifаdэlэri olan (ПI.2. 14) diistцrlаrа

эsаsэп garginlik funksiyasr Л(л,у) uguп Ьlэ Ьir differensial

tэпlik аlапq:
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^^л
р2. (0) (ш.2.32)-2п2Ф, J

+ц,о Ф*-пr.f-l

Bu ifаdауэ daxil оlап Ф funksiyasr (ПI.2.1З) dtisturu ilэ

mlleyyan edilir. Xatti elastiklik паzаriууэsi gэrЕiчэsiпdэ (Ш.2. 13)

ifadasinэ daxil оlап ,(o)(x,r) funksiyast aýaФdakl ifada ita

mllэууоп оlчпчr:

62Ф)(1, у) = рФ)(z,r) = i",. z. (z)' +

1п,+-'2G
l-z

эa

=пr.о!о).Фо+6п2.о @.Р2 ,Q-z)2 _
J2

,*f".[}.'-. (z)']*z'+1д6, z вэ
4

-i*E 
I

k

ak + ýrЁrо (ш.z.зз)z
д

Bu ifаdэуа daxil оlап ar ve Pr эmsаllап, mэsэlэпiп xatti

qoyulu;dakr hallindan mаlчmdчr. f, dауigэпi daxili Ц

kопtчruпчп inikas funksiyasrnrn (Ш.2.23) tэrsi olan funksiyadlr

(Ьж сэd. Nэl.1 ditsturuna).

Sопчпсч ifadэda аgафdаkr эчэzlэmэlаr edilib.

р-8(п717 (l,+zp); в, 3р
в( + ч)."r

в| р
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В.,=-_r.2Р, _ ;В"=-| l В,=-=,а!- _; (Ш.2.3а)' 8(1+ч)../' ' J'' 8(1+v).J '

Оgаг (Ш.2,З3) ifadэsini (Ш.2.1З) dЦsturunda уеriпэ

yмsaq Ф(л, у) funksiyasr a9aSdakl kimi mЦэууэп оlчпат.

Оwэlсе (Ш.2.33) ifаdэsiпdэК sопчпсч heddi (П,2,16) эsаsап

bеla yazmaq olar:

t p,B,r =L pr L
r

о n-t
l=l

i r
z

-k

д(,
B(v} B(v)= Z0*t{

6-!Ц-r; (ш.z.зs)

Вчrаdа ulduz (*) i9аrэsi, пOчЬэti toplanana kegdikdэ

iпdеkslэriп iK-iK dэуi9mэsiпi gбstагiг. Вutuп LG) аmsаllап Ьlэ

Ьiг 9эпdэп tapllr [51]:

.g'-Ё z9Bl1)=o, 8f)=а,

BelaliHa аhпq:
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а = аэ .ri + zз .zri+z2 .z2 .yi + zn .yi+zo .yi +

+ iy[i |rorl-r . zr" - k. B(k)rr..-t*l]+

* iу;f|иrг', zI-1 . z2- t. B(t). rt . r-t-t . 7z|+

+ ir;LW*. A-k . zk . z - k. B(lc). rk . r-О . zl,,

Burada agaýrdakr эчэzlаmэlэr edilib:

yi=<B? -luru^-Zr,uo,

(ш.z.зо)

В1;
J J з

ri =6ЦВz+ЗВРц в? BzBn ВзВо+_
J

+_

J 3+-

+_
1 1

9

4 4

J
+_ В1l

4
BrBn-|}BrB,Тэ Вr Во ВzВц

4 4 4

J J
ВrВз BzBo

4 4 4
Вr Во В1l

з+- з

8

з+_J зB1l уi ВrВ, в4В5;
3

8 4 4Ts В, Во
4

ri =-?oBnBr; yi --6B,Br-lBnBr, (ш.2.з7)

(Ш.2.36) ifаdэsiпdэ polayar koordinatlara (p,d) keEib, lazrm

tdэmэlэг арапЬ, alrnan naticani (ПI.2.32) differensial tэпliуiпdэ

уегiпэ yazsaq, аlапq:

|м



^^л 
= I pk .v,(K)+Z р-* .vr(к)* pu .vr(t). (ш.2.з8)

Вчrаdа

",В) 
=| rz)+lzri,,-''', с, +2у|, е-З'О, €, +

+ 2y|e-i0 е, + 2yie-iq е, - 4уiеЭi0 е, - 4уiе-Зi0 е, +

+ ie'Q-2P E r+ie'k-iu Еr * ir' ' цf;

"rВ) 
=| rt)!b,-u*'o . En + ie-i(k*aF . Е, + ie-ik. , Euf;

в, -- yiP.b(tc - zhr l,-r l; в, = yi*Qc - tP* . l-k ;

в, = yi|kz ar l-k - ьчгr l- yi*(k + |Pr. д-k ;

во = yi2k(k + z)B(t<). l ; в, = yik(k+ t)B(t)..t ;

Bu = у;|,'в(ь).r* + B(t),rtl- {t(t - t)B(t).rt;

0 k+3;
1 ft=3;

(ш.2.з9)

k=2

(Ш.2.З8) differensial tэпliуiп hэlli I чэ П Ьёlmаlаrdа deyildiyi

kimi, bela gёttlriiliir (xUsusi чэ tlmчmi hэllегiп cami kimi).

F = F,", + F".; Fo^ = р' .ri +сi.lпр

lб5



Fr" 
" 

=

+уr(1)

6;

Ё
t=l

р'*ОЦ .v, (t)* Ё рф ,6;.vr(*)+
k=2

||,","-*,,] 
о,

Burada lп р' = |1
р еg5I сз<р olsa; lпр' =Ь "g",

(ш.z.+о)

с, > р olsa.

сэ

з

2

ai = ftt++)'(z+ ф'|' ; 6|= [+-t)'(z-t)'|';

",(о)-+]
,ц(о)=Ё 2

2k -|'
-l

t=l

ВеlэliНэ gэrginlik funksiyasr r(*, у) agaфdakr ifаdэ ila miiаууэп

edilir.

F=F,""*ъ =Ё рr'П.d.и(t)*Ё p+k .$.vr(*)+
t=| L=2

+Yr(t).d . р' + ri, р' + сi.lп pl

d=4[*re'-*], (шz+r)

Ирtпq:

P.o.a-lrina.E=O,dppd0

Вч ifadadaН с, чэ cj sabitlarini (Ш.2.5) sarhad gаrtlаriпэ эsаsэп
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ve уа (Ш.2.4l) ifаdаsiпэ эsаsап уаzапq.

i (t++)rj-'.ai ц(t)+ i l;О-'(+-t)аj.и,(t)+
t=l k=2

+зиr(t).6] .р2 +2trci sind+1+-с
t

k=2

+lcosd
t2

]у
Ir=t

Ё ,j-oai ч,(t)+ ! ьk*4.й.v4(k)+
k

t2

L=2

+у4() d; }=0; .g., p=t, оlsа,уэпi I, iizэriпdэ

(t + +)rf-Заi .и (t)+ I,;t-3(4 - ft ). 6;,зvr(*)+

+ vr().6| .t| +2trc, sind+1+-с
tI

z

-**,r{Е t!-a .6i.v,(K)+Ё ,,*' .$ vn@)+

+У4(1) 
';.ri }=о; эgэг p=rl olsa (п.z.lz)

Burada

y,(t)= ; ио(t)=
ау,(&)ац(е)

а0

Вч (Ш.2.42) diisturlanndan с

ifаdаlэr аltпш:

а0

va с. sаЬitlэгi uguп Ьч

|67



.;={ , t,+t,
*+4
2 h; -k+4

2 -t -k+4
l h;*

ахF

-t k+4
l ,

k=2

*fi-,i)я }-Ч,
) t; -t|

i, =f,,5'Оd *t,;r'od + Q$ + t', Ё tit' -,f-nE *
k=l k=2 t=I

-[Ё t --' -,;*t'И - (,; -,lЕф,
{ = (t + +)э1 . ц(ft ). siп9 + эlиr(t)соsВ];

{ = [(+ - r). sin 0. эr.vr(k) + эr. vо(*)соsа] ;

ý = [зsiп а.vr(t)+ vo(t).cosdPj ; (Ш.2.43)

Garginlik funksiyast F taprlandan (mi.layyan olunduqdan)

sопга, garginlik komponentlari (IП.2.4) ifаdэlэгiпэ эsаsэп

tарtltгlаr.

+
1 а2F 1ал

ор 8
р' а0' рар

i бо = 8z -:--т i
dр,

dtldFl
To,=-Bz 

*|Vбч);
Indi da tохчпап gаrgiпliНэriп (т," че

gэrgiпlik funksiyasr olan F(l)- funksiyasr vasitэsila ifаdаlагiпi

(Ш.2.,И)

с r") эуilmаdэ
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glxffaq. Вчпчп uguп (Ш.22) deformasiyalann birgalik

;аrtlэriпdаki dбrd0псii ve begincisini birlikda Ьеlэ da yazmaq оlш.

а'_|9у--У-]-4Г9g*-9{"_l=о, (ш.2.45)а"[Ф а,]'ф,Lф a,J
Вч tэпlikdэ |Io ve yn sUruýmэ dеfогmаsiуаlаппlп (Ш.2.13)

ifаdаlэгiпi паzаrа alsaq, yazanq:

* = +rr' - B,o|J* fu в,(оý) ,оР)' *

+ рФ).q.,'- r(о)..,)-0I,'.. =

= Ь|r!2' 
- r,, q9 * ? * в, /_ l] *

* fu B,lo9|, о!"r - ф), о@' Ч -

+ р9). о + р!ОЬ, + о!о\" Ц * Цб _

-о@|
p(l - z) рху 

* 
рху a (ш.z.+ь)JJJ

Bu (Ш.2.46) ifаdэlэгiпi (Ш.2.45) tэпliуiпdэ пэzэтэ alsaq,

bela bir diferensial tanlik аlапq:

lб9



*,0) =[#-#) 
ti-+l[o1ol 

д,tоl *

+ Ф . 

^р(О) 
+ р(о) .о_ + р!о) .о, _

_ оо . ral 
P(t : r)+ olof ,.О.* 9 6 _

-о9у.р(t.z).рху*рOФ - fnyJJJ (п.z.а,l)

еЭ(t - z
Jз

l-z

Вчrаdа л va у dэуigэпlэriпdап kompleks dэуigэпiпэ

(z = x+ly) kegsak аlапq:

мрФ =- z а' 
|lп(r'*zа*z'}1р!2r *цр9).о*

+2рФl .Ф- +2рr,Ф 
"й"(z+z\rYl 

*,Ol1_:-k_il|o -

- ;:(,' - z' Хо. + Ф,) + )"i(z - z) * ik - z). н, (ш.z.ав)

Burada:

8рз р2
ь

l-z
9G2 Jз

; I1r =-18&
ц

_l
'4 J2

ВеlэliНэ ДДр(t) unun *rэ Ьir ifada аhпаг (agar bu tапliуэ

dлil ola ,(О), 7 чэ Ф fчпksiуаlаппtп mаlчm ifаdаlэгiпi -

ПI.2.ЗЗ, Ш2.З6, П1.2. |7 пэzэrэ alsaq)
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^rlt 
= - ft at- ir"" - iz "j- j$ )1|- Е а,о - iza,, +

*| rik). ru'* l zio(t),.*' J-

8 I-" " , 1- ^ iа2ц+izЭzц+Ё [.*.ry,(")*- ю2Iz- ^э 
+ lz'z/L4 + i 

t=l

+ zk-2z2 .цr(а)+ z*-|zцr(а)+ zt-3 . zЗ .цоQ)1*

* Ё Ь*, ц,(ь)+ z-r-' . z' .цr(ь)+ z-r-' . z. цr(ь)+
*=l

+ z-k-Э .ZЭ .цо@))+ iaz , аr + i. zЭ ,аr+i,z2,Z,о.r+i,ZЗ,ао+

* i [.*-' ,z.ar(a)+ zk .au(o)+ zo-' .Z' ,arQ)|+
k=l

*=l

Вчгаdа a;a$dakl эчэzlэmаlаr edilib.

*! [.-*-' ,z.ar(b)+1k .ао(Ь)+ z-k-, ,z' .о"@)|+

+ zi! z-k. lr,r(r)+ и! zk, м,r@)|+ i. )". z -
t=l t=0

-i.ъ.z+i!H,.r-|z.H,"22
чэ уа kompakt gаНldэ bu tэпliуi bela da yazmaq оlаr.

(ш.z.+я)

^^р0) 
=' pt.zi(t)+I р1 .T:(k) (ш.2.50)
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Ti k) -- t# )\, аr. еr. r" + ift )r, аr. e-i, . с, +

+ $. ri(l-ztl . u, * ft \(оr. "-'' - .'rr. 
"''). 

r, -

- 
пеЭ!Ь,е-ЭiО 

+)о.е-jО +Ц.е-'0 +)B.r''u).er+

+ r1,(a), en 
0 + тlr(а). Bi(k -l)0 + цr(а). e'G -2Р а

+ цо(а). gi(t-BV + dr. ie-io . q + iaz . еЭ'О . €, +

+ iei 
О . а, . €, + iе-Эi 0 а о. с, + аr(а). ei(k-'P . ou(o). 

"'О' 
*

+а1 . ei(k-4)0 + 2iNrr(k).eft9 + i.tr", eiq . €s - ib. е-'О €, +

+ Lr'' . нr. ,, - |Нr 
,"-'' ur,

,:@ = -#lщ, ril). "-'' + 7io(t). "-(tt')o 
. бч ]-

- 
neLhrФ) 

u-o *o1161,"-i(r-l\o *o1761,"-i(t"z)o *

+ ц n(b). r- 
i(*'Bl' 

+ аr(ь). е- 
i(r * zP 

+ a"(bP-'k 0 +

+ аr(ь\пЧ$ - llо + ziM rr(lc), etkl1'

а, -- 2В, +ZB, +f,Ц; ас = 4Bt+ Вз + В4 ;

drg=4Вr+Вз+В4;

ц=s|ri *z|ri-z|ri;

ап=\+2Вэ+В2i

ц=zri-чiJ-z|ri,

I,72



^ 9.р -.р 9до=rlzj-6fэ---

- .р 9.р 9.р -.р4=6Узj-rh7+1rz7-Оrs7

.р . "рh7+бh1:

Ьld= -ir;itc(* +t),ar , l-k ;

ц(ь)
l

Тв
Рt.
J

(t - t)B(t). rt ;
2

аЬ) = -Lrr; | к. (t - t)o* . а* ;

ЬФ) = -|r; | к, (r + r) B(t),,i ; b(d = |r; I t', or, A-r,

Ь{il = -|r;it 2, B(t<),,k ; ЦоQ)= у] |t, ао, e-k ;

hJil = -r; | ь, в(к), l, а,(d = |r; I k, ц, A-k ;

а,(й= -i,r,|*,B(*),,* ; h,Q)= r, |a,,(t -lP*, l-r ;

цr(ь) = zy; | к (ft + 0. 8(t). rk ; щ,(о) = у, | к' . а*. A-k i

а,Ь)= ri|k' ,B(t ),rk , ал(d= -ri |zK,(K -l,)аr,,ч-k ;

ц,(ь) = -zy] | 
*. (t + r)B(t ).,* ; ЩJd = -ri J 

*' . or . A-r,

|,lз



l"Jф = -ri I k2 . B(t<).,r ;

lrr(") чл
Рt.
J

(l,-t).(t -zfor.лu;
2

1

l р

Р k.
J

Рь
J

1rr(о) у;4 J
1r2 *(t< -t)ao д-*.

l
щчФ) ч- (r + t).(t + z)B(r). .t ;

2

а,Ф) -- -| r; |t', (t + t)B(t), rt ;

1rr(о) fl (t - t). (t - z)c* д1

,
-k.

а,а) = -!r; |t, (* -tfor, e-k ;

а,@) = :, ri I r @ + l), (к + z)B(*),,o ;

аJй = !r; |r', (r - r)B(t), r* ;

ЬJd=|r;|t,(t-tИ д+;

ЬJй = |r; I t, 
(t + r)B(t),,t ;

b,d) = -|r; | п, Qс -l,P; lа ;
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Ь,Фl = -|r; |* 
. (t - r)B(t)..* ; Ц,(о) = ri I t 

. or. l-*,

ЦJil=-r;|t,B(t),,* , ь,(d= -*riLЁ ,Q, +lhr.д-r;

Ьа) = -ir; i *, @ - t), (tc - zPr. l-k ;

р
ь,(ь) rб *' .(* -l). B(tc).l ;

2 J

р
ц(ь) fэ к.(* +t).(t +z)B(t). l ;

2 J

l

1

р
ь,(ь) Тв r' .(t + t)B(t)..t;) t

1

bJd = |r; I 
12, (r -tfor, l-r ;

0rЬ)= Ц(а)+ )",(а)+ )"r(а)+ )",r(а)+ )2oQ)+ )"r(а);

цr(а)= Ц(а)+ ЦоQ)+ )n Q)+ )"r(а)+ )"r(a)l

цr(а)= Ц(а)+ )"oQ)+ )"r(а)+ )"r(а)+ )"uQ)+ )"rr(а);

q.оЬ) = \.(а) + Ц(") ; ц"(Ь) = Цr(Ь) + Ц,(Ь) ;

ц,(ь)= Ц(ь)+ Ц,(ь)+,\r(ь)+ )n P)+,1.о@)+ )",(ь)l

лh(ь)= Ц(ь)+ )1,@)+ )"r(ь)+ )",(ь)+ )"r(ь);

цr(ь)= ц(ь)+,l,,o@)+ цr(ь)+ )"r(ь)+ )"u@)+ )"r(b)l

q = -ззвзуi -6ов|у; -l5y;B4 +24yiBr;

|15



а2 = -|lriвэ - lByiB, -\2yjBo + уfiB, + 2уjво;

аз = -зоri вэ - 66yiB, -t ri, 
^ 

+ L8yi в,

щ = -збriвt-24уiв, -эуiво;

а r(а) = Byi grka, дk + l4yiBrk2 а * 
А- k +

9+_., yiBn;

+ 4B|y;k2 (k - lh о л- r + yiB okz (* - |)о r l- 
k +

+ у] в r*(* - t\l, - zfo * л- k 
+ Byi Brko * д-r +

+ByiBr*(t -tP*l-k

auQ) = зуigr, k, аr, д-k + бВ,. yi. ft . (t + t). а* . a-t +

*f,ri. Br.t.(t +t).a* . A-k + 4в2. yi, k. ar. A-k -
+ во. fi . k. ar. д-k -2ri . вr. t<, (l, -l,Pr. l-t +

+ ly!. вr. k2 . а*. А-t -f,ri Br.t.(* -t)c* . a-t +

+ zyi. вr. t 2 . (* + tPr. l-r * 
f,rZ. 

во. k2, (t + tP* . l-k +

t|"r.r; .к2 . (* -l\pr , l-k + zy]. в, .t .(t - t)c* .а* +

+ lyi , Br.k .а1, , Д-k;

yiB ok2 а, д-k + t oyi Brtc(* - tP r la +

,7

+-
2
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аr(а) = 12у;. ц . ft . (t - l)4д . д-k + бу] . в4. k. (k - lh.. д-k -
- буi . вr. п. (l, - t). (t - zho . дu + t2yi . вr. t . (* - tPr. л-k +

t}ri B,.t.(t -r).(t -zhr, л-r ;

аr(ь) = -Byi . вr. t . B(*). rr + L4вr. yi. t 2 . в(*)., +

*lrri в,. к2 . B(tc).,k + t Oy] . вr. t . (t + r)B(t)..' -
- yi, вr. tc(lc + t). (tc - z)B(t ). l - yi . в о. к2 в(ь). rk -
- 4yi Br.t'.(t +t)B(t). rk -6yi, Br,r. B(t). r' +

+ Byi . вr. t(t + t)B(t). rt;

au@)= -з7i ,в, ,t , в(к), ,k + lуi , в, .b2B(t ), , +

+ бв,, yi. t . (t - r)B(t)., * * 
f,ri. 

во. t . (t - r)B(t). rt +

+ lyi. вr. *. в(*). rk + yi. во. к. в(*). rk -
-2r].B,.t.(* +r)B(t)., r -|ri ,B,.t.(* +r)B(t).rt +

+ 2yi. в,, t' . (r - r)B(t). rr - |ri. во . t2(t - t)B(t).,'t -

-|ri ь. t' . (t - r)B(t). rk + zyi, в, . t. (t + t)B(t). гr -

- 4yi . вr.к . B(t ).rk ;
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аr(ь) = 12у; . в|. k, (k + t)B(t). rt + Byi . в о. t(t + t)B(t). r -
-6r] .B,.r(t + t).(t + z)B(t).rt -
-f,ri 

",. 
ft (е + 0. (Ё + z)B(t). rk + l2yi. в, . *. (t + t)B(t).,o ;

ri@) = f,t. *, (к - tfo , . о-*, й"(k) = Ь4 
. t . (t + r)B(t). rt ;

мr(к) = yi. Br, K. (t -tPo. л-k ;

lvr(t)=д, ri tr,(*+t)B(t),rt ;

lu,(t)= zr . q, д-k i м о(ь)= zK. в(к), l ;

ivr(t)= Ё lrr(n-t +t) лr,(з-п)с,;
п=k

k+з

Nr(ft)=' lr,(n).lvr(t -п ++);

Nr(&) =' [lvr(z - z). lr,(n - k + |)е, +

+ пr(п - t + t). lr, Р - z* + п)еr]

lrr(t)= Ё lrr(n-k +t)лr(п +4);
п=k

Nr(k)=' [lr,(n -z). lro(n -& + 1)а, +

+ lv,(n - t + t} ц (п - 2k + з)еr)
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л,о(t)= ) ц(п -t + t). lr.(л ++);

ц,(t -+)= I Mrfu). м n(* - а - п +t)eo
п=l

Nlr(e)= lrr(t)+ lvr(*)+ lvo(t)+ л,, (t -+);

lr,,(t) = ц(t) + lr,(t) + lr,o(t) ;

€t=
0 эgэr

1 эgэr

€э=

k>2;
kS2;

0 эgэr

l эgэг

k <2;

k>2;

0 эgэr ft>2;

| эgэr k <2;

€
Г0 эgэr k<4;{ &=
[l эgэr t>4;

0 эgэr /< = ll2; 
Е. =l 1gэ,r k +lizi

0 эgэr &*l;
l эgэг ft=l;

0 эgэr k +Зl

1 оgэr t=3;

4

Bu (Ш.2,50) differensial tэпliуiп hэlliпi, учхапdа deyildiyi Hmi

't'l 
= rpý + ф), 9эkliпdэ gёtiiriiriik.

Вчгаdа

аll=";, pn соsпср+сi. р2 (ш.2.5l)

bircinsli 
^^g,(1) 

= О tanliyinin umumi hэllidir. р{|)" isэ

(IП.2.50) differensial tэпliуiп xiisusi hallidir. ВеlэК, Ьч hэlli
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е{9"=Ё рt-О,э,Тi(*)+
*=l

+i рО-О.эrzj(t)+т,(r)эз аЗ (ш.z.sz)
k=2

Kmi gбtUгmэk оlш ((Ш.2.50) ifadasinin saý tarafini dёrdqat

inteqrallasag);

Веlэliklа (Itr.2.50) diffегепsiаl tэпliуiп helli пэtiсаdа bela

оlш:

е(') =I' рt*а.э, Ti(t)+| оо-*,эrтr(t)*
t=l k--2

+z](1)эз рЗ +cip" соsпO+ёuр2; (Ш.z.sЗ)

Вч ifаdэlагdе, agaýrdakr ачаzlаmэlэr edilib:

э,= {(t + +[(- r - z) + z(tc + з\*+ z) + (t + зlt + z)(t + r)]}' ;

э,= (+- t)(t - z)+z(з-*\z-лс)+ (з- tXz - tXl- t)Г';

ъ=[i'",-}][jчогi] '; у"(о)= 2;r,
cj u" ci sаЬitlэгi, tiriп уап sэthiпdэki пdqtаlаrdэ

r,, . cos(E, х)+ ту. . cos(ll, у) = 0 (Ш.2.54)

gэrtlаriпdап taprlaT. Bu gэrtlаг, bilindiyi Kmi tЗ8,5З] bu iH ;агtiп

t}danilmэsina gэtiгilэг:

ll "9а"ау 
=о, l! "!)а"ау 

=о;
ss
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OstrogradskbQrin dЦstчгчпчп k0mayi ile, ikiqat inteqrallar

birqat inteqrala gэtiгilir:

ll "9а,ау 
= lиG,i. al - [иG,i. al =о ;

sцL1

ll ф*Ь = lo,Q,i. al - lo,G,l)- al =а ; (ПI.2.55)
Sцц

вч ifаdэlэrdэ

!="Н, и= [*ь;*="* ; oz= !фа; (ш.2.5б)

PolyaT (р,d) kordinatlaгda { "" "!| 
gэrgiпliklаr

,Q = 
Эр(').,пr* cosa ?р(') .

"0рра0

,(l) = _ Э9(').оr, * 
siп 0 Эо(|)u dp iЪ-r,; (trL2,57)

/ funksiyasr (Ш.2.17) ifadэsi iIэ taptlш.

ВеlаliНэ (Ш.2.55) ifаdэlэriпdап Ьiгiпсisi а9афdаkt qaНa gаtirilir.

q=Z Hip*'n +| on-r.Hi+
t=l k=2

+ Hicipz + H|cip" + Hip';

Onda yaza Ьilэrik:

(ш.z.sв)
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l! "9ьау= lo,dl- !оФ=sцц
+ HuQ| -ti)- н,
+ нr"| . (;*l - li*l

Qi* -,
)= о,

5_t
t +Но

L ",ki*-,f*')*t=l

,i ).i *

Hi + Hi .cipz +

3
2(,

gl funksiyasr Ugiin isэ Ьеlэ ifadэ аlапq (Ш.2.5б-dа ПI.2.57 пэzаrэ

alsaq)

arb,o)=Z p**oHi +

+ Hio.cip" + Hir.рЗ +

2р
Hir'

4-k

(ш.z.sя)

(ш.z.оо)5р

Onda (Ш.2.55) 9эпlэгiпdэп iKncisi Ьч ;эklэ d{lgаr

J
s
l "|)оrа, 

= ! р,ф - !рrф = H,Q;-' -,У')*
ц ц

* н, (,Г' -lf-* )* н, (l| -l| ).] * н,о . (,i-' -,i-' ).; *

+н,,(| -r,o)+H,r(,; -,1)=о, (ш,z.оr)

Вч ifаdэlэriп altnmaslnda х- pcospi у = psinpolduýu

09iin, dr=cosOdp- рsiпO.d0 чэ dy=siпO.dp+ pcosdO

olduф паzеrа allnrb.

Btittln Н* (t = 2,1Z) эmsаttч.,, tiгiп еп kэsik бlgiilaгini

паzаrэ аlап N, m, А ршаmеtrlэrdэп asthdlr. Har Ьir konkret

baxrlan tiriп еп kasik бlgiilarindan asllr оlаrаq taprlrrlaT. ВеlэliНэ

0П.2.59) чэ (Ш.2.6l) tапliklэriпdэп с] чэ ci tapanq:
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Сз=

+

Ё ",(,Г- 
-,г,)- Ё ",(,j* 

-,f-')- Hu(,j -,i)*

[(",-",
н

9
1

fr)д tr-

k=2

н
н4 ,

t+5
2

*+5
l

9 (,

6

)-,

-t +
н5.нg-н4.ню

+ Нrr- Нв
Hg

н4 t; -,l)- Нв- Нз
н9
н4 Ё (,;-- 5-t +

(ш.z.оz)

+ H,,,Q! -tf l
нg з t

Сц= н

нs

н
(,-н2 , t+5 -t *+5

н4

t5_t +

_l

Htt
Hg

н4 ti -,i)*

,

л+l л+lt

нн

*н,,[9 -,У) н5
н

Е,о
н4

9 (,2

р(') funkriyurr. (ауilmэdэ gэrgiпlik funksiyasr) tapandan sопrа

(уэпi (Ш.2.53) ifadesini tam mi.iэууэп etdikdэn sопrа) С|) u" ф
tохчпап gаrgiпliklэriп Ьiгiпсi yaxrnlagmadakl ifаdэlэгiпi Ьlэ

tapmaq оlаr (polyaT p,d koordinatla):

_ |оrрФ , , lаф._ __ар(о)_ ,.оQ|l _
"*= р ао 

*n' 
р а0 "'"=- ф -" ф -

-P'|',"inl"osl-),.f..p.sin0 (ш.z.оз)
]
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Bu ifаdэlэгiп altnmaslnda

"*="9) 
+),.ф ve тч,--ф+s..тl|;

оIdчф nazaTa аllпrЬ.

Yчхапdа g0stэгilап iimumi hall, pгizmatik tiriп еп kasiyini

OlgUlэriпi хаrаktеrizэ еАеп А, m, N, r, е ршаmеtrlаriпiп miixtalif

чаriапtlаппdап astlt оlагаq goxlu sayda konkTet аdэdi misallara

baxmaq оlаr.

Agaýrda Ьiг пеgе эdadi misallara Ьжаq

1.Biitiiv dаiгачi siliпdгiп oyilmasi (lak.3.3).

Вч mэsэlа эdэЬiууаtdа xэtti elastiklik паzаriууэsi

gэrgi чэsiпdэ hall olunmu;dur.

Оуilmэdэ gaгginlik funksiyasr Цgtiп bela ifаdэ alrnlb

[67,95]

rФ)(,,l)=ffi :Ь'- у'- п').у

Dаirэ Ugiin аtаlэt mоmепt: 
' 
=+у puasson amsalr Р-

tэsiг edan эуiсi qUwadir. Siliпфiп hаr hanst Ьir еп kэsiyi оху

mUstэvisi Uzэгiпdа уеrlэ9iЬ.

1и



Кэsiуiп mэrkэzi 0 пёqtаsiпdэ (у = 0) to*unan garginlik

rý) *эtti паzагiууэdа 
"9) 

= lJS4, А- - еп kэsiуiп sаhэsidiг.

А va В пОqtаsiпdэ isэ (у = Д)

р
д

FiziН qеугi xatti qoyuluýda bu mаsэlэпiп birinci

yaxrnla5mada hэlli паtiсэsiпdа gбstагilэп пёqtэlэrdа gargin

komponent ,,"=ф) +)ф Ьеlэ qiуmэtlэr alrr (mis mаtегiаl

uguп 2 = 0,255. loa sпа fkq2 gёturiililr).

0 пёqtэsiпdэ (у = О)

ц = ф) + l,ф = Lз8 - 0,0зз8б = t3цtsп2 l И
А vэ В пёqtэlэriпdа (у = Д)

ц = ф) + ),ф = L2З - 0,03075 = l,tSg sm2 l И,

"9
|,23
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р р
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ýэk.3.3
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хр
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L L
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ýэk.3.4
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р х
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ýэk.3.5
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IýE

Еп

ца
пыaпыa
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2.Dаiгочi siliпdirik bogluýa maПk elliptik tiгiп topa

yiikiin tesiгindan oyilmosi (sok 3.4)

Вч mэsэlэ ,(эtti elaýtiklik пэzэriууэsiпdа рrоf. D.i.ýегmап

tэrэfiпdэп hell оlчпчЬ [l02]. Оуilmаdэ gэrgiпlik funksiyasrnln

(хэtti qоучlчgdа-уэпi slfinncr yaxrnla9mada) ifadasi agaýrdakr

Hmi alrnlb:

ф=-,,о'
р рб

с| J
2

1
6 lр р

-, 
о_d-ч ". 

zз - i. д2 (h ", 
-' 'i-) +,

1 а+Ь
а-Ь'д р

2

,, -_ -fi| ЬоО + zо' + з)- ч, t:!.(рО * зр' * t),

,, -- -t }.Ьоо +zo' +з)+ u. d-! 
;

Ellipsin уапm охч D ile, Ьоglчфп-gечrапiп radiusu R

аrаslпdа пisЬэt, iig чаriапtdа 0,95; 0,9 чэ 0,3 Hmi g0tUrtilUb.

Тохчпап gэrgiпlik 7,{ i.iEiin чуфп оlаг z = ib уэ z = iR

п(Цtэlэгiпdэ xalis mis mаtегiаl iigtin (,а = o,zss.ro')bu

qiуmаtlаг alrnrb (Ьiгiпсi yaxlnla9mada qеугi xatti qoyulugda)
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NaЦteler

Rlb

Хэtti qoyulugda

'Чu",

Fiziki qeцixэtti

рь2 --(-lla ),]

z=ib о,95

0,9

0,з

5з"7о2

26,9l

з,67

52,09

25,89

3, 58

z = ir 0, 95

0,9

0,з

55,2,|

28,62,7

6,50

54,28

2,|,5,|

6,з

3.Dairavi bogluqla zoifladilmig kчаdгаt tiгiп topa yiikdan

ayilmasi (яаk. 3.5)

Bu mэsэlэ da хэtti qoyulugda ёz hэllini taplb [3].

Оуilmаdэ gэrgiпlik funksiyasl iigiin Ьеlэ ifada аhшЬ:

,l'lk!= H,L+ н,(э) +b|,L+b5
5 5

L
zz

н o!),.brЁ7), 4

Кэsiуiп А, В уе С пбqtаlэгiпdэ taprtan gэrgiпliНаI Uуgцп

оlшаq Ьч qiymatlar aitr (xalis mis mаtегiаl iigiin

2 = 0,255 .10{ s.o lц')
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z=ib, *) =2,1 ; т.=ф'+1ф=зэ8+, -, рь25б5-
J

, = i, ; *) = z,zsBll т. = ф' + лф = uвв! ;

b+r
z rcРЁ

J
п|РЬ'

J' *) =z,l ; т*=ф)+Лф -Z,)

4.Dairavi bogluq va iki diiжatli qяtlа zaifladilmig dairovi

siliпdiгiп topa yiikdon ayilmasi (qak. 3.6)

оуilmаdэ gэrgiпlik funksiyasr p(o)(z) tiqiin bela ifаdэ

alrnlb

t

Rр,,
л=0

,tо)(z)=д ", (*)"-

r
R

oi=t оо (6_,Г' lji}
t=0

6_, , ljt) kаmiууэtlаri [5l] igiпэ эsаsэп mЁаууэп оlчпчг.
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р у
R

z

р х

J

ýэk.З.б

Еп kasiyin ап qorxulu (эп хагаktегik пбqtаlэriпdэ)

пфtаlаriпdэ т,. garginliyi bu qiymatlar alrr. (е/R nisbatinin

iH чагiапtrпdа).

z =1.Olie пФtаsiпdэ

I variant: е = 0.6R; r/л=0,5

т * = то* + 1 ф) = 26,78 + (- 1,07 t) = zs 

"l 

l 
Р \.'
]

П чагiапt: е =0.7R ; е =0,5R;

t * = 28,92 + (- | l,sвв) = z1,1 в Щl
z = lR пфtэsiпdэ

I чаriапt

,:(
,1rlt
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7о = l1,26+(_0,ззzв)= rо,я2t4'J
II чаriапt:

r* = 14,65 + (- о,5з2о) = r+,oz 
r4

'J
Biitiin Ьч baxllan mаsаlаlэгiп hэlli gёstэгir ki, ауilmэ

mэsэlэlагiпiп qeyгixatti qoyulugda hэlli хэtti qoplugdakr

hаllэrdэп 2:l0%o ferq|i аlrшr. Вч tiгiп еп kэsik бlg0lэriпdэп чэ

mаtегiаllаrdап asrhdlr.

Bu эdеdi misallaп davam etdirmak olar. Вчпч gэlосаk

tadqiqatgllann бhdasina Ьчrахlпq. Masalen еп kэsiуi tam-bUtбv

kvadrat, ellips, alпbucaqlr оlап prizmatik tirlэгiп хэtti elastiklik

пэzэгiууаsi gegivэsinde mаlчm hэllагiпdэп istifada edib fiziН

qevrixatti qoyulugda эуilmэ mэsэlэlэriпа baxmaq оlаг. Digаr

tэrаfdэп iK rаЬitэli oblasta malik tiгlэriп qeyгixatti qoyulugda

эуilmэsiпi tэdqiq еtmэk оlаr va i.a. Нэlэ mэп, еп kasiyi dЦzxatli

gatlara malik prizmatik tirlаriп hallinin, demak olar К, hэm хэtti

qoyulugda, hem da fiziК qeцixetti qoyulugda hэllагiпiп gox az

olduýunu dеmirэm. Вir sбzle gэlэсаk tэdqiqatgrlan kifayat qadar

mэsеlеlеriп halli gбzlауir,

l9l



ý3.3. Пivha|orin fiziki qeyгixatti qoyulugda eyilmasi.

Sопlц va sonsuz izotrop lбчhаlагiп eyilmasi mаsаlаlагiпэ

bir gox эdabiyyatlarda va bizim tеrаfimizdэп АzаrЬаусап dilindэ

ilk эdэЬiууаt olan [2б] igiпdэ mUfэssэl baxrhb. Опа gёгэdэ Ьiг

gox ifаdэlэгiп altnmast, lOчhаlэгiп ayilma funksiyasrnrn ,(r,у)

tapllmast Ц9Oп tэпliНагiп Etxanlmasl va sэгhэd ýэгtlэгiпiп

бdэпilmэsiпiп ifаdэlагiпi hаzrr qaНlda чеririk.ý

Вчrаdа biz эsаsэп sопlч iki rabitali goxbucaqlr lёчhэпiп

mltхtэlif уiiНаmаlэrdап gэrginlik-deformasiya чаziууаtiпэ

baxrnq. L6чhэпiп qalrnlrýr й olub digar бlgiilэrа пеzэrэп (епiпэ

чэ uzunluýuna gёrэ бlЕUlэr) 9ох Hgikdiг. Iiivha xaricden dМgЦп

goxbucaqlr ile (Ц kопtчru) mahdudlagrb. Qаtlапп tэрэ

пфtэlэгiпiп koordinatlan + е ilэ iýаrа olunub (9эk. 3.7). Хэtti

elastiklik пэzэriууэsiпdа olduф Kmi, fiziki qepixatti qoyulugda

da agaфdakl ýэгtlэf (fаrziууэlаr) qabul olunur,

1. Lёчhэпiп оrtа miistavisina prpendikulyaг оlап хэtlаr,

dеfогmаsоуа оlапdап sопrа da эуilmig orta sэthэ

pгpendikulyaT оlчrlаr чэ ёz бlgiilагiпi sахlауrrlаr

(погmаl хаtlэriп dеfогmаsiуауа чFаmаmаsl

fагziууэsi)

ý Biit0n Ьч mэsаlэlаriа dair gепiý mэlцmаt almaq iigiin oxucu-tadqiqatgl
[9,2б,43] эdэЬiууаtlаппа murасiэt еdэ bilar.
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2. Lёчhеlагiп orta mUýtavisi sonsuz kigik deformasiya

аldlфпdап опч пэzэrе аlmlпq, уапi lбчhэпiп эИlmэsi

zamanl оrtа miistavi he9 Ьir dartrlmaya (va уа

slшlmaya) mэгчz qаlmlr, sапК пеуtrаl lay гоlчпч

oynaylr.

З. kiчhэпiп огtа miistэчisiпэ рrрепdikчlуаr olan оrmаl

oz gэrgiпliуi, digэr gэrgiпlik kоmрпепtlагiпэ

nisbatan 9ох Kgik оldчфпdап, опlал garginlik чэ

deformasiyalaT arasrndakr aslhhqIarda пэzаrа аlпшrlаr.

Bu gёstаrilап ýэrtlэr daxilinda lбчhэпiп эуilmа tэпliуi (ýofi

Jеrmеп tэпliуi) а;афdаkl Kmidir

*r= q({:Y). (ш.з.l)
D

Вчrаdа

D= Еhз l зк+G
G.hэ

12
.2l-ч з зК+4G

lсiчhэпiп sШndirik sаrtliуidiг.

Вч differensial tanliyin Цmчmi hэlli, mэlчmdчr К,
lбчhэпiп kэпаrlаппrп baýlanmasr (bэrkidilmasi) tlsчllаппdап

asthdrr. adabiyyatdan mэlчmdчr ki, lбчhэпiп kэпэгlап Ц9 0sulla

barНdilir:

- liivhalaгin kопаrlаrl sart boгkidilib.

Вч halda sэrhэd gэrtlэгi beladir:

l9з
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L

ýэk.3.7
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0

- liivhelerin kапаrlаrI oynaqla ЬагkidiiiЬ. Опdа sarhad

ýаrtlэri bunlardlr:

w=Oi Mn =0; чэ уа w=0;

Гl)О2w,О2.._1
v .Пw + (t - v) :+ . cos2 d *;-;.stn- а +;--.slп z4 | ;

Ldx- Ф- охоу l
а Ьчсаg! konturun п nolmalt ilэ ол охчпчп эmэlэ

gэtirdiy Ьчсаqdlr.

- liivhanin kапап saгbast оtчгdчlчь. Bu halda sэrhаd

ýаrtlэri beladiг:

М,=0; H,=O; Q,=Q,

Вir gox hallarda bu iigUnc sэrhэd ýэrtlэгiп sопчпсч ikisini

Ьirlа9diгiЬ bela da ifada еtmэk оlаr:

Э{* 
= о,И *l,

Bu ;аrtlеriп kombinasiyasr da (qangrq sarhad gаrtlэri)

mбчсчddчг.

12 12 -\2

д = 5 * 5 = 4-9-. црlд5 оргаtоrudч.dх' ф- ozoz

- lбvhanin sэthiпа (orta mUstэчiуэ регрепdikчIуаr оlап

tэsir еdэп paylanmrg yiikdiir. Bu yiik lёчhапiп 0st

l95
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h
оtчrасаFпа ( , -- -i mtistэvisina) tэtЬiq edildikda о. поrmаl

garginlik о. = -q оlчг.

ogar lбчhэпiп alt va ust оtчrасаЕlпа heg bir qi.tvva tаsir еtmirsа,

onda о, =0 оlцr.

Baxllan lёvhanin fiziН qeyri хэtti qoyulugda эуilmэsiпiп

tэпliуiпi gtxmlmastnda, хэtti qoyuluýdakr mэhdчdiууэtlэгdэп

(gэrtlэrdэп) istifadэ оlчпчr t9,26,38]. Веlэ ki, lбvhanin z охч

Ьоучпса ауilmэsiпi w(-r, у) funksiyast qэklinda gбtuгsэk, учхапdа

dеуilапlага эsаsэп, dеfогmаsiуаlап Ьеlэ ifada еtmэk оlаr:

€t=-z.wФi Еу = -z,wyyi

|!r=-2z.woi цlЕ=v/уz=0, (Ш.3.2)

Kigik defoгmasiyal tigun gэrgiпliНэгlэ (q, ) аеГогmаsiуаtаr (а, )

arastnda asrllrqlar a9aфdakr kimidir [38].

о, = зк . дсо). €о + 2G r(й). (€, - Е0) ;

оу = Зк. 7(ео), ео + 2G,rИ) (а, - r.),

т,у = G, у(чr'r) ч, ; 
" 
r, = с, r(y/]), v r" ;

".=с,Д,й).ч*;
(Iп.3.3)

(.=0)Yadda saxlamaq lazlmdrг ki, оrtа mi.istэvi iizarinda

о. = 0 оldчФпч qabul etmigik.
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Вч sопчпсu ifаdаlаrdэ (Ш.3.2) чэ

dеfогmаsiуаstшп

hэmgiпiп оrtа uzanma

- оо _ ох+оу
"0 зк.IЫ-Тк,frJ

olduýunu пэzэrе alsaq, yaza Ьilагik:

2

9о,V3

.с .r(у4).[-_ * u(ro,y|)..o|. , ;

", = - тir"й с r\ч,il l,, * u(ro,y|).. *l., ;

to=-ZC.fv|).n; GП.З.4)

Вч ifаdэlэrdэ /ао) чzайlmа funksiyasl, r(Й) i"" siiгiigmа

funksiyasldlr. Нэr iH funksiya (I.1.31 va I.1.32) gaНinda

gбttiri.ili.ir. Хэкi elastilК пэzагiууаsiпdа olduýu kimi, enina

цzапmа €r bela bir ifаdэ ilэ miiэууап olunur:

l-y

€z
уо

ь t€,

*r,*u,)* =+ь

(ш.3.5)

(ш.3.6)

1-uo

Burada (ПI.3.2) ifadэsini пэzэrэ alsaq аlапq:

лУо
"---.t..bW' 1-rо

Опdа оrtа uzanma (ео) tigtin allnmlg

Iя



ifadэsi bela gakla dЁgаr:

l l:2vо 
. z. 

^w 
(Iп.з.7)

'о 
=-J ,-uo

Siiriigmo defoгmasiyaslnln intensivliyinin kvadratr (1no' ) btit-"

I mэlчm оlап (I.1. 19) ifadasi bela оlаr:

й = ; tч ful +.'о)+ u r. |+)м + |9 уу + Зп}r|. z' ; (IП.З.s)

Вчrаdа

v, =__&-11, u. = , 
2uo,= _1'(t-ъ)' 0-uo)'

чо = у - Рчаssоп amsalrdrr

Хэtti elastiklik паzаriууаsiпdэ olduф kimi, Ьuгаdа lбчhэпiп hэr

hanst dxdy ёlgUdа elemeпtinin mЦчаziпаt 9эrtiпа baxsaq, vahid

uzunluýa dtlgэп эуiсi mоmепtlаr aqaýldak ifаdаlаrlэ miiэууэп

оlчпаrlш:

+hl2 +hl2

М,= [ o,.zd,z; Мr= l or.zdzi
-hlz -hl2

(Iп.з.9)

Kasici qUччэlаr isa Ьч ifadalarlэ mtiэууэп оluпчrlаr:

dz; Q

dztr'Z
hl2

j
hl2

+hl2

,= !
-hl2

hl2

I
h/2

+

Мо=-Мrr-

+

а, t,

l98
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Bu hеr iH (Ш.3.9) va (Ш.3.10) ifadalaгi miivazinat ýаrtlэгiпdэ

0о, , то 0;
0"о *0о, =о0хфЭхф

пэzэгэ alsaq, alanq

э},1с1

аlапq:

чэ Ьчruсч mоmепtlаr (М,,М r,М r) ilgtп Ьlэ ifаdэlеr

| И ,,+ р.,-)

",=-c,|,b,w*+ 
p,w,);

м у =-G

hэМо---Мr,=-G (l"- p).wo; (ш.з.12)
6

Burada a;aýrdakr ачэzlэmаlаr edilib:

1(",у) 12
+ hl7

J
hl2

2
0 dziz

hз ч1 уrз

(ш.з.13)

Оgэr (ПI.З.l0) ifаdэlэriпi (Ш.З.11) miivazinэt ;аrtiпdэ пэzага

alsaq, аlапq:

ot,,l=$-'!,фffif, z'dz;
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а2м, _"а2мr. а2м, / \-ff-. ыФ + 

"тД+я(х,r)=0. 

(Ш.3.14)

Вч tanlikda (ПI.З.l2) ifаdеlагiпiпэzэrэ alsaq, аgафdаkl

differensial tэпliуi аlапq:

).. bbw + й, !(п,) + z,a, 
fr 

(п,)+

*().* * рr)..* *()", * р_).r, * (ПI.З.l5)

+z(tro-po)..o=fi чG,i'

Вч differensial tanlik, lбчhэlэгiп fiziki qеугi xatti qoyulugda

ayilmasinin tanliyidir. Bu tenlikda iqtirak edan 2(л, у) va д(л, у)

funksiyalanndakl у ч1 ч эmsаllапш f=)=l gёtЁrsэk, onda

(Ш.3. 1 3) ifаdаlэгi sadalagib

^l r l - зК+G 6.D
л|х, у | = 

- 
= z. 

- 

= _- 
^_ = сопstl-uo ЭК +4G Gh'

F=ft;='on,t (пL3,16)

gэkliпа diigэr. Onda (Ш.3.15) diffeгensial tanlik xatti qoyulugdakl

mэsаlапiп hэllindaК differensial tэnliНa tist-iiýtэ diiýer.

Оgаг х va у koordinat sistemi эчэziпэ роlуш kоогdiпаt sistemi

(p,d) gtitUrsэk, onda (Ш.3.15) differensial tэпlik Ьlэ 9аНэ

diigэr:
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),.bz,w+2)"!br+\),,,ор р-
(л,)+ )r,а

а0
1+-рр*р

+
2

0

1 1

р
Fоо '-ppl .7е

1* ,.
р-

1

troo + |tpp
)(

(lч - р,)7(,,,-

1

-}rл +
р"р

ll ,'wooр'
2

р-
)р0 l'po

р
2
- ly,
р

) o.q(p,a)

)=-ъ,F-,
(ш.з.tт)

Bu tэпliуiп alrnmastnda

y=p.cos9,, у= р.siп9;,

.а2а2а2 lala2
^-б/' ф'- ар' ' р ар' р, ао,

чэ i.a. Hmi ifаdэlэr (уэпi dekart koordinat sistemindэn, роlуаr

koordiat sistеmiпэ kegdikda mеуdапа glxan gечirmа diisturlan)

пэzаrэ аltшь.

Isы (ПI.3.15) differensial tanliyi olsun, istэвэ da

(Ш.З.17) tэпliуi, опlап hэll etmak гiуаzi саhэtdэп gox gэtiпdiг

фэzэп dэ miimkiin deyil). Ona gбrэ da, hэlli sаdаlэgdirmэk

mэqsэdi ilэ ,!(ао) ,. rQr&) funksiyalaпnr (I.1.2g - I.1.32) Ьеlэ

gбtiiriiLrlэr (ilk iH hэddi saxlayaraq),

7,(ео) = l,+ 1,. 4, у(й) = t + уr, yl ;
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Вчпlап (Ш.3.3) уегiпэ qoyub, Zz че Tz amsallannrn qiivvэt

tistlii srrа gэkliпdа 8бtiiriib, yalnlz iкnci dаrосаli qiivvat iistlii
hodlari saxlaylrlar. Вч iisulla hэlqачаri lбчhэпiп mliпtэzаm

paylanmrg q(r,y) учЮ tаsiгiпdэп эуilmеsi maselasi [38] iginda

hэll olunmu;dur. Вч mэsэlапiп xetti qolulugda halli [53,56]

iglэгiпdа miifэssэl hэIl olunmugdur. Fiziki qeyri xэtti qoyulugda

Ьu masalanin hэlliпdап (lёчhэ sаЬэst oturdulduф halrnda)

aýagldakl пэtiсэlэr allnlb.

Аlimiпчm tчпс (Iatun) iigiin

к = 1,35 .106 kQf sm2 ; G = 0,4'1'| .106 kQf sп2 ;

Yz = 4,04,|Об ; Iz = -З8,1об ;

q=1,18kQl sm2: hl п= _L:,50

,( I-],(t) -_1 о,|4625-0,29з2 +0,14889
r
R

r
R

Хэtti qoyulugda эуilmа и,о = # [ I]',,-( r
R

Dаiгэчi biit0v lбчhэпiп mаrkаziпdэ (r = 0), эуilmа bu qiуmэtlэгi

аhr:

уо = 0,1455 .ft ; - xatti qopluýda

|\ = 0,|4625. h - fiziki qeyrixэtli qoyulugda
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Bu эуiпtilэrа uyýun olan gэrgiпliКаr Ugiin Ьч qiуmэtlэr altntb

(r=0 olan halda)

оf;) = 22з,'79lсQf smт - qeyi xatti qoyuluýda

о9) = 226,a5kQf sп2 - xatri qoyulugda

Аhпап пэtiсаlаr gёstэrir К, эуiпtilэr (w) чэ garginliНr. (оr) Ьr.

iK halda-istar fiziki qеугi-хэtt istэrsэdа хэtti qopluýda olsun gox

м fэrqlэпirlэr (2Чо -qeder).

Tэdqiqatgllar, xatti qoyuluýda lёчhаlэгiп эуilmаsiпiп wо(.r, у)

funksiyaslnr konkret misallarda ifadэsini Ьilагэk, qеуri xэtti

qoyuluqda Ьiriпсi yaxrnla;mada bu funksiyanrn ifadasini,

hаmgiпiП gаrgiпliНаriп birinci yaxrnlagmada qiymatlaгini

(gdstагilап metodla) tэуiп еdэ Ьilаrlаr.
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2.Dtizbucaqlr lбчhэ 1.Bircinsli gubuq
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5.Siliпdг 4.Dairavi lбчhэ 3.Elliptik larчhэ
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7.Prizma 6.Dаirэчi hаlqэ
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10.КOrа 9,Копчs 8.Piramida
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11. Qoxbucaqlr liivhanin etalat mоmепti

у

х

Вir gox texniki mэsэlэlэriп hэlliпdэ, vahid qalmltqlt
dаirэчi lсiчhэ ii9iin (Ьах сэdчэl Nэ3.1) diisturu эчэziпэ
agaýdakr ifаdэdап istifadэ еtmэk эlчеrigli olur. Оgэr
У = yliR2 пэzэгэ alsaq, onda

R2
=m-=

2

R4
(1)"/о rT

оlчr,
Bircins mаddэlаr iigiin srxlrq эmsаlr у = сопst

olduфndan 9ох hallarda 7-nu уаzmlгlаг, sаdэсэ оlаrаq

Jo=o{ (2)
2

yazrlrг,
Вчrаdа "/о - qiitb (роlуаr) аtаlэt momentidir. (Ьэzап Jo
gэtiTilmig роlуаг эtаlэt mоmепt idэ adlanrr).

Diizgiin goxbucaqh ltiчhэlэr iigiin роlуаr эtаlэt
momenti bu diisturla hesablanlr Il4]:

;о = IJF' + y'b'сdy (3)
G)

.'
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Kompleks dэуigэп funksiyalar пэzэгiууэsiпэ эsаsэп, з
чэ опчп qоýmаSl z tigtin

z=x+iy; Z=x-iy, dz=dх+iф; й=dх-.ф (4)
yazmaq оlаг.

Bu z чэ 7 ifаdэlэriпdэп л чэ у taprb, пэfiсэ еtiЬаrilэ
yaza Ьilэrik.

b=!@z+a), dy=-+Qz-й) (5)2, 2,
Qauss-Ostroqradski diisturuna эsаsэп, ikiqat inteqralr Ьiгqаt
iпtеqгаlа gэtililiI.

J= (6)
G)

Burada inteqral btitciv L konturu boyunca еlэ арапlrr
ki, kэsik sаhэsi hэmigэ solda qalsln.

Sопrа bu inteqralda:
z= x+iy; Z = x-iy (7)

ifаdэlэriпiп kёmэуi ilэ l чэ l dэуýэпlэriпэ kеgsэk, аlапq
ftопtчг iizэгiпdэ z dэуiqэпi l, Z isэ Г dэуigэпiпэ kegir):

l =!|tгfаt-в) (Е)
8,1

Вчrаdа l чэ опчп qoýmasl t baxrlan L kопtчrчпчп ixtiyari
пбqtэsiпiп affiksidiT.

L kопtчгчпчп рагаmеtгik tэпliуi mэlчm olduqda bu
inteqral asanhqla hesablanlr.

Di.izфп goxbucaqlr kontuI iigiin:

,= дЬ' **"-i(H-ioj, t = АЬ'' *-"i(M{o| (9)

Bu ifаdэlэrdаkl А,п,N kэmiууэtlэri (1.1.10) diЫчrчпdаkt
kimi miiэууэп оlчпчr, Ьеlэliklэ, goxbucaqlr lбчhэlэт iigiin en
kэsik sаhэsiпiп polyaT эtаlэt mоmепti a;aýdakr diistuTla
hesablanlr [26,53].

ff(, '*у' Wф ьф=i/b,-"
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l = {| * z-'(z - lr) + -О (t - tv) + .а(+ - п) + (+ - злr),n'е]

а=O,эgаr N+2; € =1эgэr N=2
Мэsэlэп, diizgiin altrbucaqh lочhэ iigiin (Л = О);

t ={|-B^'-s^'7
kvadrat lбчhэ iigiln (N = +)

(l0)

(1l)

Iд4
- 4m2 -зп4 (12)J

1

Оgэr cismin еп kэsik sаhэsi hэr hanst I" konturu ilэ эhаtэ

olunan bogluýa (dеgiуэ) mаlikdirsэ, onda polyaT эtаlэt
momentinin ifadэsi gэkliпdэ оlаr

J =Jz-Jt
Вчгаdа Jr- xarici l, kontmu ilэ эhаtэ оlчпап en kэsik

sahэsinin эtаlэt momentidir "I2 isэ daxili l" kопtчгu ilэ эhаtэ

оlчпап bogluýun (degiyin) sаhэsiпiп аtаlэt momentidir.

t'
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Рrеfасе

Physical поп-liпеаr ргоЬlеms (non-linem case of геlаtiоп

between stress апd stгаiп соmропепts) аrе considered in йе

mопоgrарh. The two domain (fоr finite domains) рrоЬlеms of

elasticity theory (plane рrоЬlеms, torsion апd bending problems of
prismatic beams) аrе solved both iп small physical поп-liпеаr

statement (Сачсhу, Genki, Каwdегег's point of view) and

агЬitrаry physical non_linear statement (Gгееп, Дdgiпs and

etc,point of view).

As the solutions of mапу рrоЫеms of elasticity thеоrу

with the considered domains in physical поп-liпеаr statement have

not studied епочgh апd espcially, as thеrе аrе по solutions of the

рrоЫеms fоr domains with linear cracks, this book is of grеаt

imроrtапсе.

А majority of the рrоЬlеms iп physical поп-liпеаr

statement сопsidеrеd in the book, wеге solved Ьу the author

himself.

То save the time of rеsешсhеrs, some needed

mathematical calculations аrе фчеп iп the ready fогm. Some

advices to future investigations Гrпd its place in the book. It should

Ье specially mentioned that to чпdеБипd the strong mathematical
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calculations the rеаdеr mцst possess арргорriаtе mathematical

knowledge.

Not all the рrоЬlеms of physical поп-liпеш elasficity

theory have bеen considered iп the book, we have considered

some problems that we ше interested in sоmе рrоЬlеms not

considered hеrе mау Ье easily solved Ьу the method mепtiопеd iп

this book.

The monograph is the first book in the АzеrЬаijап

language in the field of physical nonJinear elasticity theory.

The book is intended fоr а wide class of rеаdев, fоr

students, post gтaduate students, tеасhеrs, rеsешсhеrs and etc.
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INTRODUCTION

Development of science and engineering in the last уеагs

rеqчirеs to extend classic theories, to reject linearization of some

assumptions апd ргiпсiраl equations (depndencies between stгess

апd strain components) and to solve some imропапt problems that

ше not сочеrеd Ьу classic elasticity theory. Тhеrеfоге, solution of

поп-liпеаr рrоЬlеms is чеrу urgent in dеfогmаЬlе solids

mechanics. This is connected with importance of exact analysis of

stressed states of solids чпdеr consideration апd with the fact that

these pnysico-mechanical рrосеssеs сап not Ь explained Ьу the

laws known fгоm the liпеаr elasticity thеоrу.

All what has been said, leads to development of поп-liпеаr

elasticity theory, аý поп-liпеаr ргоЬlеms have а great imроrtапсе

in physics and up to date епgiпеегiпg.

Rejection of раrt оr all of the iýsumptions апd епоп

adopted in elasticity theory gives а гisе to пеw чагiапts of поп-

liпеаr elasticity thеоrу (there ате different геlаtiоп fоrms between

strain tensor and stress соmропепts).

Iп classic elasticity theory, liпеагizаtiоп is mainly

conducted in two directions. The first опе is geometry of а

deformable body (as dеfогmаtiоп is чеrу little, йеir tеrms of two

and mоrе poweT аrе ignored). The second one is physical
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proparties (relatiorr of stress and strain, i.e. the Hooke's law) of

mаtегiаl of а body чпdеr consideration. These two facts wеrе used

ilt аррагапсс of elasticity theory.

Physical law of deformability, i.e. rеlаtiоп of stress and

strain (in оthеr wоrds, pгincipal deteгmining equations expressing

the state of elastic body) аrе expressed iп two ways:

1, The method based оп gепеrаl functional relation of

stress апd strains феtwееп two differcnt powef sупmеtгiс tепsоr

соmропепts). -а роiпt of view of scientists as О.Сачсhу, Genki,

качdеrеr and etc.

2. Inclusion of deformation епеrgу function into elasticity

ptential. А point of view of such scientists as А. Gгееп, D.

Дgiпs and ойеrs.

Dеtеrmiпаtiоп of rеаl physical expressions between stress

and strain соmропепБ with rеgаrd to the mentioned two points of

view, апd solution of some чгgепt рrоЬlеms of up do date

епgiпеегiпg ше imроrtапt issues of попJiпеаr elasticity theory.

Sоmе actual ргоЬlеms of попJiпеаг elasticity theory wеrc

solved Ьу the known scientists woгking iп this field as N.N.

Goldenblatt, A.N.Guz, K.Z. Halimov, J.S.Erjanov, D.D.Ivlev,

д.А. Lрпliп, Д.S.КоsmоdаmiпsНi, Yч.I.Соifmапп,

D.L.Lачгiе, H.M.Mushtari, Y.V. Novoghilov, Y.S. Postricage,

Y.N.Rabotnov, O.Nemish, H.A.Rahmafutlin, L.Z.Sedov, G.N.
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Sачiп, Р. Lukas, S.Lekhuitskii, I.Teгegulov, N.S.Sailov,

L.A.Tolokonnikov, G.S.Tarasev, D.Р.Кhогоshiп, I.Д.Тrusраl,

D.Дdgiпs, А.Gгееп, S.Trusdelli, F.Iпdrа, G. Сачdегег and

оthегs.

The works dопе iп the Гreld of попliпеаr elasticity thеогу

in очг Republic is rеlаtеd with the names of sчсh scientists as

А.Мirzаjапzаdеh, Y.Amenzadeh, М.А. Babayev, A.Z.Isayev,

N.Mamedsadygov, RКегimоч, N.Guliyev and othes.

Iп this book, we leave geometrical lineaгization, violating

the Hooke's law in considerable degree (assuming that small

deformations сhапgе Ьу liпеаг law) we сопsidеr the case when the

expressions оп rеlаtiоп of stress and strains consists of nonJineт

terms (physical попliпеаr elasticity thеоrу).

The book consists of iпtгоdчсtiоп, thrее chapters and

геfегепсеs. Рlапе рrоЬlеm of physical поп-liпеаr elasticity

рrоЬlеm is considered iп chapter 1. (investigation of stressed state

of finite polygonal doubly connected plates чпdег different

loadings)

Iп сhмеr П torsion of prismatic beams аrе researched in

physical поп-liпеаг statement.

Bending рrоЬlеms of ргismаtiс beams in physical non-

liпеаг elasticity thеоrу аrе сопsidеrеd in сhарtег ПI (ргоЬlеms of
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absolute bnding апd concentric lateral bending of а ball чпdеr

loading),

As the book is the Гrrst book in this field book in this field

in the АzеrЬаijап language, valuable advices аrе given in each

сhарtеr fоr future researchers.
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PART I

РLДNЕ PROBLEMS ОF РНYSIСЛL

NON-LINEДR ELASTICITY THEORY

1. РгоЫеm stдtеmепt. Basic equations of physical

поп-liпеаr plane ргоЬlеms.

It is known that classic theory of elasticity is based on

Hooke's ргiпсiрlе- expressed Ьу liпеаr гelation between stTess and

strains. Неrе we give опlу very imроrtапt ехргеssiопs for dегiчiпg

basic equations of physical поп-liпеаr elasticity theory. Fоr widеr

information in this field, опе сап see rеfеrепсеs

[21,22,з8,6з,8з,94J.

It is kпоwп that in physical попliпеш elasticity theory, thе

equilibrium equations чпdеr the action of certain forces аrе as

follows: [22,38]:

0о- 0t, _arn _u _n------Д +0х ач 0z

'We фiпk that iп оrdеI to чпdеБtапd фе рюЬlеms iп the book, the rеаdег
sufГrciently knows the basic notions of the classic elasticity theory and higher
maфematics. The rеаdег mау Ье acquainted with mапу books on 'Elasticity
theory" written iп Russiaп апd English апd the fiгst book iп this field written in
the АzегЬаijап laпguagc.
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Ц*9*Уо*y =оdхфdz
0!* *ё:п *0?n *r__оdхфdz (1.1.1)

In these cxpressions ox,oy,oz, trу,tо,Тr, ш stress

components, X,Y,Z are чоlчmеtгiс forces (fоr ехаmрIе, gravity

and iпеrtiа forces)

We сап wгitе the equilibrium conditions (1.1) iп the

compact foIm (igпогiпg the volumeгic forces)

Оц,i =0 (1,1.2)

The mеап value оо of the поrmаl stresses о,,о, and о.

is mеап stгеss and is dеtегmiпеd iп the following way:

(1.1.з)

At аrЬitгаry роiпt of the coordinate system oxyz the ýtгеSs

tensor Т is expressed iп the mаtriх fогm as follows;

"=;h 
*о"*о,)

т= (1.1.4),

Then, the free iпчагiапts S,,S, апd .ý, of йе stress tепsоr

аrе in the following fогm: (whеп о,,о" апd о, поrmаl stгesses

ше basic stlesses):
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9о-

Stгаiп compatibility conditions

(relations between thfее longitudinal апd three shear strains):

+ ф + ф - о,о, - оrо, - о,о"|* f, + fi, + fi,ib:

S, = О, +О, +О, i 52=o,,oy+oJoz+oxoz I

Sз= OxOyOz; (1,1,5)

Tangential stfesses intensity zo is expressed as follows:

\{",-""r *(о, -оо)Р +(о.-оо)2 =

(t.t.0)

.Э2а, _ Э [L-:--=- -,=-|dxdz фL

"02е, _ ? [L=--=- - 
-=- 

|dхф dzL

0уо ,0уr, 0f,у

ф-аr-а.
0rо ,lrn аrо1
_=-f_: ----:-|ф dx dzJ

,tэ. = ll ц -уо -у-1, tb =Ц -ц,-ахф 0z[ф' ах эz.]' ?уёz Oz' ф''

{ц=+-+, !+=+-!э, (L1.7)
\xOz 0х' 0z' 0хф ф' 0х"

The rеlаtiопs btween strЫпs (au ) and displacements

(и. v, w) аrе iп the following fоrm:

(iрогiпg the third апd higher оrdеr displacements)
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\' (аr)

J 
-[ы.J

r2

,]-
-[ l dD\

tы]
2 /Эr"\2*[ыJ -0u-:-

dx
€* =2

0u

dx

0u:-
ф

-(
7 2

€ =rФ*
ф

0w

Ф
+

+

,у

, =zФ*(ц)'*rФ)'-rФY" 0z [Эzl [0z./ [0zl
0u 0u lчOu luOu а}{/ар

_1- 

-- 

-д 

-- 

J-

ф'Or'Oхф Элф 0лОу "'

0w 0u 0u 0u )tl Ou а}, а},
=-l--Д---Д--J-_--L?х' Эz' OxOz' ?х Oz' Ох Oz""

= Еrуч

fп= €о

It should Ье поtеd that if we сопsidеr the plane рrоЬlеm of

elasticity thеоrу, thеп the expressions (I.1.7) апd (I.1.8) иkе the

following fогm:

Strаiп compatibility conditions:

(I.1.9)

The rеlаtiоп between stгains апd displacements

(I.1.10)

€о,оl € r,u -2€rу,rу =0

,u =Lr(u,,, * u,,,)

rrу€о
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Iп these expressions, i апd j take the values 1 апd 2

respectively.

The sips of соmа in the ехрrеssiопs indicate (see. I.1.2,

I.1.10 апd etc.) partial derivatives. Fоr example,

€ * Е,,,

=Е*9*2-9 and etc. (r.r.rr)ЭлЭуOхф
Based оп. G. Gгееп's point of view fоr isotгopic and

hоmоgепеопs bodies fоr relationships between stress components

ou and strain compnents €, some scientists assume that thеrе is

iппет forces potential isan energy function [22]

t] =t](l,;lr;tr)

Неrе J,J, апd "I, аге аrЬitrагу changing iпчагiапts of the

strain tensor

Ei | €r,, l Еr,, =

D=
€,,

€п

€r,

€

€

€

,у

уу

уa

En

€zz

(I.1.12)

So,
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t,=:(r_+€,!+Е.) 1
='u"

уу+€уу€zz+Еа€,,-,,=:ь м€

- ф+ ei,_ ei| t€,j
l
4

,, = i[i;
Iu-

€о

€,
€r,

€,,

€r,

€а

1
= 8'u'u

€i, (I.1.1З)

The invariant "/, is called а чоlчmеtriс extension. Similar

to рriпсiраl stгesses (о,,оr,о.), tb" Е**,6о апd е., arcsaidtobе

principal elongotions (strаiпs in the diгection of йе coordinate

oxes х,у and z)

Called чоlчmеtгiс extension. Similar to ргiпсiраl sEesýed

(о,,оr,о,) thе €н,,€уу and а. аге called

If iп the coordinate system oryz at афitIшу pints

paraleld to ргiпсiраl elangations (а_, ео,а" ) the shеагs

\rпrо, r*=€о and fr,=€п) аrе zего, then strain tensor апd

шЬitrаry чагiаЬlе invaгiants take the fогm: (if in expressions

Ем<€уу<€ч
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Yr" = €п = 0 and т,"= Ео =0)

(I.1.12) and (I.1.13) we take into ассочпt rry=ary=0

0

€z]

* =+(r- *r,*r.)=LJ,

D=
€в00
0€

уу
(I.1.14)

0

апd

J

J2= €_€ уу 
+ € уу€а + € х,€ч

Jз= €_€у!€zz (L1,15)

According to stress соmропепк investigation the mеап

elongation ео is defined as follws

(L1.1б)

Тhеп the сirсчlаг tensor Do of the strain is in the fоrm:

0

€х, +€уу+€а

(I.1.17)

This mеапs that in the considered case, the chahge of the

volume of the body hoppens becanse the change of its fогm.

Do

€о 0 0

0ео0
00€о
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Тhеrеfоге , Do is catled рчrе volumetгic stгаiп. Difference

of deformation tensor Do апd сirсчlш tепsоr (рчrе чоlчmеtгiс

strain) is called strain deviator апd is denoted Ьу D' .

So,

D'=D-Do= €о € lz
(I.1.18)

€, €r,

Strain deviatoг D' is sчсh а Strаiп that а body gets it

withont of its volume (i,e/ а bady changes опlу its fоrm).

Similаr to tangential stгеssеs, shеаr strain intensity factor iS

dеtегmiпеd Ьу the following ехрrеssiоп

€_- €о €,
€п-€о

€ч- Ео

2
(I.1.19)

Fоr рчrе чоlцmеtriс strain (fоr €о=€, =Е.. =0) the

exPression (I.1.19) is simplified and takes the fоrm:

(I.1.20)

According to crystallic struсtчге of body mаtегаls, the

relationship btween stress and strain соmропепts is iп different

fоrm (fоr wider information see Smith and Kvlin [1l7], Gгееп

and Дdgiпs [22] and оthеr теfеrепсеs).

|l"i 
*,i + с| - с,е, - r,r,-,,ч"Jr|(r',*ri,*r'-).6

|Vъ-&-rэ)V/o
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It is kwoon that in mапу cases the crystallic struсtчrе of

mateгials of bodies mainly consists of these classes: tгiКiп system

monohedral and pinocoidalic classes, mопосliпе system (dihedral

axisless class, dihedral axis class and prismatic class), Thombic

system (rhоmЬiс pyramidal class rhоmЬоtеtrаhеdrаl class,

rhоmЬiс dipyramidal class) tеtгоgопаl system. This system

consisb of 7 crystal classes:

- tetragonal- tеtrаhефаl class

- tetragonal - pyramidal class

- tеtгаgопаl - dipyramidal class

- tetragonal - scalenohedial class

- ditetragonal - pyramidal class

- tetragonal - trapzoidal class

- ditphotrogonal - dipyramidal class

The счЬе system (счЬiс sуmmеtгу system) is divided info five

crystal classes:

- tгitеtrоhеdrаl class

- didodecahedral class

- hexatetrahedralclass

- tгiactahedral class

- hexoctahedral class

Нехаgопаl ýyýtem consists of 12 crystal classes:

- tгigопаl - pyramidial class
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- rhоmьоhеdrаl class

- ditгigonal - pyramidal

- tгigопаl - trареzоirlяl class

- hexagonal - sсаlепоhеdгiаl class

- trigonal - dipyTamidial class

- hехаgопаl - pyramidal class

- hexagonal - dipyramidial class

- ditгigonal - dipyramidial class

- dihergonal - pyramidial class

- hexagonal - trapzohedial class

- dihexagonal - dipyramidial class

Finally, we can notice transvebal - isotropic sуmmеtrу sуstепБ

and isotropic sупmеffу system.

Below we give some ехргеssiопs fоr the existing

sуmmеtrу properties of the classic claSSeS (we accept that these

аrе thrее diгections of body mаtегiаl Ьfоrе strainand {,,Q and

Q аrе unique vectors of thеге diTections.

In the гiklin system, there аrе restгictions in the direction of

unique vectors ёчё2, аз апd there is по restriction оп internal

fогсеs potential U (епегgу function) , i.e. this function is

expressed as а polynomial of strain соmропепts in the fогm:

U =[I(e-,cr,e .,€Е,€у,,€о) 0.1.2l)
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Fоr the next соогdiпаtе system we сап choose апу rectangular

cartesian system oIlZ .

Fоr а monocline system, the unique vectors 7, and 7, make а

rесtапglе, а unique vector Q, bcomes регрепdiсчlаr to the

sчrfасе ф Q . Iп this system, dерпdеmе of the function U оп

strаiпs is as follows.

IJ \с о, е о, с u, е о, € n, € n)
U (с -, с о, е u,-e r, € r,,- €,,)

(I.1.22)

Fоr а rhоmЬiс system the unique vectors е|,ё2,ёз аrе mutually

pеrpndicular to eachy оthег.

The origin cartesian coordinate *es (r,y,z) are taken раrаllеl to

the iпчqче vectoБ q.Q and Q.

The intermal fоrсе potential U function depnds оп sечеп

quantities (combination of strains)
lэl,rl

U =U\ео,со,еu,€',€',,€',.€r.€r,.Е,,/ (L1.23)

In tetrogonal case, the unique чесtоБ ёr,ё, апd Q аге mutually

регрепdiсчlаr to cach оthеr.

As in the rhombic system, the coordinate Ф(es аrе раrаllеl to

unique vectors апd the axis z iý taken as the main symmetry axis.

In this case, the fчпсtiоп U is taken in two fоrms. Fоr the first

thrее classe this expressiaon is as follows:
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t]\e u,, o,ru,e

=IJ(c,,,e*,eu,

UЬ

2
,у

€

yz

€,Е ,€ Е
ху

€

"u*)=

',€
2€

€

'€xz

€ €

Fоr the last fочг classes it is taken as

IJ \ео,е о,е u, с о,Еп, € n=
= Uro,c o,e,',r,",-rr,,-r-) 

(l'l'24')

Fог the cubic System the unique чесtогs ёr,dr,ё, are mчtчаllу

регрепdiсчlаr. А coordinate system with sуmmеtгiс axes pmallel

to unique чесtогs is сhооsеп.

Iп the gепегаl case, fоr the счЬiс sуmmеtrу case, fоr the fifst two

classes the function u is taken as follows:

€ о,со,е2r,€2r,ф,е,

\uo,, о,rо,r'r,,

€

=U

=U

=U

=U

ь,,

ь.,

€zz,E)tr,€ ,€

€о,€уу,Е2,€

yz

2 ,€ .€ ,€

€ € .€ ,€
'у yz у. ,z

,у

е2 ,с .е .€
yz7yryy(r-,ru

(r.,r-
, €о, €2о, €

(I.1.25)

(I.1.26)

2
yz

2

2

i.e. а polynomial ехрrеssiоп is used. Fоr йе last three classes, the

function u

U ',€'-,е -с -€R )=

)=

)€,€.л,,€2 ,€2 ,с2 ,€ .е
,, х1, rу yz ,у у

In the hexagonal system the relation Ьегwееп the iпtеrпаl forces

potential U function апd strаiп components эч is on mапу
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чагiапts. Fоr the first two crystal classes this relation is created Ьу

14 quantitis (combinations ЬеМееп strаiп соmропепts), for the

remaininj tfuee classes this rеlаtiоп is created Ьу 9 quantites.

In the tгапýчеrsаl isotropic system, for all йе crystal

classes the relation between the function u апd strain

components е, is а follows (i.e.in the fоrm of а polynominal):

U=U ь yyl о,2е ,,* - u'rr,z, _. ur")2r+€2ri€о€u-€+€ €

Finally in the isоtгорiс system, fоr all the crystal classes а

polynominal expression fог the function U is as follows:

u =u(l,,lr,lr)
Here Jl,J2 and J, аrе free invariants and аrе exprcssed

Ьу the expression (I.1.15).

То investigate the expressions fог stгesses and strain

соmропепts fоr all the crystal classes mentioned above, is

impossible within this book. Тhеrеfоrе, we сопsidеr only the cases

fоr small cubic sуmmеtrу systems (Hooke's lack fоr isotropic

materials аге widely investigated in elasticity theory books

|2,9,19,26,з0,45,6,1 ]

Fоr сгуstаl classes of the счЬiс system the relationship

Ьеtwееп the streýs and strain соmропепts is иkеп in the following

чагiапts:
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a,;={Poo,au -SЬ,-оо бч) G1.2,7)

This relationship is based оп the point of view of О.

Cauchy, А. Genki дпd G. Соwdегеr (а point of view based оп

gепеrаl functional Telation between а, and о,; )

е,1 = ft.6ц + fz,оч *,fз.оit .о iki fn=+, "=l;2;3 
(I.1.28)

ds"

But this rеlаtiоп is frоm the point of view of А. Grееп and others

(а point of view including а strain епеrgу function).

In these expressions К is а чоlчmеtгiс соmрrеssiоп

modulus, G is shеш modulus, /n is а stress fчпсtiоп of the

mаtеriаl. U =U(JуJz,Jз) is а potential of intemal forces

potential (епеrgу density function), sl,s2 and S, аrе stress tепsоr

invmiants, t(so) is а mеап stгеss, ((so) fчпсtiоп, 8(r3) i,

intensity function of tangential ,n rr", [o')l

,о = } i, the ехрrеssiоп fог the геdчсеd mеап stгess,

,о ="о
G

is the ехргеssiоп fоr intensity the геdчсеd tangential

stгеssеs. The functions ft(sо) and g(rfr) rn.у Ь" taken in the fогm

of infrnite sеriеs [38]

25з



ft(so)=1a1,.so+&r.s] +ftr.s] +... (I.1.29)

B(r3)=r*cr,tzo+go,t!+g.,r|+... (Ll.з0)

Неrе

k,=-fi i kz=2l - zz ;

kr=-sl,+5и,zz-д ;andetc. (I.1.31)

The function 7 in expression (I.1.31) is the elongation function.

This elongation belongs to line size Ьчt поt to time)

8z=-Tz; вц=Зтl-fi... (I.1.З2)

у is а shеаг stfain fчпсtiоп. With the Ыр of the fцпсtiопs

(r, ) , tbo ) -а с (r3 ) the reduced tangential stress intensity is

expressed as follows [38]:

so =oo.ft(so); ,о=уо,fй), (L1.33)

It should Ь noted that if in the ехргеssiопs (I.1.Зl) we герlасе the

coefficients 7, апd k, (i.e. rерlасе опе Ьу апоthеr), we equalities

rеmаiп valid.

If we take onto account the expression (I.1.3) апd (I.1.4) in

(I.1.33) use the mеап strеsý tепsог

То=оо'Е, (I.1.34)

thеп after sоmе trапsfоrmаtiопs we сап find the strеssеs Ьу means

of йе strаiпs in the following way:
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о, =зк,t(so).Ео +zc.fy|) Q,-eo)

о, =зк.r(sо).ао *zc.fv&) (r,-rо)

о, = зк, ft (so). ео + zc. fvl). G 
" 
- ео)

",=с r(й) уо; ","=C.y(v!).r,";

"*=с r(,й) r* (I.r.зs)

If we take into ассочпt the expressions (I.1.16), (I.1.17), (I.1.18)

апd (I.1.33) strain соmрпепв (а, ) .r" ехрrеssеd Ьу the strain

соmропепts in the following way: (in these expгessions

Eu -- €,, €уу = €! are accepted as е. = сr).

а,=} t(,o) оо*} Bt3)(+-",)

а, =f *(,о).оо -fr Bt3) (", -".)

,, =f .t(,o)oo *} ,G).@,-оо); rо=f, ,G) ",,

,,, =f,,rkl),",,, r*=f,,rQ'o) "., (Ll.зб)

Iп the expressions (I.1.35) апd (1.1.36) К is а volumetric

compression mоdчlчs, G is а shеаr modules.

А collection of frfteen equations mentioned above - thrее

еqчiliЬгiчm conditions (I.1.1), six strаiп compatibility conditions

(I.1.7) апd six expressions (I.1.35) оп finding stresses Ьу stгаiпs
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(ог expression (I.1.3б) оп finding strains Ьу stresses) make the

basic system of equations of поп-liпеаr elasticity thеоrу (foT small

stгains). It should Ь noted that fоr plane рrоЬlеms of elasticity

theory (both fоr а stressed апd strained рlапеs) the indicated 15

equations аrе чеrу simplified.

As in the ýtresýed state the plane is in the fоrm:

оr=0; то=0; tr"=O

the equations (I.1,1) and (I.1.35) decrease and Ьесоmе 6:

equilibrium conditions

9*,%.=о,9Э*9=о, (Ll.з7)?хфOхф
Strain compatibility conditions

+-э=!+ (1.1.зЕ)
Ф' 0х' ахф

exlrression of stгаiпs b5l stгеssеs.

,, = } t(,o).oo *} в(,,') (", -",)

,, = f .t(,o).oo *} в(,3) (", -",)

r,=f, вG),, (Ll,з9)

In deгivation of these expressions, It was taken into ассочпt that

the stresses о,,о, апd 
'ry 

аIе чегу small iп соmраrisоп йth
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оthег dimensions of thickness of plates in the direction of the axis

z алd these stresses depend only оп the axes л апd у .

Similmly, in the ýtrained state of the plate, as iп фе classic

thеоrу, in попliпеаr elasticity theory, the above mentioned

equations аrе simplifred and diminish in пчmЬеr. (it is иkеп onto

ассочпt that the plate is in Stгаiпеd state cz = f,z = rуz)

We repeatedly notice that all there simplifications апd

diminution of the пчmЬг of equations ше trче only fоr small

SшalnS.

Whеп а plane is in stressed state, the reduced mеап stress

(sо) -d mеап intensity of tangential stresses (lo ) иkе the

following values:

(" о+l
J )

оо

зк
(о,*о,)у

+ otr-o,oy +

l;sо=й

aL
V: 2t0 3try (Ll.Ф)

gG2

Whеп а plate is in strained sиte, the stresses ou in the

ехргеssiопs (I.1.27) апd (I.1.28) as in the classic elasticity theory

satisfy the equilibгium equations in the same way, and is

expressed Ьу AilT stress function (Л) as follows L22,2Sl.

о,, = F,*.6,, - F,,, (I.1.4l)

Неrе, the coefficients бч аrе dеtегmiпеd Ьу the fогmчlа:
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л aJ,q=й (1.1.42)

J, is а sгain tensor (the first free iпчаriапt of stгаiпs) апd fоr

plane stress state is dеtегmiпеd as

Jt = €** (L1,43),

According to (I. 1.4 and I.1.4З) we сап wгitе fоr i * j ;

6,, = б ii =|; fоr i = j ; dч =0

Ву the гчlе of "счЬе" оrdеr stress strаiп relation we can writе

expression (I.1.28) as follows [22].

€ц = 1tрш . бц + L, . o,i + Цr. ozkl, . бij +

+ Цzоk,оk, . бч + 2Lr, , бkkoij +

+ Цr. о'*. бц + Цr. о*о jk. бi +

+ Цz. оь . ои. оц . бч + )"r. ozuo u (I.t.++)

Неrе, the coefficients 2u dеtеrmiпе the physical рrореrtiеs of the

considered mаtеriаls.

Notice that as shown in [99] the ехргеssiопs (I.1.27) and (I.1.28)

consider with the following values of the coefficients 2u that ше

elasticity constants.

-l1)-'"'- gK бG h,
1

h,
l 8z.

4G' 2,7 Gз
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', l 8z э | 8z.
Цz=- о,}; "., =п G3,

bl= bz= цз=о (L1.45)

( (соmрrеssiоп modulus) and G (shear modulus) coefficients iп

these ехрrеssiопs аrе found Ьу the Е (Yочпg modulus - elasticity

nrodulus) and и (Poisson rafio ) constants widely met in practice,

in the following way: (and inveвely, if G, l( аrе kпоwп, thеп Е

and и аге found)

lK Езк2

Е=2v+|,G=з.u-2.к= 9KG
v ч зК+G

2G б _n ЗК+G , llч =-=-: L.-------------- , \I.1.46)Е-2G зк_Е зк-2G
If we wгitе the expressions (I.1.27) оr ( I.1.28) of rеlаtiоп btween

ou and strain components tu in expression (I.1.7) of stгain

compatibility conditions the solution of рlапе рrоЬlеm of physical

поп-liпеаr elasticity theory is rеdчсеd to integration of the

following diffeгential equations:

Fтоm O.Cauchy, Д. Genki, G. Gаwdегег апd others point of

vlew

G=|.u ,Е: к2Kv

l+-, рзG" t;)]t", -",}_
^{[# 

-.',,
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lГ-й| ох lO,' (t.t.+T)
dx' ф'

Frоm А. Gеrееп, D. Adgins, апd others point of view:

(4, + 4,). мл + 4, . д[(м)]+

+ r- . 

^Ь(F,ч 
r,ч )+ z(Mr,u )u ]+

+4,.ф(м[]+ ц,.(F,,i F,u F,,\,+

+ 4,[(мr,ч r,ч )]+ 4, ftM)' F,ч lu = о (l.t.+B)

ln these expressions, Г(х,у) is the Airy function о[ ýtrеssеs:

So, for рlапе strеýs state we сап wгitе [25,43,6'l]:

O2F azF а2F
(I.1.49)ом о to

сsG] {sft) -r"-.{Фl=о, oxoJ J

ф у ах2 аrф

А is а Laplace ореrаtоr:

\7 12
д= j=*j, (I.1.50)

dx' Ф'
The соmmаs indicate рапiаl deгivatives (it should Ье

mепtiопеd that iп рlапе stгеss state, the i and j and also k апd

n indices take the values l and 2).

If we сопsidег the ехрrеssiопs (I.1.49) апd (I.1.50)

in differential equation (I.1.47), we сап wгitе:

2
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^{[# 
оr.,-*,(*)]*}-;[# a;Р-

-##-,#Р*]=. (lrsl)

It should Ь noted that iп solving some stress

сопсепtгаtiоп рrоЬlеms it is convenient to use роlаr coordinates

(р,0).

Using the expressions fоr the relation of plar
coordinates and саrtеsiап сооrdiпаtеs

у=рsiпQ; р= х2 +у2 l tg?= у (I.1.52)
х

а = pc,os9:'

fоr paTtial dегiчаti чеs we сап writе:

аа0 ёо+--. --1- =000х' ёх

а аа ,р

0х 0р Ох

а 2х +у
=i=9959

р

а0
arag !

х
а

0х

2 siпd а0 х cosd

Э ЕЭо а а0 0о ч _

-=-__.:-+-.-. 
__.:- = -:- = stn 8;

ф 0рф аOф'ф р

у
0х ?х р7 р'Ф р2 р

^=#-#= #-;+-i#, (Ll5з)
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Ву mеапs of expresions (I.1.53) we сап wгitе differential

equation (I.1.51) as folows:

^{[# 
-r.,-+,(,;Ь4-rЬ ) a'Bti)

)'аr-it
1а2F 1аF
p2O0z'p ёр

,а,r ( l, a'*ti). 1 аgt:Лl-бF |VТ-; ф ))-

"[rа'r_rад).['\рафо р'а0 )l
r а's(,i) щt]l =о; (I.t.s+)
р 0d0 р' ё0

As it is seen, the solution of рlапе ргоЬlеms of physical

попliпеаr elasticity theory is reduced to the integтation of

differential equations (I. 1.54) апd (I. l.a8).

Iп both differential equations, F(r,у)= Лф,а) is а stress

fчпсtiоп.

It should also Ь noted that if in differential equation

(I.1.54) we accept ft(so)=t 
""а 

g(r;)=r, and that in differential

equation (I.1.48) except ,i.,, the оthеr constants аrе zеrо, the both

differential equations аrе rеdчсеd to Ьihагmопiс equation

ддF =0 (I.1.55)

(i.e. йе considered рrоЬlеm tчrпs into а рrоЬlеm in liпеаr

elasticity thеоrу) known frоm classaic elasticity thеоrу.

In both cases, (both in solving differential eqaution (I.1.54)

based оп О.Сачсhу, А. Genki, G.Саwdеrег and etc. point of
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view and in solving differential equation based оп points of view

of А. Grееп, J. Adgins and otheв) йе boundary conditions аrе

determined as in classic elasticity thеоrу.

If we take the functions t(so ) and B(r] ) сопtЫпеа in

differential equation (I.1.54) in the fоrm of а sеriеs as (I.1.29) and

(I.1.30), then the solution of differential equation апd satisfacfion

of Ьочпdаry conditions meet mапу mathematical difflcilties.

In mапу cases, the ехреrimепts оп mаtегiаls show thчf опе

сап take the depndencies Ьtwееп mеап stress (so) апd mean

strаiп (ео) Ьу the ехргеssiопs close to liпеаr rulе.

Тhеrеfоrе, fоr small ýtrains, the expression (I.1.29) iп

solution of сопсrеtе рrоЬlеms is taken as

e(so)=l (L1.5б)

(small, i.e. little physical поп-liпеат elasticity thеогу рrоЬlеms).

Fог the tangential stresses intensity fчпсtiоп g(r;) tb" fiБt two

tеrms of the series in the expression (I.1.30) is taken

/л\c(lj)=l+c:.lil (I.1.57)

Iп these spcial cases (I.1.5б) and (I.1.57), the solution of

differential equation (I.1.54) for physical поп-liпеаr statement

simplifies.
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Based оп existing rеfесепsеs оп the solution of differential

equations, for the solution of differential equtions (I.1.54) апd

(I.1.48) (i.e. fог integration), the stress function F(л, у) is taken as

а роwег sегiеs of small рагаmеtеr.

F=ZIF"=Fo+tr.Ft+n.F2+... (I.1.5s)

The иkеп small ршаmеtеr а is determined as

а=1=K,8z,l_ (L1,59)
3К+G G2 \

fог diffeгential equation (1.1.54), and as

l= , )r, G.l.бo)
\t+4z

fог diffегепtiаl equations (I. 1.48).

If we иkе into ассочпt the ехргеssiоп of stress fчпсtiоп F iп the

fогm of series (I.1.58) iп differential equations (I.1.54) апd

(I.1.48), and use the condition of equality of the sчm of the same

роwег telms of the small раrаmеtеr ), , еасh of these differential

equations are rеdчсеd to п пчmЬеr of system differential

equations. The fiБt of these equations (the differcntial equation

made of zеrо роwег of the раrаmеtеr 2 ) is а liпеаr, homogeneous

equation that coпesponts to classic elasticity thеоrу. The

rеmаiпiпg differential equations фче coпections to liпеаr

elasticity theory.
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'Ьчs, the system of differential equations obtained in both cases

(i.e. differential equations (I.1,54) and (I.1.48) mау Ь determined

itt shогt Ьу the following expгession:

ддт(О) =о G.1.6l)

^д.(")+.G)[FФ), 
д(r),...дt"-t)j= о (I.1.б2)

Herc, Lfr) is said to Ь а liпедr ореrаtоr and consists of

the fuпсtiопs р(0),р(t),д(u )...р('-') obtained from the solution of

thc ргесеdiпg diffcгential equation of each differential equation

and the expressions of this derivatives.

The function F(п) obtained frоm the solution of each

considered differential equation, make some согrесtiопs fоr

preceding ones.

It is kпоwп frоm the rеfеrепсеs фat in liпеаг elasticity

theory (рlапе рюЬlеms), the Дrу stress fчпсtiоп F(П) is

determined Ьу two analytic functions p(z) апа и(z) Ьу tbe

following expres siоп [2,9,|9,25,26,2'7,З0,4З,6'l l

F(о) =ReИ-,p(z1- tvk)arl (I.1.6з)

Неге, the symbol Re shows that the real раrt of the

ехрrеssiоп in Ьrасkеts should Ье taken.

Due to finite ог infinite form of the considered body (plate,

cylinder, prismatic and etc.) and the пчmЬеr of соппесtiоп of
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domains, йе function p(z) апа и(z)аrе tаkеп as follows (see

some rеfеrепсеs |2,26,4З,6'l| in elasticity thеоrу field to get mоrе

iпfоrmаtiоп).

1. Fог finite опе-соппесtеd роlуgоп сопtочr domains,

(this сопtочг mау Ь in the fогm of circle, ellipse, squre, right

hexagon and etc.), the functions rp(z) апd чk) аrе found in the

fоrтп |2,26,4З,6'1]:

ek)=Z ,де; yQ)=|Bo z

д
(I.1.64)

z
д

kt

I
Неrе

а(") . Bk ZtP.,"G)
п-kц dп

q q

2.Fог finite doubly - connected domains, the геgчlат

functions p(z) апd и(z)аrе tаkеп as [2,26,4З,67]:

,lr(z) = tp- Ёrr +ZBo
t=0

t
z
л

(I.1.65)

Here (, is the inveBe fчпсtiоп € = Дr) ( 4 ) of the mapping

function z= о(е) of the iппег сопtочr аrочпd the unique circle.

Fог wide iпfогmаtiоп see [5l].

The coefficients А,, and В* of analytic functions, аrе as in

(I.1.б4)
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,,

z
д

'o"."!)r,, Во ь, (,)
п-k (I.1.б6)дk а

q q

The coefficients a|t) contained iп expressions (I.1.64) and (I.1.6б)

аrе fочпd for concrete сопtочr апd given iп the table fоrm in

rеfеrепсеs [51]t. тhе stш * shows the indices inseries (I.1.б6)

while passing to the next tегm iпсгеаsеs Ьу q (the пчmьеr of

sуmmеtrу axes- the пчmьеr of роlуgоп's sides). we аssчmе that

in cloubly соппесtеd domains the contoufs I" апd I. же

сопсепtпс.

3.The analytic functions fоr multiply , connected finite

domains аrе fочпd Ьу the following expressions [2,26,43,6'7J:.

(i) е(; +-k
k

+ ![х .z.rn(z - z,)+ )rln(z- z,)|;

k

vk)=ZBo *i iB!,){, * +f 4.tn(z-z,} (I.r.oz)guk
i=l t=l i=l

1 In ouT country апd post SSSR (поw ULS), теgчlаг function o(z) uтra q/(z)

were Иkеп in а very гочgh fоrm Ьу researdiers. sчсh scientisв exist at очr

days, too, In очт рареrs, we Иke sчсh fчпсtiопs in фе fогms (1.1,б4) алd

1t.t,OS1 based on exact matematical operations. Фу the advice of mу

supeTvisor, wогld kпоwп scientist D.I.Shегmап (the lаФ

26,1



неrе, the constants z; indicate the coordinates of опу points

iпtегiог to the contouв r, (; = t,Z,...z) .

7, are real сопstапк, 2, ате complex constants. The two-fold

seгies in the ехрrеssiоп (I.1.67) indicate the function rеgчlаr

ечегуwhеrе outside of i(i = 1,2,...п) пчmЬеr ! сопtочгs iпtегiог to

multipliconnected domain.

4.The analytic fчпсtiопs p(z) апа ttl(z) tоr infinite опе-

соппесtеd domains аrе found as [2,26,4З,67l:

di=eG)=Z "r,Ё-*

,y(r)=,y(ф=Z br.Ё-r (I.l.бs)

5. The rеgчlаг function p(z) жd vt(z) foT infinite doubly _

соппесtеd domains аге fочпd as follows [2,2б,43,67]:

dd=Z ао,!;h +| b*.!rk;
t=l

,yQ=Z cr.ý;k +| ar.{;k (I.1.б9)
t=l л=t

The чагiаЬIеs {, Md {rare the iпчегsе functions {, = 6rQ) апd

€r= zrk) of the mapping fчпсtiопs z = (ЦЕ) апа z = аl(4z) of
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сопtочr 4 and 4 bounding the infinite domain (S) fгоm

iпtеriоr.

Iп the expressions (I.1.64) - (I.1.69), as z is а complex

чагiаЬlе, below we give some trапsfоrmаtiоп fоrmчlа in огdеr the

rеаdеr save time.

So, as z =-r+ry and its adjoint z = x-i!, we write

1х=_
7

(z+z); l=-ik-Z) (I.1.70)

(I.1.71)

partial deгivatives:

0 00z а aZ а а

Эх OzOx'Oz Ох 0z 0Z'

Э ?Эz а aZ .(а а)
ф ?zф aZ ф \?z aZ)

Their inverse expressions (deгivatives):

Э ЭЭх а ач l(a .а)
. --:- = _l

0z lxOz 0у 0z 2[0х ф)

а ау |(а а)+-.__1 =_l _+l- 
|

ф aZ 2[?х Ф)
Э ??л (l.|;72)
dz dx dz

The Laplace operator Д is ехргеssеd Ьу the complex чагiаЬlе z

as follows:

а2 l) 12

д = 
_____= 1J_= = 4 =О:: (I.1.73)
0r' ф' dzdi

Ву what has Ьеп said above, апу Ьihаrmопiс eqution
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м/ =о

mау Ье expressed Ьу complex чагiаЬlеs as fo]lows:

оц =Ц*z]!-*9О{ =ro .аО{ ,. =о (1.1.74)" Oxn 0r'ф' фО az' a(Z)'

Considering the imрогtапt раrt of сопfоrmаl mapping fчпсtiопs iп

all рrоЬlеms of elasticity thеогу, fоr oftenly met domains in

епgiпеегiпgwе give the coefГtcients o\t) fочпd fоr z = a(f) and

its iпчеrsе Ё = zk) and functions апd арргорiаtе сопtочrs in the

following table fогm (see table Nрl.1 and 1.2)
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ý 1.2. Strеss state of а polygonal plдte possessing е

сепtгаl аппчlаr hole апd two liпеаr сгасks in the small

physical попJiпеаг condition.

As it was noticed in ý 1.1. if we take into ассочпt the

sеriеs (I.1.58) of the stress function F with respct to the small

раrаmеtеr in differential equation (I.1.5l), fоr the first thrее

аррrохimаtiоп (zero, first and second) we get the following

diffeгenti al equations [38,53]

ддг(О) =9 (I.2.1)

дд"0)*4[дФ)j=о [.2.2)

^дг(2) 
+ ь[F(о). F0)]= 0 (I.2.з)

неге 4h(o)], 4[ДtОl,Дtzl] аrе поп-liпеаr ореrаtоБ

and defined Ьу thе following expressions:

/"hФ)]= *|\,lt i,y-
- #,я,),ly- [;+,, 

- 
}*,)'] 

-

;,lл(;,я -#оý,) ,!у -

28з



-#,я,|,я, (,lt -3rаl -}rяl)+

}FI%I "я,-

-(оЯl z(г$ -J_rуl _#,я,)-

-# F r [; +,, -+ 
"ý,)-

-3 t яы Fя-э ,я-#,ý,)-

,,L 
,t% 

"l:l, (; ,я-# *,)-

-# ,ty, r$) r!il-f,г!!|-3,1l ,я-

-} rý) rý)+} (r}"'| J
* ---;

р,
F(0) . г(0)

-} rЯ rýl гýl +} 
"м |ьяr -i, 

r}opyl *

+\rfl рдl -+ t ý,r -*r*, ,ý,7-

-# ,яl-i rýl еуl *,t2{# .g-i .я,)]-

-,(;,у,-#,#,)']-
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*) rll r!!-# ,!l ,lЗ'7-

-}(ol2'| -} ,я Flll -},9 Fу,r -

-# t Яr rДl-},r12l (rllf -; ,у, cjp 4,*

-# of' FI}l -}r!i\rýll -} Fрl r#\ *

-# m'I t# (r[уr дl* g 
дl.(r#l|,

u Pt.l, 
"t,l]= 

2[до(о) .M(l) + о(о) ..дд"0) +

+ zofl(Mtll) + zol'l(Mt'l), 1 д60) . дг(О) 1

+ zofl(Mtol) + zolol(M0l),]- (0)
рр

.(t)lф 7а +
l 1+-,

р
Ф

р

_.g}() r$l+) r!,)-+l [; .я
l+-.
р

Ф(0)
+

-.fl (} .9-; .я,)]-

-,l[;.я-#.я,) (; ,р-# ,y)t

-[t *9_4 ogll.[1 .;91_4.4,,]l,\р , р, )\р , р- )l
(l,z.l)
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ФФ)и,р) = r*, (r9, - i.r.l 
_{. 49l) *

-оj.(Ё 
"j.,- # ,ý,)-u9 (# "я,-# 

,о)

-}hя,I-fr Fя,I,

бtlцr,рl=zrý, ,9 _iFя, .t,l* pto. дjо))+

- 
}(zr9) 

rP - rЯ). р9 * rР. rýl+оr$l.д9)*

-}(rР' rР + r!) , pýl -зr,Р. гjОl-згР rj'l)+

-} Frý) r9+огjО).рОl}

Неrе F(0) is the stress function iп the zеrо аррrохimаtiоп

апd is the stress fчпсtiоп (Аirу function) kпоwп frоm the liпеаr

elasticity theory for the corresponding рrоЫеm. According to the

paprs [2,43,26,53,67] for polygonal doubly соппесtеd plates the

function F(О) is dеtегmiпеd Ьу the following fоrmчlа (the plate is

чпdеr the iппег р,, and extemal р, equidistributed hydrostatic

рrеssчге (fig.1.1) )

F(o)=Re[z .p(z)+ lyk@i (I.2.5)

Неrе we make the following substitutions:

+
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Considering that iп this expression the analytic function

p(z) ana ty(z) *in the fоrm

е(.)=I н,(") *I D,
r
z t=0

t
z
д

z

д

k

we сап tvгite: (passing frоm vaTiable z to polal coordinate

system (р; d) апd сопsidегiпg tbat z = р'0 апd Z = pe-iq )

r(О)(р;р)= Ё [",(о). r- . р'-О, €,.cos(t+ t)a+
l=l

+ br. Д-k . p'*r . €r.cos(ft -t)d+ Hr(t). r. tnp +

+ H r(t<). rk . prk . erl(- k).cos(t -t)a+

+B*,A-k.P**'.1}..or(t+l).r]; $,z.t)

Неrе we make the following substitutions [26]

H,(u)= Ё-о* .лi .41} ; H,(,)=|-ar.X!
t=0

неrе, the coefficients

lj*)* Ё.lj:}, .clt)=o

,
'l=0

(r -t). (t)=4-r
' 6-,

,yQ)=Z н,Q). Bk (I.2.6)

l(* )

t=0

аrе found frоm the condition

r
+

z ,
*=0

,(t)

(t
8 88

(t)
лl
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Iп these expressions, the аstегisk * shows that whеп passing to the

next tепп in the sчmmаtiоп sips the indices of addends change

Ьу two. +е is а coordinate of the апd points of liпеаr сгасk of

the iппеr L, contour (r radius circle)

22е +rа=-,
zer

(I.2.8)

р|

= -Pz G.2.9)

е>r апd а21

0 if k+q-li 2q-| ;..

t if k=q-|; 2q-|...
lif п=0

п+0
€

|2 if

lo
ал =l, 

|l

if k +t; q+| ;2q+|....
if ft=Ц q+li2q+7...

неrе q = N is the пчmьеr of the sides of а polygon

(sуmmеtrу axes). In the considered case, in the zего

appToximation, the boundary conditions ше as follows:

- оп the iппеr t сопtочr (r rаdiчs circle and two liпеаr

сrасk aгising fгоm it)

"!

о@)

l.aF(o)_ l а2F(0)

р ар'р2а02

оп the extemal Z" сопtочr (гight polygon )

1.аr(о).. t а2л(0)

р dр р2 O0z
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Fоr the next approximationý фоth for the fiБt апd second

approximations), the Ьочпdаrу conditions аrе as follows:

1 аF(1) , зzд,,(t)

рар'р2а0'"| =г
L

=0

о0)
1 аr(') , ;zд(t)

р ар'р'а0' =0 (I.2.10)

In these denotation, ц апd t, аrе the offices of the points of the

сопtочrs LiU = l;Z) апd etc., гespectively. The function F(1) is

fочпd frоm the solution of differential equation (I.2.1). The

solution of differential equation (I.2.1) is found in the fогm of the

sum of general solution 
^ДЛ(l) 

= О of the first differential

equation, k9 ) -а the special solution (Цl!.) Ы the mentioned

differential equation.

rt'l = r,9] + r"!} (I.2.11)

It is known that the gепеrаl solution of the homogeneous

differential equation ДДГ(t) = 
g is иkеп in the following way (in

the gепеrаl case):

289



Лr!'], = ., + сrр2 + сr. р2 .lп р + со.|п р +

+|rр' + ru. р-' + 
"r. р + с". рП р]2ý+

* Ё Ь-, . р, + сл,. р-- + сл,р-^liiО, ;
й=2

(l.z.tz)

Fоr small defoгmations, as it is shоwп in the solutions

[38,53] of small physical classic non-lineaT рrоЬlеms, in the first

аррrохimаtiоп fоr the considered problem we take the function

F(1) iп йе fогm

FJ] =",.lпр+сr.р2 (I.2.13),

Notice that if in the differential equation (I.1.58) we pass

to роlаг ф,d) coordinates and take аррrоргiаtе deгivatives, we

get the following diffeTential equation [53] fоr the function F(l).

If in differential equation (I.2.2) we take into ассочпt the

ехрrеssiоп (|,2.1) of the function F(О) and the ореrаtоr t h(0)]

determined Ьу (I.2.a), аftег some mathematical operations

(obtaining pfftial deгivatives with rеsресt to variables р алd 0,

adding the sоmе роwеr terms of the чагiаЬlе pin а series fоrm)

the differential equation takes the fоrm:
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^^F,(')=i 
р*.и(t)*i pr.v"(*) G.2,14)

t=l *=0

In this equation, the quantities И,(t) апd Иr(*) is algebraic sum

р same роwеr tегms of the variable р (fоr the fixed d angle).

As the general solution of iпhоmоgепеочs differential equation

(I.2.14) is sought as the sчm of spcial solution (spcial integral)

of the equations (I.2.13) апd (I.2.14) Ьеiпg gепегаl solutions of

homogeneous equation ДДГ(t) = 9 , the spcial solution F"fl., is

fочпd frоm fочr -fold integTation of the expression (I.2.14) in the

following way [53]:

F,9" = Ё p-'*n .a.v,(k)+t р.р'-' .ч,(*) G.2.15)
t{ td)

Неrе

о -_|Р - ф' . (z - t)' + а, + аr|'

р =|Q,+l)' .(z+t<)2 + р,+ Вr|'

а, = (+- К)' .(Z- *)' .|v, (t)]. Ь"r. the index in bracket indicates

two - fold deгivative with геsресt to the index 9.

"r=lVrQr)b 
indicates fочг - fold deгivative.

д = (t, + ф' Q.+ k ).[v,(k)J* Р, =[vJOi'*' (I.2.16)
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In жi sуmmеtгiс рrоЫеms (fоr instance fоr сопсепtгiс circle

domains) щ = dz = ýl = 0z =о.

Thus, the gепеrаl solution of differential ччаtiоп (I.2.14)

is iп the fоrm фу (I.2.13) and (I.2.15)):

г(,) = 4(j} -49. =Ё ра*О . a.V,(k)+
t{)

*Ё рО* , P,vr(*)+c,,lrtp+c,,p2; (l.z.tl)

The чпkпоwп coefficients с, апd с" contained in this

expression аге found frоm the Ьочпdаry coпditions (I.2.10) of the

considered ргоЬlеm (stress strain state of а doubly - соппесtеd

polygonal plate subjected to equidistributed iппеr ргеssчге р, and

ехtеrпаl рrеssчrе pz) t53].

ffin the iппеr сопtочг Ц p=ti of;) =о

If оп the ехtегпаl сопtочr 12 р = tz = А;

оЯ)=о (I.2,1s).

ff we take into ассочпt the expression (I.2.17) iп these conditions

(taking some derivatives we accept p=t| оп t and р= Д on

А ) after some simple mathematical calculations, fог the

coefficients с, апd с, we fiпd йе following expressions:
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c,=f (+-*) а и(t{-,l-- -;+ И,r-о'*Ц*

*! 1t*+).p u,(o) 
[-,it, 

-;\Qr-,-o*-')],

Сz=тф:аi Ь Иftl И-t) (,i-'-oo-*)+

+ в ч,(*).(к+ф.| _ д'.+4 ) (I.z.tя)k+4
l

It we take into ассочпt the found expressions of coefficients, i.e.

(I.2.19) and (I.2.17), fоr the сопsidегеd ргоЬlеm in а flrst

approximation the stress fчпсtiоп 
'alp,o) 

is dеtегmiпеd Ьу the

following expression [53]:

,olP, a1 = Ё po-r , a.v,(t )+i pk*a . P.vr(*)+
t=l t=l

-{Ё и-*l" ч(ft)[-,i-, -;+|rr-o,-l*

+! (r*+)/ u,(o)[-,ft, -;!rW"-о--,l} ,r*

-фЪ 
Е [с.и(r).(+-t) (,a-r -д1-1)+

+ p.vr(*).(*+l}(,f-o -о*О).р2; (t.z.zo)
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The coefficient А сопиiпеd iп the expTessions (I.2.19)

and (I.2.20) is а раrаmеtеr chaTacteгizing the fогm of the extemal

сопtочr l, . This, fоr the right polygonal сопtочrs

а
(|.2.2|)

l+m

Неrе N is in пчmЬr of the ýides (the пчmЬеr of

sуmmеtrу axes), а is the radius of the circle dгаwп to the ехtегiоr

of the polygon, а is rаdiчs of the сiгсlе drаwп to the апtегiоr of

this polygon. If the considered сопtочI is ап ellipse, then с апd Ь

ше big and small semi -жеs of the ellipse (in this case we take

N =2).
Dividing the чаlче of the stTess fuпсtiоп found frоm the second

аррrохimаtiоп into Г0)(л, у)= F(|) (р,О) , similaTly we fочпd the

stress function 
"tz)(л, 

r)= F?l(p,o) fоr the second

approximation апd etc. Аftег founding the expression

r (р, e,,l,) = р 
(0) (р, о) + )"r(|) Q, о) + fr , FФ (р, о) + (i.e. if the

functions Д(О), Д(t), F(2) contained in this expression аrе

kпоwп), fоr the stress components оо алd б9 we get the

following expressions in the fоrm of the sегiеs:

о. =19*а 
"|^ 

=о'о' *r,o(i +* ,о(2\ +..,' pdp р' а0' р р р

l а-Ь
(lr -t)' а+ь
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о" =0' |^ = o{ol +,7. о|) +.t. о!r) +..
'0р"O0о

1aFtO2Faг = 
-...--_.-=т

'PU р' а0 р аф0

Tlre obtained gепеrаl solution is demonstrated Ьу the пчmеriсаl

examples.

1.Stгеss state of а суliпdег made of small physical попliпеаr

mаtегiаl and possessing ап аппчlаr hole and trvo liпеаr

сгасks.

Iп liпеаr elasticity theory, this рrоЬlеm was solved

completely (within Hooke's law). Тhеrеfоте hеrе we give опlу thе

results obtained in [53].

The doubly connected domain of the суliпdег is bounded

frоm ехtегiоr Ьу а Л radius circle and fTom iпtеriог Ьу r radius

circle апd а сопtочr with two liпеаг cracks arising fгоm it (flg.

1.2).

In this case, the analytic functions p(z) пd yt(z) are taken as:

ek)=Z оо,ýlО +| !о.€,О
z

k

k
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и(.)=I a,.Elk +| ci z
k )-

(|.2.2з).

The гаtiо of mаiп mе.ýчIеs of the cross section is given in two

чаriапts:

Vагiапt:I r/R=0,5; e=0,6R; J=0,1 R

vагiапt П: rl П = o,1; е = 0,8 R; I = 0,1 R

The stTesses af;) ana оЬО) found from сhагасtегistiс poinв of the

sесtiоп (as tangential stresses ,ра ате small we accept tро=О)

аrе given in the following иЬlе: (tаЫе Nе1.4)

At the most dапgегочs point of the section (at the end points of the

Cracks: z=+e), for the ýtress intensity fасtоr к, we get the

following esfimates tOK,/p, J7

Fоr чаriапt I 7,И
Fоr variant П 11,б8

The following estimates аrе found fоr critical чаlче of inner

рпеssчrе рr= р (i.e. destгuction of the body minimal streýs fоr

elongation of сгасks):

FогчаriапtI Рь =|,а6|оь] Fогчаriапt pt, =0,8sз[%]

Technical ultimate stren$h [% ] (mжimчm stress of the

mаtеriаl) is given in the table fоr mапу mаtегiаls. (see table Nэ1.3)
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After finding the functions p(z) апС и(z), within the liпеаr

elasticity theory (in zero approximation), the stress function

д(о)lr,r;= д(0)1р,9) is found Ьу йе fогmчlа (I.2.7) mentioned

above. Тhеп F(|\b,O) is found fгоm the expression (I.2.20) of фе

stress function iп а first approximation. Ассоrdiпg to йе fочпd

ехрrеssiоп of the stress function F(|)(p,O),the stгеss dа found

AdmissiЫe stress [о, ] Kqb-'
Table Jфl.3

Material Stretch Compression
Cast iron 280-800 l200-1500
Stecl 1400_1500

соDреr з00_1200
Дlоу 700_1400
Вrопzе 600_1200
А]чmiпчm 300_800

Dчrаllчmiпiчm Е00_1500
Textolit з00400
Допg fiЬсr 70_100

Допg fiЬеr width |5-25
сопсгеtе |-7 10_90

frоm the characteristical points of the section Ьу means of

formulae (|.2.22) is given in the table (see table I .4, fig.1.3).
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Stress intensity (Ьу 1ОК1 /Р.f ) and critical value of stTess

( Ро ) (Аппчlаг clpder)
Table ],,|Ъ1.5

Vагiапt Ргеssчrе

р

Рчrе соррr

). =о.255,|оа

Ореп hеаth steel

Kl Critical

рfеsSчrе

(Pt )

Kl Critical

load Р*,

I

r/R=0.5

elR=0.6

100

200

500

б.958

6;726

5.015

1.4S [dD]

1.5з5

b,l
2.05 [оD]

,1.024

6.999

6;l92

1.46,7

t",1

1.4,1з

[oul

1.5l [dь ]

п
r l R ==о;|

e/R=0.8

100

200

500

l1.55

2

22.|7

6

8.928

0.892

t",]

0.922

и]
1.155

|oul

l1,бб

4

11.б1

б

11.28

4

0.884

|oul

0.887

|оо]'

0.914

t",]
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2. Strcss state of а hexagonal plate with аппчlаг hole

and two Ппеаr сrасks in physical попJiпедr statement.

Тhе solution of this рrоЫеm in linear elasticiý йеоry is

known frоm геfеrепсеs [26,53].

The stгesses (оР)) rочпО at апу point of а hexagonal plate

ше calculated fоr differcnt чагiапв (for different values of the

гаtiо of cross section mеаsчгеs) апd is фчеп in the table.

Ассоrdiпg to йе stresses found at the end poinБ of liпеаг сгасks,

the stress intensity fасtог (К,) апd critical value р, of iппеr

рrеssчге аrе fочпd апd given fоr each чаriаrrt at the end of the

table Ns1,7. The kпоwп expression of the function is taken into

ассочпt iп differential еqчаtiоп (I.2.14) obtained fог the solution

of physical поп liпеаг рrоЫеm and аftеr solving, (we omit

intermediate mathematical calculations) as iп the liпеаr рюЬlеm,

the streýs fоr diffегепt values of iппеr ргеssчrе рь at the most

dangerous points r(0)(х, у)= r(O)k, d) of the section аrе fочпd

and given in the fогm of а table.

At the чегtiсеs of the сrасks we get йе following

ехргеssiопs fоr the stresses.

VmiantI rll=0,S; el l,=0,6; и=O,й; b=1,922

", l 
р = 

"bj', 
+ а oll f р -- t,6s -9,2, а, р2
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Variant tr rl l,=O"l; ell,=O,B; m=\М; Ь =|,3'7 r

оrlр=ф)о+аоР f р =З,21-14,62.а.р2

Неrе а = 1= --E'k_- = 0,225.10-6 smО f kg' for рчrе(ЗК +G)G'

сорреr,

а = )" -- О,OЗ2,1оа smо f kg2 fоr ореп - hеагth steel.

It is seen frоm пчmегiсаl results of both sample рrоЬlеms that in

physical попJiпеш statement, the maximal values of stresses

obtained fгоm linear statement diminish (pak points of stTess

diagrams аrе smoothened).

We сап see it frоm the given diagrams and

-figures fоr аррrоргiаtе рrоЬlеms. (see fig. 1.1).
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Stгess сопсепtrаiп of а hexogonal plate.

Table ],l!1.6

Non liпеаr thеогу

дlчmiпiчm

silчег

J = 0,053.t0{

Орп heath

steel

J = 0,032.10{

р Linear

thеогу

orlp
Рчгс соррr

2 = 0,255 ,l0{

Vагiапt

l,679l85

1,6,1494

l,б5975

1,5990l

l,l7з84

1,6б59

l,б654

l,ббзб

l,б5бб

1,607

1,б798984

1,6793б48

L,67746

1,6698з5

1,61fl8

I

r l А=о5

el l,=0,6

20

50

100

200

500

1,68

1,68

1,68

1,68

1,б8

-2,66588

-2,6652

-2,65l5

-2,654

-2,59I.

-2,6659з

-2,6655

-2,6629

-2,65Е7

-2,2l06

II

rl д=о,7

е| l, = о,в

20

50

100

200

500

з,2l

з,2l

з.2I

з.2|

з.2|

з.2о874

э.20212

3.1б8482

3.083928

2.522о5
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Stress intensity coefficient ( 10Kl / PJ' ) and сгitiсаl ча]че of
load (Ро) (hexagon суliпdеr)

Table Nsl.7

Vагiшt Ргеssчге
р

Pure соррr
)"=0.255.LOa

Opn heath steel

Kl CriticaI

рrеssчrе
(Ри)

Kl critical load
Р*,

I
r/R=0.5
elR=0.6

100
200
500

6.624
6.з52
4.4

1.56[%]

L.62З|оо]

2.ЗаЗ[оч]

б,708
6.6,792
6.464

1.53Sб[оu]

1.54З [оD]

1.595 [оD]

п
rlR=0.1
e/R=0.8

l00
200
500

l2.б8
|2.24
||.92

0.S03 [оD

0.842fou

0.Sб5 [dD

|2.824
12;1,76

|2.ц

0.8М[dD]

0.807[%]

0.829[%]
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3. Stress state of а thick - walled pipe (Lаmе ргоЫеm)
in small physical поп - liпеаг ýtatement.

Iп classic elasticity theory (iп рюЬlеms liпеаг statement),

the following fоrmчlа is obtained foT the stress fчпсtiоп F.(0)

[2б;53].

рtо)ф,о)= fl.4*о,.r.lпр; (l)
r-

When the pipe is чпdеr the iппеr р, md extemal

hydrostatic prcsslцe р,,, hе coefficients В, Md d, are

dеtегmiпеd Ьу the following expressions (see [2б;53]):

R' ,(рr- р,)r2

get

f,=iд!-4, а,=
("' - r')..

(2)

Неrе if we wгitе the stress function F(0) in formula (l), we

r{о) 1р.о,,1 = " 
RT_(zz_; р,) . п о + Lд!;чЁ о, ; (з)

If we this ехрrеssiоп in the expression (I.2.20) obtained for

the stress function F(l), *е get:

305



,- о,r ,{(рotllp,o)=
4 4л l R2 +r,R+12,

*1 7 (Рz- Pl)-r
2 R2 -r2 rx R2

-(Л'+ r')(r,,' - р,П')|.По*4-|(р,r'- p,R')-

(д' +,'tr, - p,)f.p' -f,(o,' - о.*').#*

l+-r
4

The

expressions obtained Ьу Тrчsраl L.Д [] and Iпdга F. [l24]. The

mеаsчrеs of thick - walled pipes (the ratio of radius r of liпеш

circle апd radius R of intemal circle were taken in two чагiапts

(see table М1.8)

Рчrе соррr, аlчmiпчm, Ыопzе апd орп - heath steel wеrе

chosen for pip's mаtеriаls.

The following expressions ате obtained for stress сопсепtrаtiоп оп

the inner circle fог the considered рrоЫеm (l.аme рrоЬlеm)

VariantI. ool р =t,ВВВ-ц,444. ),. р2 ; р, = р

VаriапtП ool р = 4,55-Z5,З,)", р2 ; р1= р

The stresses О, calculated foT diffегепt values 20S р S500 of

inner pressure (р,) Ьу mеапs of those fоrmчlае are given in

graphic fоrm and visually (see fig. 1.4.) in both variants. (see

fig,l.a).

r]
'R'(p,- р,} ,l; (+)

р)
obtained expression completely coinoides with the
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Iп the grарh, solid line indicates поп - liпеаг ргоЬlеm, the

punctuTed line the рrоЬlеm in liпеаr statement.

It is seen frоm tables that for the values of iппеr pressure

р below l00, the stгesses о, for 0]To (diminish), for the values

2 > 100 we see that iп lineaT and поп - liпеш statement, the

dif{егепсе of stresses о, оЬtаiпеd frоm the solution of the

ргоЬlеm is grеаt.
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ýlJ Stress state of doubly - connected polygonal

plate in агЬitrаrу physical поп-liпеаг stдtеmепt.

If we take into ассочпt the ехрrеssiоп (I.1.58) of stress

function Г(r,у)= r(р,О) tп differential equation (I.1.48) in the

fоrm of sегiеs, equate the sums of the summands with rеsресt to

the роwеr of small рагаmеtеr а tо zero, fоr the first these thгее

poweв (zеrо, first апd second) we get the following system of

differential equations (here ),u = qч1

ддг(О) =6 G.з.1)

(q, + q,). ам (i 
+ azl. {(мol[] +

* о,, [o141l' 
. 
4!О))* 2(м(О) . F(о)) 0 0.з.z)

ц

(q, + а,r). аллQ) + 2azl. 
^(мФ). 

*tt)) +

* о,,[zп(л1ll. л(ll)1(д"О1.4Ij)* {!р) 
. *trl)_l+

*,,, Ь(мФ)I] + а,,|г,!!). 4lp) 49)], *

*о,,Ьk!Ф.4tФ.дтtо))+[(*.'У qlOlr}=o (r.зз)

In these equations, the coefficients aa,,(i =l;2; j = 12) аrе

the constants characterizing the physical proprties of the

materials.
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As we have said above, coma (,) denotes а partial

dегiчаtiче ; all the indices i,j,&,n get the values 1 апd 2.

Fоr the considered problem, the stress function Л(0) is

kпоwп frоm the liпеаr elasticity thеоrу and is determined Ьу

expression (|.2 ;7 ) t26;5ЗJ.

It we get all necessary derivatives of strеss fчпсtiоп

г@)(r, у)= F(о)(р,0) from expression (I.2.2) and wгitе them in

differential equations (I.3.2) апd (I.3.3), after some mathematical

calculations (wгiting tоgеthеr the negative and positive роwеr

tеrms of the variable р, fоr the fixed values of d), we get the

following fочrth оrdег differential equations.

ддг(r) * 4zr ,fr(p,')+
dl+ Чz

* О'' lfr(р,о)+zsrф,о)|=0 (I.з.4)
Щtt dtz

бд1;{z) * _.2azt. .fob,0)*
d| + а12

* _!? _ [J,b,o)+ fчQ.о)|+
а|| + ап

+ %' .f,(p,e)+ dЭ2 
. 1,(р,о)+dl+ чz аl+ап

* :.Э':: .VоФ,0)+ 7,оQ,о)]=0 (I.з.5)
ап + d|2

In these equations we make the followiпg substitutions
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7,ф,o)=z.(Mto))_ . Mto) + z , [(lл(.UI +

1 ?. брФ\ Ф(.)), +]. Mt.l. (Mt.lf +

*].(Mt.l1,Y,

s,ф,о) = z(гlt| + zrlt rlt*

-h {rЯ,r +}r!il,r!!*+
Э 

olP оlъ-

-rо(,} ,1ч)'-} r!! rýl..irlr)-

- о(# 
"tP' 

* 2о. rl . еg * 
# 

rЯ'),

лИ,а)= (Mt'l). rР * z (м@))". r!% *

**tо).ф,*+ (*r) 4.)-

-{Mtol.Фl \.дg.to|.psl *{ (ддtоl) .4l+

+}мtоl.rаl-} м.al ral*l (д"tl) .4l*

+},Mtol rа -}.(Mt'l) .rt.l*

-].(мt.,1, 49-+ (м(о)) .4l*

+

з|2



-+.Ф.,[ rя*}.мtФ.ЕJ%-

_} Mt l л.l+{.мtо).фl_

-+ (*.,[ 4g,-; (*,оl[ лJоl*

*] (Mol1,.4g) -# (*t.,Г'.4;} -

-# Ф.') ,I%-i *@.p(oL-

Ф.,L" .JФ-+.(*(.)) . *l,1

зр

л(р,а)=(м@)) .мt')+z.(мФ)) .(м(')), +

*д.t l.(деОl) -}.(*.'1 .м0)*

*tM(ol,(Mt'l) + l фt,l) Mt'l+
р ' 'р р"'

-} (*@|), Фt''t+]Mto).(Mt,)) ,

f,(p,o) = ь|r<,l оg - z() r}l -

1 ,J,) 
[; "я

1
- --,т ,

р,

)t*

,Ju)-
2р

(t .рО- l, rдl
\.ррр-

r0) *).rll
р, )],

+

зlз



йИ,а) = (мФ)),". rtt * z (мФ)),. r|t *

+ м(О|. rРоо+ гttоомD +z Доl (д"r,l) +

-4, &0)t -f,|f,brtl r<,l-{.мФ) flr)+

*J-. r!! м0' -#. rJ' *u,],, _

-}li*, r!!--) мlФ r0l+

* L r!9) M|1_44.1.Mt,l], *

-* 
[i 

*, 
"r)* 

1 .дгФ).ф+

* ' 4ol.*t,l*.4 4l *t,l]r*

l
р- [l.*t.l. 

дl * J_,',tol. 19 *

*l 4оl.д"t,l * \. rýl. M<l)*

f,(p,0)=^[&rI]

з\4



t ь,а=|r;! -h rt,) ,ty -

-# ,9 ,IY FlФ*3 rl}.rt'r *

-# ,tP ,Уr +} rll rР.rýl+

-i ,ty оýr7,,-;l; ,!, ,l! +\ г!! rýl +

-# ,tY oal-).ryl rI9 r!)+\ rll pfr *

-# ,У rдl -}rдl.r!!.r!"l +\.rsl руt *

-()rу-} rr,)'],-#[;uI p(of ,рJ- p(Фps)1

-#rt| rll -\. гуl r!! r1,1 +}. rf).4(ор *

th ,IY rДl-)rДl р1,1 r!l+ L рдl,rуr *

-(),у,-# ,r')']_-

-е h ; iч)|Э,lу ,l,)-,9" ,у,?-

зl5



-,(i,ly-# оr)' +\ rlr ру1*

-# ,у, rя) rI9-3 ,я, rtl_}rуr rуl_

_# ,у,.r!"l.rдl _3о, ,gr]

rnb,o) =l[Mt,l. d!' ] 
+ о|З*r' . о'r' _

_{Mt.) rtФ . r!! +\M<o1.oJr']-

^[#*' 
. r!о)' +}bytol. ral рдl *J-*t.l лgl'],+

f,"(p,o) = z,(дg.Фl), rФ) +

+2.м(о).ФФ)) ./0)+

+4.м(о) (дг.'L,"tol *(дгtОl[.лtol +

- 
}[}t-.,r ",? 

- # rý,. (*.,r
],-

1*---;
р' [}Ф.'I..., 

* 
#. 

rý,. (*..,I]*

(м'I -#"J,.(-,,I],

+

l
р

1

n
+ F (0)

_2[ t 
.r.1.1o.(o)Y _ l. д(о).(длr.l)'l

р'|р 
*' ' р'" 

t '],
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То dеtеrmiпе the stress function expression p(t)(p,a) in а

Гlrst арргохimаtiоп, we сап wгitе differential equation (I.3.4) as

follows (if we сопsidеriп (I.2.7) the functions .fi, fz md fэ

contained in (I.З.10) апd саrry and gючрig)

лдг0)*1д + Pr).Z л,(v).p-" +

+(п+р) Z ц(").р" =0 (I,з.z)

Неrе

F,
dzt

0,
azz

dl*Чzal + а|2

N,(v) апd Nr(v) аrе consideгed as summation (algebraic

sum) of all derivatives obtained frоm the stress function

F@(p,O) contained in Ье functions fr,.f ,, f, (sum of the same

роwеr tегms of чаriаЬlе р ). As it is said in ý1.2, the solution of

differential equation (I.3.7) is sough in the fогm: (see the solution

of equation (I.2.14))

r(') = F,t]} + F;} (I.3.8)

Неrе Fr!) is а gепеrаl solution of the homogeneous equation

^^]г0) 
- 0 coпesponding to equation (I.3.7) апd is expressed as

the expression (I.2.13)

зL7



л,(j] =.i.lпp+ci.p2 (I.3.9)

Тhе integral constants с] and с] аrе fочпd subject to the

satisfaction of stress function Гr|] of stress deteгmined Ьу

ехргеssiоп 0.3.9) differential equation (I.3.7). Вочпdагу

conditions аrе as (I.2.10). So, on the iппеr сопtочг .q

,!)l _ l.aF(I)+_l а2F0)
"o|c-l- р' ц -Т * =u

Оп the ехtеrпаl сопtочr Ь

оя)|л_,_ = 
1 а|(') * ', 

u]!j" =о 0.з.l0)р 
|e=l2 р ар р' а0'

The spcial solution {}, of diffeгential equation (I.3.7) is

found in the fогm:

49" =' N,(ч).р*" .(Р, + Р,)е,+

+! lV,(u).p"-a .(Р,+ Р,)е,+
L=2

Неrе

*14*4рч,ц{*,"r-*) ,

,, ={1+-ullz-ul [tr-"F -,]Г'

,, = {(l + u\z * ui [1з * 
"1' - 

r]|'

(I.з.t0

з18
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So, Ьу the expressions (I.З.8)- (I.З.12) the gепеrаl solution

of differential equation (I.3.7) is found as follows:

r0 (р, 0) = ci, р2 + с',lп р +| р-*о, (р,* 4 ), ц ("), u, +

*Z p"-n . 
Q9, + Р,). M,(v). е, +

+(B,+p,)M,(u) (*rr-*) ,' (I.з.lз)

In the similar way, iп а second appToximation, we сап get

the following expression fоr the stTess fчпсtiоп Л(')ф,а) 1it in

differential equation (I.3.3) we consider the ехргеssiоп (I.2.7)

obtained fоrF(0), апd the expression (I.3.13) obиined

fоrr(1)(р,а).

At fiгst we сап wгitе differential equation (I.3.3) also in the

follorving fоrm:

ддг(z)* (zд* вr+ Fз+ ýц*4).Ё p-k -wr(ъ)+
t=1

+(2р|+ р2+ 0з+ 0о+4).i pk .w2(k)_0 (I.з.14)
t=1

Неrе the quantities /, and /, аrе determined as in (I.3.7).

!, dзt

dл+dп i р4= 
аз2 

ip5
а|| + d|2

dзз
(I.з.15)

ал + d|2
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tV, (t) апа tVr(ft) аrе the quantities that combine the

functions F'(О) апd F(1) their necessary deгivatives and ехрrеss

the sчm of the same order tеrms of variable р.

When defining the function FO|,O), we use Ьочпdаrу

conditions (I.3.10) used in finding the functions F(d)Ф,O).

We solution of differential equation (I.3.14), as in equation

(I.З.8) is fочпd in the following fогm:

FQl(p,o)= r!) + rfl,,

The function Гrfl is taken as а gепеrаl solution (I.3.9) of

differential equation (I.3. 14)

r!}(р,О)= с,.|п р+ с^, рХ (I.3.16)

The coefficients с, and со аrе found as the сопstапts cl

and сr. Неrе the Ьочпdагу conditions are sflne with Ьочпdаrу

conditions (I.3.10)

Iп the similar way, the special solution of differential

equation (I.3.14), as in а first approximation, is defined as

follows:

"Я =i pur g,(k).6.e,*t p*o.g"(tc).6.e,+
k=2 t=l

*а o,(r).(}br-*) ,, (l.з.rz)
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So, we fiпd gепеrаl solution of differential equation

0.з.l4)

FO = FO.+ Ff,,= crlnp+clpz +

tL р*' q(к) 6.e,tL pn'r.9,(*).6.e"+
k=2 t=l

+6.o,(l).(*hp-*) о; (r.з.rв)

Неrе, we make substitution б = 2й+ Fz + iэ + 0ц + Fs.

The coefficients Е| агld €2 аrе dеtеrmiпеd Ьу the ехргеssiоп

(I.3.12).

Неrе we are satified with thгее арргохimаtiопs. It is сlеаг

that for the 4+h and 5-th approximation we сап fiпd the stress

function рO-ПQ,o).

Тhе obtained solution is demonstrated Ьу опе пчmеriсаl

example. Now, we solve the stress sвte of the thick - walled pipe

iп ý1.2 (i.e. Lame ргоЫеm kпоwп frоm rеfеrепсеs) in the

атЬitrаrу physical поп - linear statement (we do it to demonsEate

the diffегепсе of the solution in small physical liпеаr sиtement

frоm the аФitrаrу physical поп - liпеаr statement).

If we Иke into ассочпt the ехрrеssiоп (I.2.7) of the str€ss

fuпсtiоп F@Ф,0) kпоwп frоm the elasticity thеоrу in

э2l



differential еqцаtiоп (I.3.7), we сап get the following differential

eqцation fоr the stress function FOb,o) in а flrst approximation.

ддг(l) = ба.6 4 , fz. р- -з2д? . р2, р,6 G.3.19)

Iп this equation we make the substitutions

ь| _l prr2 - prR2
^ _ ,'R' ,(рr- рr)
^t-- пL}2 R2 -r2

f, Qtz

d1| + аD

In the way mentioned above, we solve differential equation

(L3.19) апd for the stress function F(|)b,O) in а first

approximation we get the expression

гt'l=rj]+цl}

4|ч ="; +сi,|пр ; F!}), =|l'o.D,+D2 р-2 (l.з.2о).

неrе we make the substitutions:

Dt =8ьtлtýz ; о, = -| д? Рr; (I.з.2l), 2 |,,,
Ассоrdiпg to Ьочпdаrу conditions (I.З,10) the constants ci

and с] take the following values:

.1
' R" -r' |- 

л: u r# - б l,, ь,р,(п2 h, -,' l" л|

з22



(l.з,zz)

If we take into account the exprcssion (I.3.20) obtained fоr

the stress fчпсtiопs FO(p,0) in differential expression (LЗ.5), in

а second арргохimаtiоп for the stress fцпсtiопs F(')(р,d) we сап

get the following differential equation:

ддгtz) *р [5- 
. pu - 6;. р*|* рrlЦ. ра + бi, ра +

бi.р-В +6ilп.ра -6ilпр.р-О]*д[а; .pu -6;.р-О -
-аЬ р-']*дЬ,',.р4-6i2.р'|=о (l.з.zз)

Ву the method above (i.e. Ьу the method used iп definition

of the functions P(t)1 we solve this equation апd get the sEess

function F(2)

rt'| = гf),+ r$), =сrо'+сп|пр+

*я[-}r",r а; *ta;o-f*

+ Рr|-6;|п' p.ci + 6]еilпЭ p-6icio-' -
-Ц|п.р-' .еi-Щеiр-^|+

+ р,|- а; р- е; + 6}ci |п' р + бioei p-l+
+ P,l- q,р'€; + феilп' р)=о; (l з.z+)

"l = -'i[, цд,р)"+ - ;Ц о,#1

32з



We fочпd the сопsИпts сз апd со Ьу the Ьочпdаrу conditions

(1.3.10). Iп the expression (I.3.24), we make the following

substitutions.

бi = 5l2. Fz. t д,; Ц = 256. 0z .ц д? ;

бi = 44, 
", -1956. р|. ь, l,! l \ = з'7 6. fz. 4

4 =|t52. 0z. ф l,, - +о. цс, -з2. ц. c2i

6] =10s8.4 .ь,л|; бi =5|2,0z.фл,,; ai =s8.bl Ai;

бi -40.Ц'Дr; бi. =яgд;, t,=l44.ьtд?;

бi, =96.Ь? д

l
-J 

R2 _r2 [u[-*c'"+-" с ,2 -R2------;-----
r'R'

+

+ в,( - 8.е,пL- !. д ln 
R 

* d]а 
".- {' -,.\ 4l r lб , r з. rrR,

| *r2-R2 l *lnR 1 л. IпR
--. о ------=---=_ -r 

-. 
о 

---.d -_rl28 u r'R' 64 б R' 64 б r"
,I 

-ra-Ra'\ ^( l --'.'_ 4' *Д.,пд_* 
zBB 

.ui-7д. 
)+ 

Fо|мО, 
rz пz 8 ... 

r

с.ff)-r,[}+, Д" tпД12r )],
l ,2 -R2 1

.'R2 '8288

з24



и(
1

1+-.

1

Rт
l
)-' R'-r" 4

льл-f .л|з2z
r

+ Pr(-z\erlпR
8

t мп+2Ще,
R2

l - l l -lnR t - 1

--_.d ..._+.._.о _+-.о --,-"
64 uR" з2 б R' |44 5R"

+ o,(-z\e,ln.+}.4 rn,+

-,t"i-* q)-* цУ-* qi)-
-u(*цi-iц '",-* 4.i)-
-u(*q,i-i q,'"l] ,

While solving the пчmегiсаl example, the гаtiо of the сгоss

section sizes is taken in two vaTiants:

Vагiапt I: Rl r = 2 Vагiапt П: Rlr =1,25

Неrе r is а rаdiчs of iппеr сirсlе, R is а radius of ехtеrпаl

circle. As the суliпdеr (thick walled pipe) is опlу чпdеr the iппеr

)-

-u(*q#-}4 '"*-r 4*)-
-u(*q,ъi-i +'"-)]-

*lu-(i q,,-u;4+)-

э25



рr€ssчrе р, = р , fоt the stress components оо at the points оп

the iппеr сопtочr, the ехрrеssiопs obtained at zero апd flrst

approximation аге as follows:

Vаriапt I: ou/p = о9) +оЯ) =1,6в6-ц,в,flz.р2

Vагiапt П:

orlр = о9) * о!) = 4,556-2з,58,рr. р2ltз.zs1

Ассоrdiпg these expressions, the stesses Ou found fог

different mаtегiаls at different values of iппеr ргеssчrе ше фчеп
in the following table апd is graphically struсtцгеd. (see figure

1.5).

Frоm the solutions of the some рrоЬlеm (Lame рrоЫеm)
Ьу two methods (small physical попliпеаr and physical поп -
liпеаг statements) we conclude that if we violate the liпеаr law
(Hooke's law), the pak of stresses (maximum) values

significmtly diminishes (i.e. is smoothened).
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Frоm the рrасtiсаl point of view the first two

approximations (zero and flБt approximation) mау Ье sufficient.

Fгоm the tables and stгчсtчrеd gгaphs, according to the obtained

values of the stresses we сап сопсlчdе that the stress

сопсепЕаtiоп mainly depnds оп mateгials, acting load and in

аrЬitтагу physical поп - linear statement, the solution of the

рrоЬlеm chaTacterizes mоrе exactly the stress distribution iп

bodies. When the coefficient reflecting physical characteristics of

the material is Р, >0, the stress distribution is mоrе rеgчlаrizеd.

The сопtrагу effect is obtained for Р2 < 0 .
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PART II

TORSION ОF PRISMATIC ВЕДМS IN PHYSICAL
NONLINEAR STATEMENT.

ý2.1. РrоЬlеm statement. Сhоiсе of stress fчпсtiоп.

Тhе рrоЬlеm оп torsion of prismatic beams with two -
connected domain cross - section in linear statement has found its

solution Ьу diffeгent methods and in different чагiапts in the

rеfеrепсеs [2,19,25,5З, б7,101]. Iп all these ргоЬlеms, it is

accepted that

ох х =Y =Z=0

Tn=Tn(*;y); тr,=tr"(х,f) Ш.1.1)

Under these conditions, equilibгium conditions (I.1.1) аrе

reduced to the fo|lowing ехрrеssiоп:

0т-- 0t.,.
_:_д;. + _---_l( =0 (п.1.2)dx dy

It is сlеаr fгоm the first two conditions of equilibrium

conditions (I.2.1) that то=со(r,у); Tn -- тr,(х,у) i.e. the

tangential stresses аrе indepndent of чагiаЫе х. Ассогdiпg two

(П.1.1) and €х=€у=€z=т,у=0 conditions, the expression

(I.1,7) of dеfогmаtiоп compatibility conditions is in the frоm:

=oy=dr=Try=0

330



LГц--ь]=о, 9Г9з_%_l=о (п.l.з)а,Lф Э*] -'фLф 0".l

Iп the last expression, as the tеrms iп square ЬгасkеБ arc

sшпе, it is cquipotential with the following equality

0rо -0!n ="=ronr, (п.1.4)
фЭх

In physical поп - liпеаг Statement, the displacement

ршаmеtеrs u, ч апd w аге taken as in linear elasticity theory iп

the following way:

ч = т.у. zi u=-T.x.zi ,=r(r,у)

Неrе u is а torsion angle рr а unit lепgth.

As it has been said, ассоrdiпg to the last ехргеssiоп,

prolongation dеfогmаtiопs ше iп the fоrm

, =Ф=6. u. =9=ol .. =Р=о,.,-ах-"'"} ф 0z

and this satisfies the conditions (П.1.1).

We сап show that геtаiпiпg the conditions (П.1.1) апd

(П.1.3) опе can choose the stгesses. 
","(r, 

у) апd rr.(х, у) so that

conditions (I.1.1) and (I.1.2) hold trче in physical поп - linear

clasticity theory as well.

If we take tangential stгеssеs as

_ _ОФ(х,у) ._ _ 0Ф(х,у) ,,_=-йО i ""=-;. 
(П.1.5)

331



condition (П.1.2) is satisfied. Неrе Ф(х,у) is а tangential stress

fчпсtiоп.

If we show the derivatives of the function to Ф(х, у) with

rеsресt to the чагiаЬlеs л and у, the expression (I.1.3) of the

геdчсеd mеап streýses апd expression (I.1.6) of the rеdчсеd

tangential stresseý intensity.qu""" (rо') аге simplified апd take

the following fогm:

so
оо l (о,
зк зк

+or)=g,

(п.l.б)

According to what hаs Ьееп said above, the strains аrе iп

the following fогm (сопsidегiпg expressions I.1.36):

Fоr displacements Еr = €} = еr = уо =0

Fоr sheaв

r,=Oi rо=}r(,;) 
"* 

; r*=|B|',)."*, (П.1.7)

If we consider the ехрrеssiоп (П,1,7) iп equation (П.1.3)

we wпtе:

* =# 
[[?i 

-(+I] = }, |oi*o;J

fr Ь{,;) ",.]-}Ь{,;) "*]=.
(п.1.8)
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If in фis equation we take into ассочпt ехргеssiоп (П.1.5),

we сап write

(п.1.9)

After obtaining desired derivatives from the last

ехргеssiоп, we wгitе the followings. The solution of this equation

is taken сопеsропdiпg to the fоrm (I.1,57) of spcial case of

tangential stгess intensity coefficient:

s(,3)nr*

*fr [о?о*+2Ф,ФуФ,} +о]о,]в'(r3)-.=о (п.r.rо)

неге we make substitutions

&З)=ft,tз)-d^=#-#
If we сопsidег

0w ёu 0u а}чr*=ы*Б; r.= ц+ ф
fоr shear deformations fr, апd 2/у1, we аrгiче at the following

геsчеt according to expressions (П.1.7):

0у, 1=-+t.x=-_
фGrу с(,о').Ф,

} Ь(*) .-]-frbftF,J=.

а}, 1
fп--|--.,у--=,oxU

JJJ

8(,3) Ф,



Frоm феsе ехрrеssiопs we сап see that the wrappings

(distonion of the fогm of а рlапе, violation of right plane case)

function w(л, у) sbould simultaneously satiýfy the following two

conditions

0w l /l\ _

Ы = -a'V;l,* "-т,х,,

Эw l /.,\
ы=-аs\Iо,/.Ф у-т.у:

It is possible in the case when frоm the first опе we get

deгivative with respect to х, frоm the second опе with respect to

у and equate the гight hand sides

4{9br,;l .,1-9bt;) *"il = _r,
(, ldx Ф , 

J

оr Ьу expression (П.1.9), thеге must Ье the ratio с -- -2Gт
between the constant and torsion апglе реr а unit length. It is sееп

frоm expression (tr.1.10) that frоm the use of conditions (П.1.1)

iп physical попliпеаr elasticity theory, we сап obtain second оrdеr

pattial differential equation foT tangential stTess function (i.e.

conditions (П.1.1) аrе true also in non - liпеаr statement).

It should Ье noted that оп the consideгed two - connected

contours Ъ,(i = tZ) the function Ф(.r, у) gets а constant quantity

cj.
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О(r,у)=,r=сl;оп L,i; i=|;2 (п.1.1t)

As within the Hooke's law (in liпеаr elasticity theory)

diffeгenfial equation (П.1.10) i, g(,j)= r, it tums into differential

equation ДФо = trф = 6 (i.e. it tчrпs into а known equality in

liпеаr elasticity thеоrу).

The solution of the equations 
^Ф0 

= 
^Ф 

= с was solved in

liпеаr statemend |2,|9,25,6'7|.

Similаг to the solution of рlапе ргоЬlеm in physical поп -
liпеш statement, the solution of equation (П.1.10) with rеsрсt to

small раrаmеtеr 2 is sought in the fоrm of such а polpomial:

Ф=Фо+4Фr +tФr+...+tФ" (п.1.12)

We take the small раrаmеtеr 2 as iп раrt I in the fогm

7= grKf (зк+сР2 .

Неrе, Фо (.т, у) is а tensional stress fчпсtiоп iп lineaT

statement (zеrо approximation),

О,(,т, у); Фr(r, у)

апd оthеr fчпсtiоп ше tensional stress functions iп next

approximations (first, second and etc.).

If we substitute exprcssion (П.1.12) in differential equation

(П.1.10) and equate to zero йе algebraic sum of same роwеr

tеrms with respect to the small ршаmеtеr 2 = 82 , we can get п
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пчmЬг system of differential equations (п = О;1;...."). Iп а fiпt

аррrохimаtiоп when, (2 = g, and п = l) equation (П.1.10) takes

the following fогm:

lo, *4} 
fr bl: - (.)i]-#+ 

fr ko.)l * (o.)i]-

-. frko,)1+(o.)]]=o (п.r.rз)

It is known from the liпеаг elasticity theory that the stress

function Фо(r, у) is found Ьу mеапs of а complex чаriаЬlе F(z)

rеgчIаr iп сrоss section атеа of torsional pгismatic Ьаг iп the

following fоrm |2,19,25,53,6'7 l:

Фо(.r,у)= оо(з,7)=

The cross section of а ргismаtiс Ьаr consists of two-

connected S domain and is Ьоцпdеd frоm iпtегiоr Ьу а сопtочr

! (r radius сiгсlе and two liпеаг сгасks агisiпg from it) and

frоm ехtегiог Ьу а сопtочr Ь .

Iп this domain thеrе is а rеgчlаr analytic function F(z)

and it is found in the following way [25,53,10l]:

Г(.)=I а*.Ёrr + (IL 1.15)

||"a)-77ill-|a (п.1.14)

ь z
дЁ k

k

t=0

Неге

ззб



bk |'0" "Pr
q

Дl а* and Р* coefficients аrе fочпd for ап аррrоргiаtе

(сопсгеtе) cross section in the solution of the рrоЬlеm iп liпеаr

Statement, апd аге given in the fоrm of а иЬlе (see rеfеrcпсе

t25,5З]). The coefficients oj*) аrе aete.mlned Ьу mеапs of йе

coefficients (see rесчrrепt fоrmчlа of coefficienb gjl)in (I.1.S2))

kпоwп fоr each сопсгеtе 4 сопtочr (see ИЬIе Ngl. апd 1.2).

In the ехргеssiоп (П,1.14) the Х sign shows that passing to

lhe пехt tеrm, йе index of sum changes Ьу q (the пчmМ of

sупlmеtгу жеs of а plygonal).

То герlасе the чагiаЬlе f, of analytic function F(z) in

expression (П.1.14) Ьу а соmрlех чагiаЬlе z=x+jy we use а

mapping fчпсtiоп z = otra of ! contour into а unit сiгсlе and its

iпчегsе fчпсtiоп Ё, = Zk)
z=r,a.Z f,-l.€t'

€,=дr)= бп (п.1.1б)Ё
л=0

з
r -1

l ,.2п

i,
The coefficients yn_, апd 4_r trе kпоwп fгоm the rеfеrепсеs

[25,33] (see fогmчlае (3.15,3.17) in [5l]).
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So, Ьу formula (П.1.15), we сап wгitе ехргеssiоп (П.1.14) (аftеr

some trалsfогmаtiопs) iп the following way:

Ё"" (r,-д ь
L

r(z)= z
д

, .}Iz\
[;J -[l] *У ь.1-1 Ll L

k
(п.1.17)

Неrе

.\o,=Z-ar л_i /j1}
, ,t=0

All the coefficient, lj*) -" found Ьу the ехргеssiопs (I.1.82) t51].

i.e. these coefficients аrе fоцпd frоm the condition

,У'-Ё \_,,; чlt =о (п,1.18)

Дlowing fоr ехрrеssiоп (П.1.17) in fоrmцlа (tr.1.14) (fоr

tangential stress functions in zего approximation) we сап wгitе:

Фq(zlZ) ,
l
2

ач

I
t=0

l rl

[;J 
-+f, а

z

д
bk

k 1_
2

(п.t.tя)

Frоm this ехргеssiоп we get deгivatives with respect to the

чагiаьlеs z and z апd kпоw that

а а а .а ,(а а\_=-+- апd 
-=l| ---|.0х 0z aZ ф \Эz aZ)

Differential equation (П. 1.1З) Иkes the following fоrm

зз8



^Фl 
+с.#(ФоL.(ооL -$ko.)] .(оо)о *

+(оо)].(оо)..-+z(Фо)о,(оо),.(оо).]=о (п.r.zо)

flеrе Ьу 2 = peio агtd Z = р-'0 , in йе роlаr coordinate system,

fоr (Фо ). . (Фо )u and other expressions we get the fогmчlае:

k,ar,rk
р'*'

-ialt+l)е , ,+(.,). (..),={;

, 
^-,)-|о'"}

+Ь" ч

t-l

Ё

,l]

t-

р ei0(*-+bk,k tд

1 -io аl [tii,i ч irly+!),v,r ,е ,

p"uр +
2

(п.1.21)
д"

We сап wгitе this expression iп а simple fогm as follows:

(оо). .(оо), = Ё ц(,) р- *i v,(n). р^ (п.1.22)
л=1 п=l

If we make such оргаtiопs for other tеrms сопtаiпеd in

expTession (II.1.20) as well in the similar way, as а rеsчеd, the

indicated diffeгential equation will Ье rеdчсеd to the following

fоrm (if the same роwег terms of чаriаЬlе Р is taken as а sum):

^Фl 
= 

' 

M,(k).p-r +| Mr(K).pk (II.1.2з)

зз9
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Неrе, the coefficients М,(&) and M2(t) denote the sчm of

ехрrеssiопs Ц(t), Vr(t) апd etc.

Iп expression (П.|.22) we make the following substitutions:

ц (*) = шr (п)+ lv, (t )+ ц, (r )+ lr, (* ) ;

чr(t) = iу,о(д1* л,(л + r)+ ц,(t + r)+ lr.(t)* {а
N,(п)= -n .о" . ,л . riO(п+|) ; Nr(п)= п6,д-" . eiq("-l') ,

Nз(п)=-п.апrП , еiО(П+l), Nо(п)=п.6". д-п . ril(п-1),

M rfu) = 
Lono 

"t 
. ("'"' * 

"- "') 
; м r(ф = - | 

rь л l- " Qa 
О * 

"-' 
О) 

l

N.,(")= l ш,(п).ц(п - v +|).е2 ;1
4

1

4
N,(")= I ttv,(") ц(" - п +l). еr+ ц(и)ц(и + t)e,]

Nr(")= -1Ё ш,(п -ч +t).ло(ч + з)

ц.(")=iЁ iv,(v). ц(п -ч +z)

ц, (,) = -i i [lr, (ч - r), ц (и - п + |), е,+ ц (ч). лr, (и + r)a, ] ;

ц,(,)= -iЁ п,(ч - п +r). ц(ч +з);

з,к)



,,= 
{l

[0

''= 1,

[о
]

It

if п>2
if п<2

if n=l
if п+l

€з
if п+|
if п=1

(п.1.24)

As usually, we look fоr the solution of differential

equation (tr.1.23) iп the fоrm:

Ф,(z, z) = О,(р,а) = (О, )_, + (Фl )"",

So, the spcial solution of equation (П.|.2'l) will Ь as

follows:

(о,)"* = t о-'-', M,(v). yi +
k=| (п.1.25).

tt p'-'.M,(u).ri
t=l

Неrе

ri =Q-чГ';ri=Q+Zfz;
It is kпоwп that gепеrаl solution of equation ДФ, = 9

homogeneous with diffeгential equation (П.1.23) is fочпd iп the

fогm:

(Ф,)r.", =", ,lп р + crp',cos(nd) (п.1.26)
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Тhчs, iп а first approximation, fоr the fчпсtiоп Ф,(z,z)= О,ф,а)

we get the following expression:

a,(p,o) = L p'u M,(t ). ri + i pr" M,(*). ri * лt=l ' ;]l m.1.27)
+ сr.|п р + сr. р' .cos(nd);

Тhе coefficients с, апd с, аrе found frоm the following

bundary conditions:

- Whеп оп intemal сопtочr !
Фr=gr; р =1rg-i0

- When оп the extemal сопtочr Ь
Ф, =0; р=1,"-'' (п.1.28)

Оrwhеп "-=-;#=0, p=lr (on Ц)

When е*=#=. , p=tz1;n ц).

Ву these conditions, the coefficients с, апd с, take the values:
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. =-Ё t,'-kм,(ф.уi *rr Ё {-'M,(K).y;.J--

{Ё,i--r,to).ri ffi-
li cos пd

lп /,An . coszd - ln А. rf cosnd

+i,t!'2M,(K) r; #-
-| t|aM,(п).yi -| t|-kMr(*).yi

,t =| *=l

lnt,
" t|соsп0.lпt, -lnrr.rf соsлd [Ё,r--",tоlr; ff-
+! rl-*M,(t).r; ff -Е t,xa M,(l,). yi -

-| t-kм,(п).ri -Z B'rM,(k).r;

(п.1.29)

Knowing the fогmчlае (П,1.19) апd (П.1.27) of

expгessions of stress functions аоЬ,0) ana О,ф,d) 1i.e.

knowing the ехрrеssiоп of stress function in а at fiБt

appToximation),in the similm way we find the ехргеssiоп fоr the

stгеss function Оr(р,О) in а second approximation, and etc. So,

the function О"(р,е) mау Ь found fоr апу approximation. The

difference is опlу in bulky fогm of expressions of mathematical

орrаtiопs.
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Ву the expressions (П.1.19) and (П.1,27) of the stress

function we find the tangential strcsses 
'л 

and uyz at йе lhost

characteristic рiпЬ of the сrоss section (also at the veпices of
liпеаr cracks) of а prismatic Ьаr Ьу the fоrmчlае kпоwп iп

rcferences:

t,,=la=-+* i т""=тч=.Ф щ.l.з0).pdq dр

Allowing for ехргеssiоп (П.1.12) of stress function in

these ехргеssiопs, we can wгitе (retaining the first two tегms in

formula (П.1.12):

%,=т(|)+ g,ф)"
ра0 р
1аФ 1 аФ

а0 ф-"I*8z

",, = 
"(!)* 

g,"$] =}* B,ff = "Я 
* в,

аФl .

0р' l.з l)п.(

Herc т!! *d 
"r'] 

are tangential stгesses (i.e. tangential

stTesses in zего аррюхimаtiоп) kпоwп from toкion of the

ргismаtiс Ьат within liпеаг elasticity theory.

The gепеrаl case indicated above, is illustrated Ьу а numerical

ехаmрlе.
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1. Тогsiоп of а сепtrаl аппчlаr hole and two liпеаг

cracks quadratic beam in поп-liпеаг stдtеmепt.

This рrоЬlеm has fочпd its solution within linear elasticity

theory [25,53]. The ratio ЬМееп cross section dimensions of the

Ьеаm is given iп two variants (frgurc 2.1).

Vагiапt I rlb =O,S;
1

; Д=2,5r1'е =0,6Ь; пl=--
9

YагiапtlI r|b=0,5; е=0|7Ь; .=-!; A=2,5rl
9

Ву expressions (П.1.19) for the stfess function Oo(z;Z)

we get the following formula (we retain the first two terms in the

analytic function F(z) , as the other values of the coefficients с*

апd Pr же infinitely small)

F(z)= an,
t1

* alB

4 t

t9 -n["r,-(;)']-
z

+as drs) + 4р)
[;)'-[;)'],

(п.t.зz)

з45



у

х

Fig.2.1

lп this expression, fоr passing frоm опе чагiаЫе t, to the оthеr

variable 12, mapping functions of ! апd l, contouБ аrе used

(see. table Nэ 1.2 in part Г).

The coefficients contained in this expression wеге calculated for

cach чаriапt and given in а ИЬlе fоrm (see. tаЫе 2.1)
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Table 2.1.

coefficients Vаriапts

чаriапt I variant П

а4

ц

ь4

ьs

0,0lз379

0,0l l487

-0,0039з9

_0,001927

0,0524

0,и407

-0,01б8

-0,00255

Tangential stresses found in tогsiоп of а Ьеаm (with

quadratic cross section) сопsidегеd in linear elasticity рrоЬlеm is

given in the table 2.2.

Knowing the analytic fчпсtiоп Л(z), Ьу mеапs of

expression (П.1,19) we fiпd the function Фо(z;Z) in zеrо

approximation. Тhеп iп а first аррrохimаtiоп we get the strcSs

function Ф,(z;z) frоm the following differential equation (if we

consider ехргеssiоп П.1.32 in П,1.19 апd П.1.20):

з47



^Фl+Вl 
.р-" * Вr.р- + Вr.ра0 + Во.р-|t +

t Bs. р-'6 + Bu. р-'О + Вr. р-|2 + Вв. р-Ю + Bn. р-8 +

+ Bto.p-6 + Вl.р-а + Вп.р-2 + Еr.р2О t Еr.р|6 + (П.1.33):

* Еэ. p'n t Ео. р|2 + Es. р'О + Ев. рЕ + Еr. рб +

+EB.po+Eg.p2+a-=O

In this equation we make the following substitutions :

\= ао. t| ; L = ц.t| ; ц = "\,) 
bn+"lr).4;

1о = t|bo+ 4I8).12-.4 ; Ц - tiB . Ьв;

Bt = ll524. 6. e-l0i0. Bz =14,72&, 46. "'''.,
вз = з2оЦ. ь6. e-zio + 288ц. ь6, e-l0i0 i

вц = 28846, e-|tiq -lбfrr6 ;

Bs = s021 . 6 .eaiq -ttszn, . )пб . 

"-zziq 
+lg2ц , ,146 .e-2i0 ;

вв = 2ц. &Ь. 6. e-|4i0 -|6)l. ь. "о'' 
. 6 ;

щ = 408. hЬlц. 6. е-ltiq -л52ц. )., 6. e26i0 +

+ ааs, frr. ц. 6. 
"u'' 

+961r. 1r, )о. &u'' i

вв = а0, Ц, 6, e-loiq - 4),2 6,

Bs = 4. цб -|6оц),46. el4i0 -пgulьц, 
"-22i0 

. 5 *

+ 18,2"6 . e-|0i0 + 48Ц ),46 . e2i0 + 89ы|"). . &|0i 0

Цо = |61ztrцб . e-|2i0 + 48 1.1o, 6 . е4'0 6 - |44ц).п. 6 . eaiq ;

34Е



Bu -- 2h. e4i0 6 + 5lf-6i0 . 6 - з2оЦц6. е-|tio +

+ 96ь11 . 

"'О'0 
6 + llztr2rцб . е6'0 l

Blz = 81tlцб ,eaio + З2L].6 ,е-|6'0 + 8)"r)об ,e-2i0 -
-МЩ.6.е-2i0;

е' = м\Цб . e4t 0 
+ 1 бU"tr]r6 . e-'n'q - 896ц1пцб . е-''

El = 896)26, ебi0 i Е2 = lo88l4a6. e2i0 i

Еэ = -lвЦа -z24ц6,e|4i0 i

й = 92rtццб . e-2i0 + 224Ццб . ебi0 i

Es = -лбtrlц6. е''0 - |6оlпц6. е'0'0 ;

Ев = 4Цб . еtiq - l28дц . е4' 0, 6 - 24о6, e2i 
0 

+ 1 )r. 6, 
"u'' 

;

ц =4п6-24п6,е6'0 i

Ев = зlцб . e2i0 + |28)].]. 16 
, en0'0 - 448цtrпцб . e-2i0 -

- 64оцЦ .6 . e-loiq +2),o&ai0 ;

Ес =з2Цц6. e2i0 + lil]5. &2io -L6. el2io,

The solution of diffeгential equation (П.1.33) is as follows.

Ф, =(Ф,),*. +(Ф,[_.

Неrе
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(о, )",.. = Вrеrр-ъ + Вrеrр-" + Вrеrр-|t +

+ Воеор-|6 + Вrеrр-|а + Boeup-|2 + Вrе, р-'О +

+ В"е"р-t + Вrеrр-6 + Вrоеrор-а +

+ Вrrеrrр-2 + Вrrеrr|п' р-!ер2 + Еrеrр2 + Еrеrрlt +

+ Еrеор'6 + Eoerplo + Ereuplz + erEup|o + Е,rе"р8 +

+ Е"еrрб + Еrеrора

(Ф, )r"n. = с, ln р + с, (II.1.34)

с, and с, аrе found frоm the known Ьочпdаrу condition (II.1.28).

Тhчs, the expressions fоr the constants с, апd с, will Ье as

follows:

1

' lп l, -lпD |B,r,(b-'u - tr-^) + в rr r$-" - t,

- t;")+ Bo"o(b-'u - r,-'u )+ Вr", (а-'О - ,,-'О )*

+

з

t

е

е

вз

Bs

+

+

+ Bueu

_l8

-8

ь
(,

ь

t ru') + Br"r(buo - r,-'О )*

,')* во"r(а- -r;6)+ в,ое,о(Ь-О -r;О)*-t
+ В,rе r,(Ь-2 - t,' )+ 4rе,r (tп' Ь - tn' rr) - f, r(P' - ri ) 

*

+ Е,еr(Ь22 - t!')+ вrrr(ь" - l|')+ л,rп (a'u - r|u )+

+ Ener(b'a -t',o)+ orru(b'2 -r|')+ Bu"r(b'o -r|o)*

+ вrеr(ьs -,|)*л,"пфu -t|)+Bn",o(bn -ri)*.] ;
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,, = f,.| - 
в,",(ь-26 + t;26)- Brer(6-zz + t|')-

(r-,u )- вr", (b'n * ,
_lб -l4

l- Вrrr(Ь'

- вфч(Ь'

- аr", (D*

t

2

-lt+t

+

- Вцец

- Blel
)

)
2

+,

(u-'o *

+t )- "*r(r* 
* r, u)- 

4о",о(ь' * r, О)

+ вrrrrr(ь-' + t;2)+ вrrеrr(lп' ь +ln' tr)*L е-(ь

- Е,еr(ь22 *,|')- вrrr(ь" +t|')- or"o(b'u + |,u

- Е n"r(b'o + t'ro)- Brru(b" + t',')- Burr(b'o + |,О

- rrrr(ь8 *,|)- л,"офu *,f )- an",o(bn -,i) -

j#=i# 
;t-,,(b-,u - (u)+ B,",(b-u - t;")+

-ls - t, 's )+ Bneo

-|2 - t|2)+ Вrе,

-6 -l,6)+ Broero Ь-' -';')

+ в,rе,r(lп' b + l"',, )- (- i
+ Во"r(Ь

* врr(ь

+ Е2еэ

+ Е5еб

- EBeg

1

l

,l,)t,
_Е

l

2 ,)+

(,

(,

(,

ез

еб

+ Вrе,

+Вэ

+8о

(u-'u *,
(u-'o -,

+вr",ф-'О -l|n)+

+ вr", (а-' -r;')+
+ 4,4,(ь-'-l;')+

,)(ь' -,?) * в,",(ь" - t',') +

)

)

'о )+Il

)-
t +18l

+с

-ri
-t|
,i)

_16

l
-l0
l

}

1n -t(r"

(ь"

(r'

-t + Еr"о(Ь'6

+ Euer(b'ot'2

о(rоеEg

lt
l

6)

.)

t+

l
с)

l 11
з24' '4- 256'

1, 196,
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11ев=-|44; e,z = -юо;

etl

11l
"в 

= - 64i 
en = -йi 

",о 
= -Б;

1; erz=-ii1

4

As in the solution of this рrоЬlеm within linear elasticity

theory, hеrе (i.e. in попJiпеаr statement) in пчmеriсаl

calculations, the sizes of cross section аrе is taken in two variants.

Knowing the tangential functions ( Фо and Ф, ) in zеrо and

first approximation, the tangential stresses ше calculated

ассоrdiпg to the expTessions (П.l.З1) апd given iп the following

tables (see table NФ.2) (at the most сhаrасtегistiс points of cross

section and fог different materials).
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2. Тоrsiоп ofa сirсчlаг cyIinder weakened Ьу ш аппчlаr

hole space and two linear cracks in physical поп-liпедr

stдtеmепt.

This рrоЬlеm has fочпd its solution in the books [25,53].

The results оЫаiпеd from the solution of this рrоЬlеm аrе given iп

the following table (figчrе 2.2, tab|e 2.З). Неrе we miss

intermediate calculations and give опlу the obtained rеsчlts.

у

D

Fig.2.2

х

в
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3. Torsion of а сirсчlаг cylinder weakened Ьу sqчаге hole iп

physical поп-liпеsr statement.

This рrоЬlеm was solved Ьу D.I. Shеrmап [25] wiфin

liпеаr elasticity theory. The rеsчlts obtained in physical поп-liпеаr

sиtement ш€ given in table J,{Ъ2.4.

The obtained пчmегiсаl results show that the tangential

sEesses in the чеrtех points of сrасks and at the points d = 0,

z = р =Ь in physical non-linear statement solution diffег 10-15 7о

fгоm the solution in liпеш statement i.e. mахimчm чаlче

decreases апd the stress счгче smoothens, As the геmаiпiпg points

(espcially at the роiпБ оп intemal сопtочп), the stresses тpz апd

чr. change very little, i.e. in torsion рrоЬlеms ассоrdапсе of

mаtегiаls to physical поп-liпеаr rulе doesn't give the expensed

effect.
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3. Тоrsiоп of а сirсчlаг суliпdег wезkепеd Ьу sqчаге hole iп
physical попJiпеаг stдtеmепt

у
D

R

вх

Fig.2.3
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PART III.

STRESS STATE ОF BENDING ОF PRISMДTIC BEAMS

IN PHYSICДL NОN_LINЕЛR SТЛТЕМЕМ.

ý3.1 Рчrе bending of pгismatic beams.

А prismatic Ьаm of two-connected аI€а сгоss section is

subjected to the action of bending mоmепt М applied to its base

(i.e. а Ьеаm is subjected to рчrе bending). The cross section is

Ьочпdеd Ьу а right polygonal ( L, сопtочr) fгоm ехtеriоr, апd Ьу а

r radius circle апd two linear cracks ( | сопtочr) from iпtегiоr.

The огigiп of соогdiпаtеs is оп the сепtеr of the section, the axis

z is оп the sуmmеtrу axis (fig.3.1).

As we have solved this рrоЬlеm iп liпеш elasticity theory,

we shочld Ьriеflу notice that it is known йаt within the liпеаr

elasticity theory, the tangential stresses 7лz апd тr. аrе identically

zеrо and that the поrmаl stress oz along the жis of the beam is

indepndent оп the axis z .t

It is known that all йе equations of physical поп-liпеаr

elasticity theory аrе satisfied when in addition to conditions of

* Fот that you сап see йе rеfеrепсеs[25,2б]
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lineaT statement we accept the сrеаtiоп of stresses о,(",у),

оr(х, r) and "o\,l) as well [38,53]. Not all of these stresses

depnd оп the чагiаЬlе (axis) z .

Under these conditions, the basic equations (I.1.1) апd

(I.1.7) of попliпеаr elasticity theoTy аге геdчсеd to the following

exprcssions:

- equilibгium(balance) equations:

Р-Р=о,9З--9=0 (ш.1.1).
dхфdхф

_ strain compatibility conditions:

tэ,0'r, _nO'un
Б'*Б'=' ыф

{9=о, *?=о, {3=о (ш.1.2)dx' ф' dхф

Frоm diffегепt points of view, фе expгessions (I.1.27) апd

(I.1.28) between the stresses (q,, ) апа strains mау Ье simplified

mоrе чпdеr thе above accepted conditions.

- Frоm Cauchy, GепК, Саwdеrег and etc. point of

view

,.t,,,) = }[f оь.и - 
* rft ь]
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)у€ (х ( )у €х х,у
lГ l_l-
з Lзк

t(so).oo -

й=\л ",, n о, * о,);

,(,а)=,[

-},til лf ,"
Iп these expressions

=f,a=Ty=O (ш.t.з)

ь1
з

ob.l=o(#)' щ
9G'

- Adgins, Grееп and etc. point of view:

cu = чбц + d2oij + азоikо 1i i; j;k = |;],;] ; (Ш,1.4)

Fоr the mateгials subjected to "cubic" fule of stress-strain

relation, the last relation is iп the following fоrm:

eu = cuou6,, + сrrо,, + сrrоzuбч + сuололбч +

2cuooOu * сдОрd il + сrrd*6,, + сз2Оьпdй|Оij +

+ сззОьпОhпОN|6ij + 
'rrО2цОr, 

+ Сз4б|&ОiпО jп +

+зс.оло^о*,6ч (Ш.t.S)

The coefficients 
"чQ=t-З; 1=l-+) аrе the constants dеfiпiпg

the physical рrореrtiеs of the material.

Iп obtaining these expression we made the following

substitutions:

а|= сl|Т|+ с2rТr2 + 2с22Т2 + саrТ| +2сазТrТ, + canT1

зб1



a2=q2+2c22T| +2сrrТr+ сrrТr2 i аз=с2э+сзД

l1
Tr=ou; T2=aoijoii Tr=1o,,ouon: (Ш.l.б)

In these expressions | аrе stress tепsоr invaTiants.

Fоr the function (stress function) satisfying the еqчiliЬriчm

conditions (Ш,1.1) we take йе expressions:

a2F а2F a2F
ахф

(ш.1.7)

Оп а lateral side of а ргismаtiс Ьеаm, the stress fчпсtiоп

F(х, у) should satisfy the following Ьочпdшу conditions:

аF аF
ц="ОП't 

; ;=сопsr (ш,1,8)

These сопstалts mау Ье accepted as zeTo.

Iп попJiпеаr statement рrоЬlеms, the quantities о, апd F
are taken iп the following series fогm (wогth respct to small

parameter 2 ) [38,53]:

о,= о!О\ + ).о!,) + io!,| *...

р=р(0) 12д(t) +.tpQ)+... (ш.1.9)

Iп these ехргеssiопs, the quantities ojo) *а Д(О) 1the

values in zеrо appтoximation) take the following values fоr а

liпеаr elasticity рюЬlеm:
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F(о) =0: о\Ф =-Щ" (ш.1.10)
]

Неrе М is а bending moment, "/ is inertia mоmепt of

сrоss section шеа.

In the general fогm, the inertia mоmепt is calculated Ьу the

fоrmчlа:

"I, is ап inertia moment of ап аrеа (hole) bunded Ьу /-, сопtочr,

J, is ал inertia mоmепt of an аrеа (polygon) bounded Ьу l.
сопtочr. Iпегtiа moments of cross section areas of some simple

gеоmеtгiс bodies аrе given in the fогm of table NрЗ.l

It we take into ассочпt the ехргеssiоп (Ш,1.9) of the stress

fчпсtiоп (Л) iп tbe fогmчlа (Ш.1.3) апd (Ш.1.5) in tum, then Ьу

the conditions (Ш.1.10) , (Ш.1.7) we get.

- Frоm Сачсhу, Genki, Саwdегег and etc. point of view

(iп а first approximation):

^ыT(r) 
- . 8СЗ .х (ш.1.12).

зG(зк + 4G)

м
Неrе, с G is а shear modulus, К is а чоlчmе

J
compression modulus. In obtaining expression @I.1.12), the mеап

stfess function is taken as &(so)=t and of tangential stresses

t = ll"'bay ; J =Jr-J1 (Ш.1.1l).
s
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intensity is taken function in фе fогm с(r3 )= r * сrr3. (see I.1.28

апd I.1.20)

-Frоm Gгееп, Adgins and etc. point of view (i.e. at апу

physical попliпеаr sиtement):

с,, Щм + lо.]+.,rлм + 
"r, 

[({ + r| + o1,)l+

+., Ь(4 + r| + zг]о',))- и"{$ kM * о, )го ]*

*$kм-+)+J-fr[t*-%)ъ+-

*"{#Fr- олi )-$ (.; - о; )-

ц
+.,, Ь(4 + rfr + о' )+

-*{$Ь; +2F]+ F2 *о])а]*

-#tF; +2r]+F2 *о])л;]*

-#tk' +2r]+г2 "'Ь+-
*.r,lftм *о.1 $i + zr]+ л' + о"')+

d,+-
ахф fF,'Fo * r*F,

зм



- *,{$К* + гi + oi)..,]-#[e * r$ * оi)r_|

- # К* - г3 - "'")r,\- ",.{$k* - о").("',* 4)*

*$kM *,.Хr: -.;)]-u*t(- * o,\(FoFo *

* FоЬ)] }+З.,лfu, + r] + о| +зFоF]* Зr;{,]=О.

(ш.1.13).

It is sееп frоm stгаiп compatibility conditions (Ш.1.2) that there is

а linem dependence Ьеtwееп поImаl strеss о. апd variables х,

у.

с,,(М + о. )+ с rrо, * rrr(F! + r| + о',)+

* ,rrfr] + r| + 2r] + o|f+ zrr, . o,(bF + о,) + сrrо2

+.,, [r; + r| + Q|+,r,о,(r! + r] + ф + zr])+

*.,,1м + о.[4 + r| + 2r] + о!)+

t ,rrо 
"(rf, 

+ r] + о|)+ сrпф(М + о,)+

+З.rо(Г] +r$+о|+

+ЗF о.F]+Зr_ r])= l,rx+ В,у+с

If we considere expressions (Ш.1.9) iп differential

equations (Ш.1.13) and (Ш.1.14), а differential equation оЬЫпеd

in а fiгst аррrохimаtiоп will Ье as follows:

(ш.t.t+)
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ддг(r) .'. р;д.,"(r) * Q * z6) Ц *

+(вр;*вв; +вft).Ц"=о

7(r) 1 р.дд(r) 1 (1 + зб + 6). Ц7,' +

+(fi, +zfi +4й + Р;)57З = д,х+ в,у + с;

Неге we make the following substitutions

р; = ''' ; $=czz. д=%, й=%;cl +сЕ C2t C2t Czt

Ё
сэз

Czl
р;

Сзz

czt Ё
Сэц

Czt
7(t) = 6(t)

If to diffегепtiаl equation (IП.1,1б) we apply the орrаtог

О=+-+ and геmоче the fчпсtiоп 4/(') in ехрrеssiопdx' ф'
(IП.1.15) (make а substitution) we get the following diffeгential

equation:

ддг(t) =д, *"r., (ш.1.17).

Неrе

(ш.t.ts)

(ш.t.tо)

1 м
J

2

н IQ*BOi +2B;)pi -2-2р;1-Фir1
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н2 [(вр; *вр; +|2Ё +24Ё)рi -l- fi
-6р; -6Ё -rrЁl 5

Тhчs, in physical поп-liпеаг statement, in рчrе bending of

pгismatic beams, Ьу both point of views, the solution of the

рrоЫеm is rеdчсеd to the solution of differential equations as

(Ш.1.12) and (Ш.1.2) and (Ш.1.17) (fоr finding stress fчпсtiоп

F(') iп а first арргохimаtiоп). All fiпt we solve the differential

equation (ПI.1.12). We look fоr the solution of this equation iп the

fоrm F0) = rj} + r,$ Щчаtiоп (Iп.1.12), in роlаr сооrdiпаtсs

(р,а) is wгitten in the fоrm:

Spcial solution л{}
^^л(') 

= Ьх = Dp cos d

is fочпd iп the fогm:

rfl" = -!_ р' cosl (Ш.1.19)

Fr!} (Beneral solution of the homogeneous

equation ДДГ(t) = 6 1 as we поtеd in part I апd П is found in the

fоrm:

r!!,),=сr|пр+о'с, (ш.1.20)

As а rеsчеt, the solution of equation (Ш,1.18) is in the fогm:

1

(ш.1.18)

Gепеrаl solution
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F(') = F"l} + r!i| = ft р' "osl 
+ с,|п р + с,р2 (ш.t.zt)

Ву boundary conditions (Ш.1.18), the constants с, апd с,

take the чаlчеs:

bcos d
'45

Г,i - ,i
LT|

bcos? t? -t1'"2 90 Ё-t?
,, -r7

l( t 1 \ll 

--- 

l

L(zc зк )

IJ r0)(,,y
s

(ш.1.22).

In these expressions t, апd l, ше affices of iпtегпаl !
and extemal /2 сопtочrs, fespectively.

After finding the stress function F('), th" fчпсtiоп

о!') = r,(r,y) is fочпd Ьу the following expression: (we take t.
dеfогmаtiоп ПI.1.3, in the expression in the fоrm of

е. = а(о) a r.r(t) = сУ) + вr.(а. х+ р, у + у)

equate the гight hand sides, Гrпd the function ,r0)(r, y)l

л(')(r, у)
зG,к .м0)-
зК +G

7
- "-",= а

9G!
ЭхЗ +З(а,х+В.у+у) (ш.t.zз)

а, Р апd }., constants аrе found frоm the boundary conditions

ll o!'lbay -- ll r!')G,l!,,al =оss

)хdхdу = у

зб8



iJlt'l(r,r),fixdy=g (ш.1.24)
s

at the lateral side of фе Ьеаm.

When а сrоss section of а prismatic Ьаm is sуmmеtriс,

! = r =о . So, for the function ojt) = ;,(t)lx, 11 we get the

following expression:

л0)(-,l)=ffi[(*-r) *"-
-fu.' .рЗ соsЗ 0+За,р,"оrа]; (m.r.zs)

The coefficient а is fочпd fгоm the exprcssron

fогmчlа we[l fr(')F,irbay=M. ву means of the Gгееп
s

rерlасе the two-fold integгal Ьу а one-fold integal

ll t,(')Q,),l,ay= lM- lB* (ш.1.26).
s цц

Here, since ff = Лr')(r, r).r, it is determined that

р= l fr(')G,lbar. As integTation is with respct to dp, the

function р(r, у) i, fоцпd frоm the last ехргеssiоп and Ьу in

equality (ш,1.25),

зб9



eG,r)=*(o,-d,)cos'd+

*td"r"оr'о*о.dпd"оr'а (ш.r.zz)

ff we сопsidеr this expression in equation (Ш.1.2б) we

сап write dy=dpsinq апd, р=1, (on ап extemal contour 12)

[fi{r, 
-r,).оr' o t;' +L d,, c,, t',cos" 0 +

l+-d,d
12

ocos'a! sind- (d, - d, )cos' d. l,u +
1

з0

l+-d.,c"6, l,'cos'd ti сoS 0 sln0 = Мdna
1+- z

12

Непсе we get:

12Md =-=---___________ _
do cosz sin d(lra - l| )

|{о, - 
o"|vi - tf )+ z,,a,|l - t|)

a^|i - ai)
(ш.t.zэ)

In these expressions, we make the following substitutions:

dI
зкG l l\

-_- 
|42G зк)3K+G

з7о



Тhчs, the fчпсtiопs Л(')(r, у) Md р(х, у) ате completely

defined. Тhеп Ьу mеапs of expressions (Ш.1.9) we fiпd the stress

соmропепts:

о, = о!О) + Broll) = apcosl + 8d,p,0); og = #
, uu"(t) 1 аF(')Оо=о,аd+рф"r'

Depnding оп the ршаmеtегs А, Д, m , the оЬЫпеd

gепеrаl solution mау Ь demonstrated Ьу mапу сопсrеtе

examples.

1. Fоr А=R, m=0 the extemal сопtочг ! takes the

fоrm of а сirсlе. In this case we get а ргоЬlеm оп

bending of а cylindric bеam.

In this case, fot е = r , the iпtегmаl сопtочr ! bcomes ап r

rаdiчs сiгсlе. i.e. the сгоss section of а cylindric Ьаm consists of

сопсепtгiс сirсlеs (сопсепtгiс circles of radii R апd r).

а ( r аr0)')l _- l

lpao) ; (Ш.1.3l)
0р
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2. for N =2;
а-Ьm=-,
а+Ь

problem in bnding of ап whole elliptic bеam wiй
semi-axes а апd Ь. The теsцеý obtained iп both

cases аrе sшпе as in йе papr [22] (the value of the

stгess fчпсtiоп iп а fiгst арргохimаtiоп F(') and

expression of the function dr,y)t.
Similarly we сап fiпd the expгessions of the functions Л(х, у) and

9,(r, у) m (the next the values in the second апd etc).

approximations. Investigators in the futчге mау continue this wоrk

апd сопsidеr пчmеriсаl results.

7=Q; l=g-y=0 we get а
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ý3.2. Bending of prismatic beams чпdеr point

сопсепtгаtе load in physical попliпеаr stдtеmепL

We use the method чsеd in рчrе bending of а ргismаtiс

Ьаm in ý1, in а рrоЬlеm оп Ьпdiпg чпdеr the point load. As it

was said in ý1, а сrлs section of а pгismatic Ьеаm consists of

two-connected domain (contour | ) апd is Ьочпdеd from ехtеriоr

Ьу а гiфt роlуgоп and frоm iпtегiоr Ьу а r radius circle апd а

сопtочr t possessing two liпеаr сrсks очtgоiпg from this сirсlе.

The vertex pint of cracks of сrасks аrе denoted Ьу + ie (Гlв.З.2).

Total length of йе Ьаm is point load L is denoted Ьу Р (the

point load is applied оп the base z = L of the Ьеаm along the axis

л).

р

zP
х

у

ПgЗ.2

0

L
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Unlike the рчrе bending, when чпdеr the action of point

load, the stresses ше iп the fоrm (о,,оr,оr,"r,"о, тr, ) dl й"

equations of попliпеш elasticity thеоrу ате satisГled. And the

stresses ох,оу and rо аrе indepndent оп the axis z.

It is kпоwп frоm the Гrrst part that whеп thеrе аrе no

volume fоrсеs, the еqчiliЬгiчm eqlиtions аrе written in the fогm

(sce I.1.1., I.1.7 and I.1.36)

+-5-ч+=о, 9э*9*9з=о
dхфdzdхфdz

!-_*9!o*a!.=g, (ш.2.1)ЭхфOz
Stгаiп compatibility conditions

Oztllr, _О2€, *9r, . а'у-=а'ь*О'r, 
,

ф?z Oz' ' ъ' ' }za" Ох2 0z2

O2t|t о _d2е, .О2е, .

ыф - ы -77,

"О2е, 
_ О (_0vп tO,|ro *0,1,o- фОz ?r[ 0.r ф Эz

О", ( а,у_,lvr,,0Vо
[-ф'аr-а.

а

),

),
2

dx}z ф

d'€ d

0rф 0z

ltllo ,ltltn .\tlt*
0zOхф2

375

),
(ш.2.2)



Ехргеssiоп of sгains Ьу stresses

+ =;}t(,o) оо *}Bt3) (+ -,.),

а, = !еGо). оо * 
_Двt3) G, - ".),

э. = r}t(,o). 
оо -}r(,а) l". - оо) vlo = f, ,Qil ",,

,у*=*rG)"*,,*=f,rlll* щ.2.3)

Неrе оо =
1

з ь, iге mеап stresses. IIow we сап

take the stresses.o,,dy,oa,tr,Tn апd z]ry that йеу satisfy all

the equations (conditions) given above. As in рчrе bnding if we

take the stresses о,,о, жtd r,o Ьу the stress fчпсtiоп Г(х,у) as

a2F

*о,*о,)

у
d"F
ёх2 ' "ry аrф'

(ш.2.4),
d,Fо

ф
then the flrst two equilibгium conditions аrе satisfied this stгess

fuпсtiоп F(*, у) should satisfy the conditions

аF аF
6 = сопst and 

- = сопs, (ш.2,5)

in фе lateral side of the prismatic Ьаm. Неrе we сап take

сопstапк as а zero (this doesn't affect оп stresses). The last

3,1б



ехргеssiоп of equilibrium conditions (Ш.2.1) is satisfied whеп the

поrmаl stress о,

о,=о:О) +tr.f (x,z) (ш.2.6)

and also tangential stresses то and то аrе taken in the fоrm

0rp

ф
0рР
ЭхJ ry - l. f..y (Ш.2;l)tn

Iп these expгessions, is а point load acting оп Р , and "/ is

ап interia mоmепt of cross section of the Ьеаm with rеsресt to

печtгаl axis. It is known that the inertia mоmепt is defined Ьу the

following expression.

dxdy (ш.2.8)

As it was said above, Ьу mеапs of Ostogradskii,Gгeen

fоrmчlа, the two-fold integral is rеdчсеd to one-fold ontegTal (see

fоrmчlа Ш.1.1l). Inertia moments of some simple gеоmеtгiс

bodies аrе given in table J'.lЪ3.I.

Is we аrЬitrаrilу take the mеап stress fчпсtiоп 1ft(so)) and

intensity function 8(rr') "f 
tangential stresses, thеп as it was said

in parts I апd П, the solution of the рrоЬlеm and satisfaction of

Ьочпdагу conditions meet mапу mathematical difficulties. Fоr

simplifying the solution of the problem, iп expressions ft(so) апd

То

,=ll-
s

з7,1



,t3) ,r'" expressions I.1.29 and I.1.30), and (I.1.57) we are

rеstгiсtеd Ьу а spcial case and take the fогm:

ft(so)=t; c(ro')=r*c, ь' (ш.2.9)

i.e. we аrе restгicted in а fгst approximation of the functions

&(so) and с(r3) t."ro аррrохimаtiоп gives the solution iп the

liпеаr statement). At the same time, if iп the expressions (IП.2.7)

we take the function rр(х, у) in the fоrm:

,=r(о) *ц.r(l) (ш.2.10),

апd сопsidеr it in that fоrmчlае, fоr the tangential stгеssеs ,д

апd т}, we canget:

,o=Oq(o) n,r,alu|
dу dу

зr(О) а-0) рту=-Ъ-).\;-7+-l f,.l (Ш.2.1l).

If we take into ассочпt the intensity fчпсtiоп 8(r;) "f 
tangential

stresses iп the expression (I.1.6) of раrt I (Ш.1.11); (Ш.2.9) апd

(Ш.2.11) and iроrе the sqчffе of coefficient 8(ro2) -d iB hiфеr

dеgгееs, we сап write:
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r|З)= ,".S[": + oj + о| - о,о, - oyoz - oxoz +

+ 3l, + Зт2п + З"l,]= fu . 
в r. [о,' * ЗО], (mz.tz)

Неrе

о = з(r1'l| + з(р1'l[ + брf;) !,у +э! х2 у2 ;

Тhеп, Ьу the expressions (ПI.2.З), fог displacement strain

(а,,аr,е.)апd shem strain (yr o,,l,,.,,tr r,) соmропепts we can

write the followings:

с,=пр9) +tцуzf +щ8z.М *}вrrr-

-ъв,(о!f*о!О) о);

еr=rцоf'+n gzf +пtgz,М *}вrr_-

- 
^r..,( 

о\о)' * о!о) .о.),,",\, , )

с, = nrolo) + n, , 8z, f +пt,g2,М+

+2пr, g2 [bP)I-"p'.o], lll,у =-|в,r,

|/о = fb9 * r,rУ'1 - fu ,,(оР, оjОf + r1ol,.;,
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,-=-|(r9) + g,ф) +!2+ rs,r)-

- ft ,,(о!ф, о!О)' + rФ),, *

-d'r?-?.) (ш.z.rз)

Неrе we mode the following substitutions:

,,,= 1-' , ""=J-;,r=*-*;(Ш.2.14), 9к бG ' 2,7G

-а2а2Д=_, r+_',, is а [ярlасе ореrаtоr.
dх' ф-

The first, second and the sixth of strаiп compatibility

conditions (П.2,|2) аrе reduced to the following опе condition,

#[#-#)=. (ш.2.15)

If we wгitе the expressions (Ш.2.14) iп tЫs last fогmчlа,

we get.

we сап wгitе:

цf* =6ц вr\Щ; оrаs,п = р(ъ- r),

,f-=6
мэ

8z ух (ш.2.1б)ц
ц
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It we twice integrate the last exprcssion with respct to the

variable .r, we get:

1Q,r)= no|+rrr+r, (Ш.2.17).

п4=6ь s2М:l\ J-

с, and с2 аrе iпtеgгаl constants. If we accept опе of them as

с2 = 0 (this will not affect on the solution of thc рrоьlеm апd

stress state of the Ьеаm), we сап find the other cl constant frоm

the satisfaction of the function / the condition

llr.,.bal=M (пI.2.1s).
ý

фесачsе а set of stresses acting in any сгоss section of the Ьаm is

equivalent to the bnding moment М ).

Ву means of Grееп fогmчlа, this two-fold iпtеgгаl is

rеdчсеd to one-fold опtеgrаl:

llr., bal= lл ц-!л,ц=м (ш.2,19).
sцL1

IntegTation is conducted аlопg the сопtочБ Ц ыrd Ц.

Неrе we make substitution 9=r.".
Эх

Тhеп /, = !lra*+"r.
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It in the last expression we take into ассочпt equality

(Ш.2.17) and wгitе it in (Ш.2.19), we get:

х' х'
Пl a+чl+с,у,оr- Иоr= ll ф-

(ш.z.zо)

То conduct complete integгation we must make relations btween

the чагiаЬlеs л and у.

It we pass to complex чаriаЬlеs (hеrе z is not а syrnrnetry

axis along the beam's axis, i.e. along the Ьеаm).

As

then

-J ["*--Х 
*,,fo,=,

уZ=x-уz= х+

1

7

l
2

(ш.2.2l)(z+Z) ; l (.-z)

The function mapping the contour t (гight polygon)

ехtеriог to а чпit circle [51] is as follows:

z= дFr**"|-'); Z= l(";'+-ф-'); (П|.2,22).

The function mapping the сопtочг L,(r radius circle and

two liпеаr сгасks outgoing frоm it) ехtеriоr to а unit circle is as

follows [5l]
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z=rTlt'f,-l,Tl' i Z= п,'t'у"-,,t (ш.2.2з)
л=0 л=0

In the last expressions (ПI.2.22) and (Ш.2.23), the чаriаЬlе

? is ап afflx of the points оп а unit chcle у (гесаll that оп а unit

circ|e, с = eig апd с .Т =|).

As it was said in section I and П the quantities Д,m,N же

the coefficients defining the сrоss sectioп of the beam (see

expressions I.2.2l and Ne1.1).

The coefficients yn_t Nе found Ьу [51] (see expressions

П.1.16). As it is seen, to calculate the iпtеgгаls in the expression

(Ш.2.2О), we should kпоwп the expressions of at least the fifй
оrdеr роwеr of чагiаЬlеs z апd Z; thеrеfоге, Ыоw we give йе

ехргеssiоп for апу роwеr of expressions (Ш.2.22) and (Ш.2.23)

(we do this fог simplifying the calculations of fчtчrе rеsеагсhеrs).

At fiгst we consider the ехргеssiоп 7 |.

Ву (ПI.2.22) (i.e. fоr а right angle N )

а = д'^(т* +т-")+ i(l,+^2) (п1.2.24)

Ву (trI.2.23) (i.e. а circle with two liпеаг cracks)

й=rтZ rn_F-'rг-lZ To_1,t" =12| cuTr+12| t-"тr(ч)

38з



ц(ч) = Z' r 
"-rr,-"_, 

; Z, (u) = I ^ Т n -tT n, u -l (ш.2.25)

Ву the expression (Ш.2.22)

Q.| =|,+("*^"L-Л)t=Ё
у=0

r"Ц(")+I T-"T'Q)

ц(")=I'-д*С-Л и fr ;Q(v)= I--a*c*" m N (Ш.2.26)

Ву (Ш.2.2З)

k-ч k-y

k = 2iЗi....,ч = 0|1i2i...

(.)'= ,т|r,-rТ-О = I""Ц(")*Iz-"Zi(ч);
k

Ц(")= i',*l,сl9" ; Т,(")= Ё 
-,rt 

c.)";

у=0

.(l)=Ё .(l).(,t-l). " _"0l=bбп /i бцбп-п ' бл Ол
пl=о f-l

k =2;З;...; п--0;l;2;...; (Ш.2.2'l).

In these expressions, the stars * and ** indicate the change

of indices of the sums Ьу 2 апd N, while passing to the next

tеrm.

Аftеr some mathematical oprations, differential equation

(Ш.2.20) takes the following fогm (if we take into ассочпt

expressions II|.2.2|, Ш.2.22, Ш.2.2З, ПL2.26 ald Ш.2.21).
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I{
и[

+т1\ + mт!-1f [t*^

+ 62 + m(м - t)T{ -'Ь. 
*(- +)(", 

* л";r u +

+ г} + -т!-'|| + ф. + m(t - H|TIN -
--(lv -r)ri']+.,(-1)[r--t, - Mb;n *

+т;, -m(м -t\т{-"ГIо"" 
l{+r*( :)|Дr.,"Г.

- 
ý r"-,"г' ]' [; r 

" 
-l (| - пУ |' -i у 

"-, 
(n - t|4 -']а 

", 
+

- 
", *(-;) [Д 

у.-р|, + iy "-,ci" ]' [i r,_, t, - "l,;" -

- i r 
"_,(" 

- t),i,7o 
", 

-,, *(-i)[Ё ", 
t, - "Ьr" -

-ir"-,(n-tl"i'7),*,= " (mz,zB)

- Mh;" +(1

+

In calculation of all integrals сопиiпеd in this exprcssion,

only the tеrms possessing , роwеr tегms of the variable (-l) аrе

поt zero, the оthегs аrе zеrо (all these integrals аrе Сачсhу typе

iпtеgrаls).
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i.е, as t = eio and T-l J
dc
t

1
0 1

2й
е

L

! Ч = 
^43' 

= rn (r"'')|" = Inr * In(t"'')i"
iT
=ы+iQ|'=о+2й

The оthег integrals аrе identity zeros. Fоr ехаmрlе,

"-z 
6" = 

_l 
"-tJ

Весачsе

1
= -cos)

and etc.

(. I'" =0
'l0

t Ч=t
LaL

oIl,
lo

1
= -_е ,a l

J

,f2

0

osd-isind
з

оr

t' 2rl 1
=_е7 0

( l
1

=_е
2i

L
тd i20 2r, i0 cos+ i siп d, 0

2п
0

0

zQ *LirinzdlЗ'=о (ш.z.zэ)

According to what has Ьееп said, if we calculate the

iпtegTals in the equaiion (|П.2,26),wе get the following result:

n,#n, * ý чл, -,^Н. n, - n пt ",п о= м (ш.2.з0)

Frоm this ехрrеssiоп we fiпd the consиnt с,
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. лв -!|!grB
480Ct= (ш,2.зl)

IА4 пл-'" .п.,824

Неrе, the quantities Пl,П2,Пз апd П4 are the

coefficients obtained from integTation (the coefficients depndent

оп the раrаmеtегs m,N, r,_l).

Thus, we find the ехрrеssiоп of the function /(x,z) iп а

fiгst approximation.

If the function 7(х, z) Ь known, in the third of strаiп

compatibility conditions (Ш.2.2), Ьу formula (Ш.2,14) being ап

ехрrеssiоп of dеfогmаtiопs V,,rr,,y), fог the function F(х,у)

wc сап get the following ехрrеssiоп:

* (" - })= ч. "Р'. о о + вц. о!О|. L-!-]a _

-ZчО,Х-!:') + nr. о!О).Фч-пr.7оl (ш.2.з2)

The function Ф contained in tЫs expression is defined Ьу

fогmчlа (Ш.2.13). Within liпеаг elasticity theory, the fчпсtiоп

р(О)(r, у) contained in expression (Ш,2.13) is defined Ьу the

following expression
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р(о)(r, )) = p(o)(z ,r) = i,u, 
. z.(z)' +

+|в,.,, -ir,.s .-iп[i z'-z (zY +

-i*E 
I

k

dk + 0*€rr (ш.z.зз)z
л

The coefficients а* апd Pr contained in this expression is

kпоwп from the solution liпеаr statement of the ргоЫеm. The

чаriаЬlе f, is the iпчеrsе function of mapping function (Ш,2.2З)

of the intemal tсопtочr (see formula J\Ъl.1).

In the last ехрrеssiоп we made the following substitutions:

в, =--__{_h+2u\, в^=- ,3Р, р' 8(l+д)."I ' 8(l+и)."I

Br=_-}!-- :Bn = -|_. g, = - =r.4Р, = (ш.2,з4).' 8(l+и).J ' J'' 8(l+ч)../

It we substitute expression (Ш.2.33) iп fоrmчlа (Ш.2.1З),

the function О(х, у) is defined as follows.

At first, Ьу (П.2.1б) We сап write the last tеrm iп

ехрrеssiоп (IП.2.З2) as follows:
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г-
Z В*Ё,* =Z Brl!t=l t=l L 

r
,d"-,[.) l =\z/ .J

,

, t;] B(vt B(v)= z р*а_!ц_rl (ш.z.зs)
t{

Неrе (*) shows that while passing to the next tегm the indices

change Ьу two. All the coefficients L(*) аrе found frоm this

condition [5l]:

rf)* Ё
лl=0

L@ вji)=o, rЯ'=+

Thus, we оЬtаiп:

Ф = чз .yi + zз .zyi+z2 .z2 .rj + za .yi+za .yi +

+ iy;i |иrгr.z**| -t.в(t)ri .z-r*l]+

*ry;||Иrг* .zo-' .z'-k.B(k),rr .z-r-' .22|+
t=l

+ iy;rЙr. А-' . zr .z - k. B(t). r*. z-*.z]; (ш.z.зо)

неге, we make the substitutions:

ri=лв? -1r,rn-Zr,ro,

yi = бв, в, + зв,во -f,Bl *2 вrво
J

+_ +_
J

ВзВп В?;
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ri =f,B, в n *? в,в n -|в, в, -f; ,,r, *|r1,

ri =|в,вr-lr,rrо*

r| -- -|в, в, -1r?, ,; = -1r,r, *|вов,,

,; =-|вовr, yi =6в,вr-lr,rr; (ш.2.37).

Passing to роlаr coordinates ф, а) iп exprcssion (Ш.2.3б),

we make same deгivations, wгitе the obtained rcsult in differential

equation (Ш,2.32) алd get:

|B,B,-f,Bi,

^м 
=' р ч(t)* I ра .vr(п)+ ра.иr(t) щ.z.зв;,t

k--2

Here

",@) 
=r rt)+byi .,-''' . с, +2yi. е-Э'О . €, +

+ 2у!е-'0 е, + 2yie-ig е, - 4уiеЗi0 е, - 4у|е-Эi0 е, +

+ ir'G-'F Е ,+i"'!-'P Е, + ir'r' Еэf;

",Bl 
=(- r7)!|r-u*'n . Е о + ig-k*l)е . Е, + ie,'k. . Е u|;

в, = у;|.ь(* - zhrд-r J, в, = yiK(* - tPo, z-k ;

в, = yi|k2arl-k - t "rгr l- 
yi*(k + tfo*, l-k ;
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Bn = y]z*(* + z)B(t) l ; Е, -- yik(k + l)B(t). rl ;

Еб = r;V' B(k), ,r + в(*). l l- yit(r - r)B(t) . r* ;

k +З;

k =З;
cl -

Неге lnp' = |n
р if сr<р.
сз

0

l

=! я*-Оа;.и.(*)* L p*r.6; у,(&)+Fr*,

ai = [t ++)'(z+ ф'|' ; бi= ft+-t)'(z-t)'[' ;

(ш.2.39),

(ш.z.ю)

As it was said in раrв I and П, the solution of diffeгential

equation (Ш.2.3S) is taken as follows (as а sчm of spcial апd

gепеrаl solution).

F = F,*,.+ Fr.n| Fg-= p',ri +сj,lпр

-ч,trl 
[{ьr--*о]

k=2

4

In if сr> р
сэ

р

",Ф)-+]
,ч(о)=Ё ,а,

_l
J,;
2

So, the stress function r(.т, у) Ь defined Ьу the following

ехрrеsslоп
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р = Fчес* 4"" =Ё p--'.6|.((*)+i p-L . бi.v,(k)+
l=l k=2

+ %( ).6; -р' + с| . р' + ci.ln р1

[*'",,-*],
(пrz.+t)

[п this expression, we fiпd the coefficients ci and с] Ьу

boundary conditions (Ш.2.5)

P"o,a-lrina.9 = о, 9rina+f.orp.E =о ;0р р а0 '0р р а0

Ву expression (Ш.2.41) we wгitе

{Ё tt*+}f-' d;.и(t)-Д,;'-'(:- *Di.ч,(t)+

+ 3Yr(l). 6; . р2 + 2t rci+ l"i}rin О +' t "J

d;=r;

l
+ -cost2

+y1(l) 
';.rj 

}=о; if р=lr, i.e in I,

! lj-а{'.ц(t)+ 2 t;**o Лj.ио(t)+
k=2

,t
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{Ё tt -+}r-'a ч(о)-Ё ti-'Q - ф, t,зи,(t)+

+%(1).6; .t| +2t,c, sind+1+-с 2
tI

-i*,r{E lj-, ai ц(t)+!
+%(1) 

';.ri 
}=о; if р=1,

l;t-' .dj .У.(*)+

(п.z.az)

Неrе

ч,(о)=ЧР, u,B)='u#)

Fгоm fогmчlа (Ш,2.42) the following expressions

found fоr the coefГrcients с, and ci.

,
l+4 k+4

l h;
-k+4
2 -li**nk *

are

,
k=2

[Ё t*-, -,i*-ob; -G -tWф,

t,
-l,

', =1 + t,

*И-'ib,

С, t+4
Ц tZ ,;r-o4+$ai +fi.\ k+4

l Ь;*Qr-o -,

lt
IT4,

Ё t
k=2 l=l

+

aj = (t + +)э, . v,(ft ). sind + эlиr(tс)соsа]

dj = (+ - t). sin 0. эr.vr(k) + эr. vп(t)соsа]

di=[зsiп9.иr(r)+ч.(t).соsd]fi шI.2.4з)

з9э



After obtaining (defining) the fчпсtiоп F, the strеsý

соmропепts аrе fочпd Ьу the ехргеssiопs (ПI.2.4).

р
1 а2F 1аF a2Fо 8 2

+_-
а02 рар

', оо = 8,2=--т',
dр-

d,
-L-

ф,
lа,у_ ачrп1

Lar-а'1

,,, =-r,+[++l, (пI.2.44)
dр\р d0 )

Now, get expressions fоr tangential streýses (4 and тr.)

in bnding Ьу the function F('). Fоr that, we сап wгitе together

the fочrth and fifth of strain compatibility conditions as follows:

= 0 (ш.2.45).

Iп this equation, allowing fоr expressions (Ш.2.13) of

shеаr strains V м апd у ,r, we сап wгitе:

а'lО.у* ач/п1

Б7Lф-а-]

з94



*=+rr'' - r,о\))*fuв,(ф."9\' *

+рФ). q.,,. r(o)..,)-EI''.- =

=*|r9'* r,,r!! *?* r,,,,r]-
* fu B,lo9), "!Ф' - 

plo), оIоF Ч t

* rr!9). о * рIФо, + о!)2 ? - ?* -

-о!о\ P(l - z) Рху 
+ 

рху Ф (ш.z.+о)
JJJ

It we иkе into ассочпt the expression (Ш,2.46) in equation

(IП.2.45), we сап get such а diffeTential equation:

*,,,,=[#-#) 
{[ *)ь*, др(о)*

+ Ф . 

^р(0) 
+ р(0) .о, + р!0) .о, _

_ool ,tol.P(l:) *о!)' .Ц,,D-6-

-о!)r.P(l-z).Pxy +Рху ФJJJ - foy (lп.z.lt)

Here, passing frоm the variables л and у to the complex

чагiаЬIе (z = л + iy), we get:
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^^р0) 
- -#*Иk' + za + z'hpg) + +р9) .о +

+ 2р!О| .Ф, + 29, Ф ,D"(z + z\rp!) + ,p!l)- iQ - z)

- ;:а'- z'Xo. + о,) + ),i(z - z)- jt. - z) н]

D'Ф-
J
(шz.+в)

Неrе

8рз l-z
ь

Jз

Тhчs, fоr ДДр(l) -" get the following expression (if we

Иke into account the known expressions of йе functions р(О) , 
'and Ф contained in this equation in Ш.2.33, Ш.2,З6, Ш.2.17)

ллp0 = - # Щ|- ir"" - a",l- }$ Д|- Еа,о - izalt +

*f rik). zu'* ! rb(t)..*-'l-
t=l t=l

- ft\r' r, + iz2z)n + iaz ).+ lzrz4 + Ё br . п,Ь)*
,t=1

+ rk-zrz .цr(о)+ zr-'zцr(о)+ z*-' .zЗ .цоQ)]+

*' [.* .цr(Ь)+z-*-'.zz.цr(Ь)+z-k-' .z цr(Ь)+
*=1

gG| Jз

з96
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+ х'k-з ,-з ,qпЬ)]+ ia' .q+i.zз . аr+ i.z2 .Z.a, + i.lз . qп1

* ! [z*-' . z. а5(а)+ zk, au(o)+ zk-' . z' . orQ)]+

follows:

-r2i| z-k.NO(k)+2i j .*.ц,(t[* i.b.z-

- r.b,z+iLH,.z-"2 ъ',", (ш.z.+я)

Ог we can wгitе this equation iп а compact fогm as

*! [.-*-' .z,ar(b)+zr .au(b)+ z-k-z .z",a"$|+

^^р(l)-Ё 
р* zi(t)+Ё p-k,T:(k) (Ш.2.50),

k=| ft=l

Неrе we made the following substitutions:

Т,' Ц)= ;ft Д. а", €,. е'' + i# 4. d,. е-'" . €, +

+,\. rtlt-zq . u, * }$ Д(оr. r-'' - dr,. r''). r, -

- #Ь. е-''' + ),о. 
"-'' 

+ lr. е-'' + ),u. е''"), е, +

+ ц,(а), e''u + цr(а), g'(uo\' + цr(а), е'Е')0 +

+ цп(а). g4r')" +dr.ie-'q .q+i(x2.e''' .€r+

+ ie'q . d, . €, + ie-1'o an. е., + аr(а). е'е"Р . ou(o). 
"'*" 

*

+dl , ei(k-4)o +2iNrr(k).e"0 + il".е'0 .€, - iЦ.е-'" €, +

a+-е
2

e-'u €ri
2

io Нr,' Е, н

з9,1



';@ 
= -#И yiQ\. 

"-'' 
+ yio(k). e-i(*'2P, g.

- fu h,{u) u -О + qr(ь). 
"-,(t 

- о)о + ryэ(ь). e-i(k 
+2)о +

+qо(ь). g-'(l'B)0 + аr(ь).

+ ar(b)"-i(*' lP + 2iN n(k

,-i(t*z)o * о"16у-*о *

dв = 2Bl +ZB, + f,Цl а9 = 4В,+ В, + Bn ;

,n,I

drо=4Вr+Вз+В4;

ц=s|ri *z|ri-z|ri;

au = В, +2В, + Вr;

ц=zуi-ч;|-z|ri;
. 9.р -.р 9.
^о=rfzj-ОТзi-if,
^ ,.р 9.р 9.р _.рЦ=ОТзj-rh1+ rfz7-Оrs,

ЬЬ) = -ir; i&(t 
+t) ао . a-t ;

ЬФ) = -ir; it, (t - r)B(t),.t ;

bG) = -)r; I t, @ - t)ar. l-k ;

р ,.р
j*urоj

ц(ь) ri It Q, +t). вЦь). l ; л,(d = f,ri |k' 
. or. l-r ;

1

2

Ь@) = -ir; i1,2, 
в(к),,о ; hоь) = ri

з98
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а,(ф= -ri |k, B(t),,l, a,(d = |r;|k, ао, л-k ;

р

^,(ь)

Тв *.в(*).,О; hrЬ)=r, z*.(tc-tfr.l+ ;J J
Pt
J

1р
,

д,(ь)=zri (& + 0. в(е). l l )rr(а) = yg|*' . о*. l _h.

a,Ф)=ri|k' B(t).,* ; а,(d= -ri |2*.(* -tfor. l-' ;

l^,(b)= +yi I 
t (& + r)B(k). rt ; h,Q) = -ri k2 .ar . Д-k ;

р
h,(ь)=-ri t2.B(K).rk;

J

р
J

Р k.
J

(lc -t).(* -zPr д1 -k.
hчQ) Tl,

р
\,(") fв 142 *(tc -t)ar. l-k ;

4 J
1

h,Ф)
1

2
чл

Рк
J

(t + t).(t + z)B(t).rt ;

р
J

1

а,(d = -f,r; I t, @ - t), (tc - zP, l-k ;

l,,(ь) fв t' . (r + t)B(t). ,* ;
4

з99



a,bl = -|r; |t .Q, -tfor , l-* ;

а,Ф) = i, r; Jt 
. (t + r).(t + z) в(ь). ,О ;

ald = !r; I r', 
(t - r)B(t),.* ;

bid = |r; |t (t - t)a*, а-* ;

bJil = !r; |t (t + r)B(t) .t ;

Ь,(d = -f,r; |t, (t - t)a*, а-* ;

Ь,Ф) = -|r; Jt, (t - r)B(r).,o ; )",(а) = ri |к. 
о*. 1-o l

bJil=ti|k B(t)..t ; Ь,а)= -|r;|t2.(t +t)a* . a-t ;

р
ь,(ь) Тв ь2 .(t -t).B(t).rk;1

l
J

Ь{d = -|r; |п, Qc - t), (t - z)a* A-k ;

ЬлФ) = |r; I t, 
(t + r). (t + z)B(r). rI ;

Ь,Ф)=)r;|r' ,(t + r)B(t).rt ;
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ЬJd = |r; |t2, 
(t -tPr, l-t ;

ц.,(а) = ,а"(а)+ Ц,(а)+ .1.,r(а)+ )"r(а)+ )"oQ)+ )"r(а);

ц.r(а)= )r(а)+ )rnQ)+ )"nQ)+ )",(а)+ )oQ);

цr(а)= .ао@)+ ,l"оQ)+ )"r(а)+ )"r(а)+ )nufu)+ )rr(а):

q'Ь)= )",(а)+ ц("); п"(ь)= Ц,(Ь)+ 1.(Ь)l

qr(ь)= Ц(ь)+ Ц,(ь)+ Л"r(ь)+ Л"r(ь)+ l"o@)+ )"r(ь);

ц,,(ь)= Ц(ь)+ s,n@)+ л",(ь)+ ц,(ь)+ )"u@);

цr(ь)= ц(ь)+ цоР)+ .а"r(ь)+ л"r(ь)+)пч@)+ )"r(b);

at = -\звзri -6овrу! -|5r;в4 +2lyiBr;

az = -l8Йвз - +\yiB, -t2yiBn +}yiBr+ 2yiBn;

аэ = -зOri вз - 66у;в | -f; riB, * tBri в, *f,ri в n,

d 4 = -збri ц - 2ariB, - чуi в о ;
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а r(а) = Byi в r*а r дk + l4yi B,k2 а r д-k +

+f,rl в nt' о * l- 
k 

+ 1,oyi в rК(к - t)o* А-О *

+ + Bryitcz (ь - tfo r л-k + yi в ok2 (k - t)a r д,k +

+ yi в rr(к - t\t - zP r а- k 
+ Byi B rka r л-k +

+ByiBrK(*-tPrz.-k l

auQ) =зуiвr,k ,ао , A-k + бВr,уi,& .(ft + t).ao . a-t +

з-
+ iri. B^.l.(t + l).a* . д-k + 4вr. yi. k. ar, л-k -
+ Bn. yi. k. а*. д-k -zfi. в2. k. (k -IPo, д-k +

+ 4yi. вr. k2 . а*. л-k -f,ri rr. к,(* -tfur. l-k +

+ zyi. в, . *' . (tc + t)a о 
. l- r t 

f,ri 
. В о. К2 . (l< + l,)a* . А-* +

*f,.r, ,;.t' (t-t)c* .A-k +2yi,Br.* (*-tPr.l-k +

+ lуi . Br.k .а2 . д-k

а"(а) = tzyi . в,. * . (* - t)ar . l-| + ву], в 4, k . (k - |hk . д- k -
- бу] . вr. t . (* - t). (t, - z)"*, д-k + I2yi . вr, *, (ъ - tfo r. l-k +

*f,ri в,. к.(t -t), (к - zho. А-О ;
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d5(Ь) = -sr; вз. k. B(k). l +l4qr, yi. *2 . в(*). r +

*f,ri B,.t2 - в(*),,* +toyi . вr. &. (t + l)B(&),rt -
-yi.Br.*(* +t).(t -z)B(r). ,О -ri.Bo.*zB(t).,k -
- 4ri. в,. ft ' . (t + l)B(ft ). rk - буi . вr. *. B(t). rt +

+ Byi . вr. t(t + t)B(t). rt;

au@)= -зуi, 4,*, B(t), rt + +yi, вr, *2 в(к), r +

+ бв,. yi. * . (t - r)B(t). r 
r * 

f,ri. 
Bn t . (t - r)B(t). rt +

+ lyi. вr. t<. в(к). rk + yi. во. к. в(*). rk -
- zri . в,. t . (t + r)B(t). . 

r 
- f,ri 

. в,. t . (t + r)B(*). rt +

+ 2yi. в,. t' . (t - r)B(t).,- - )rZ. 
Bn . *'(* - t)B(t). rt -

- |ri ь. r' . (t - r)B(*). rt + 2у|. вr. t. (r + Qв(t). rt -
- 4yi . вr.п . в(*), ,k;

а, (ь) = 12r;, в, . t . (t + t)B(t). rk + ву]. Bn . t(t + t)B(t).'' -
- бri . в,. r(t + t). (t + z)B(t)..o -
-f,ri u,. t(t + r), (t + z)B (*), l + tzy!. в, . * . (t + t)B(t). rt ;

1 1
ri(t ) вr. t . (к - t)"o, д'О ; riоG) Br,t.(*+t)B(t).rl;, ,

м,(к)= r] . вr.к.(* -tP*. l-'
лr(t)= д, . yi . *, (* +t)B(*). r' ;

40з



Nr(t<)=21r. оо. д+ ; Mn(K)=zt .в(t).r* 
;

N ! lrr(n-t +t). лt,(з-п)а, ;,(t)=

Nu(&)=' л,(п).лr(t -п ++);
I+3

лr(t)= I Prr(n-z).lv,(n -k+l)cr+

+ Nr(п - /с + 1). N, (З - z* + п)сr|

Nr(ft)= 

' 
lrr(n-ft +l)lrr(n+a);

Nr(ft)= 

' 
[л,(п-z).ц(,-&+l)э, +

+ N,(л - & + 1} по Q - 2k + з)еr]

Nl.(ft)= ! ц(п -t + t). lrо(п + а);

ц,(t - +) = I лrr(п). lro(r - + - п + t)ao
п=l

N,r(t)= lgr(11* lv,, (t)+ lrn(t)+ ш,, (k -+);

ц, (t) = lru(t)+ ц(t) + л,о(t) ;

4м



с| -
0 if k>2l
1 if k <2.,

[о lr
r" ={, uif

if k >2;

if k <2;

k <2;

k >2;

if k +З;

if /с=3;

k З4;
k>4;

k =l;2l
k +|;2;

0if
1if

k +l;
k =ll

0

1

0if
1if €s=

Г0

'u 
=1,

if
if

0

1

We take the solution of differential equation (Ш.2.50), as

if was said above, in the fоrm:

а(

Here

аРл. = ,| , р" соsпр + ci, р2 (Ш.2.5l)

is а gепеrаl solution of the homogeneous equation ДДр(t) -о.

pji}" i, u special solution of differential equation (Ш.2.50). So,

we сап иke this solution iп the fоrm:

el} =' р'-О.э, Ti(*)+

| р**, эrТ,'(t)+Т,'(t) э, r' (ш.z.sz)

=е9, *ф,

+

405



(if we four-fold integTate the гight hand side of ехргеssiоп

(Ш.2.50));

Thus, as а rеsчlt, differential equation (Ш.2.50) is in the

fоrm:

е0) = Ё р*-а. э, Ti(&)+ ! pa-k. эrTr(lc)+
t=l k=2

+ Гj(1) ээ рЗ + cip' соsп0 + iup2; (ш.z.sз)

these expressions, we made the following substitutions:

э,= (t + +[(- t - z) + z(t + з\ь + z) + (t + з[t + z[t + t)]|1 ;

э, = (+ - t)[(r - z) + zB - b\z - lc) + (з - t[z - t)(r - ft )Г' ;

Iп

*=[*',-*][i-.'-i] ; ц(о)=Ё *,
The constants с] апа с] аrе found frоm the conditions

r,. . cos(E,*)+ тr. .соs(я, у)= 6 (ш.2.54)

At lateral points of the Ьеаm.

As is known [38,53], these conditions аrе rеdчсеd to

satisfaction of these two conditions,

ll*bal=o; ll"!)*r=oss
Ву mеапs of ОstrоgrаdsНу-Grееп fогmчlа, the two-fold

integrals аге геdчсеd to а one-fold iпtеgгаl
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l! "\!а,ау 
= lи(,, i. al - lиQ,i. al ю

SцL1

J
s
[ "|)а,о, 

= lи(,,i.al - !o,G,i.al =о (ш.2.55)
L1ц

In these expressions

ý="Ч | а,= !td, ,*="*; о,= [ф)а- (ш.2.5б).

/ is found Ьу mеапs of expression (Ш.2.2'l), Thus, the fiгst of

expressions (Ш.2.55) is rеdчсеd to йе following fоrm

q Z Hipr*n *Z po-r.Hi*
l=1 k=2

+ Hicip' + H|cip" + Hip'; (ш.z.sв)

тhеп we сап write:

Inpolarcoordinates ф,а) thestresses rj} апа а!};

"Р=$,"*ry#
4?=-#* ч-.-!S-r", (ш.2.57)

ll "!'ааr= |p,dy- [р,ау= ! н,(,У'-,1")*
sццl=1

* н,|; -ti)- н,(,;-* -,,'-*)* н.(,; -r;).; *

+ H,cj . (;-' - li-')= о; (шz.sя)

4о,7



Fоr the function (р2 vJe сап obtain such ап expression (if

we take into account ш.2.57 in IП.2.5б).

erb,o)=i, pr-n Hi +L pa-k Hi + Hi, cip2 +
t=l ,t=l

+ Hio. с|р" + Hi, , рЗ + Hir, р5 ; (ш.z.оо)

Тhеп, йе second of conditions (ш,2,55) takes the

following fоrm:

l! "!)а,аr= !р,ау- !а,ф=н,|r'' -,i-')*
s

*Нв

+Hl

ц ц

Qtru -,7*)*Hot; -,l).; *H,o.(ri*,-,i-,b; +

,Q; -,i)* H,,|g-lf )= о; (ш.z.сr)

Iп obtaining йese ехрrеssiопs, as .r=pcosp,y=psinp, it was

taken into account that dх=соSOdр- рsiпO.d0 and

ф = siп9 ,dp + pcosd? ,

All the coefficients H*(t=Zл) a"pgna оп раrаmеtеБ

N,rп,А taking into ассочпt the cross section of the Ьаm. Each

сопсгеtеlу considered с] and ci is found depending оп cross

section sizes of the Ьаm. So, frоm equations (Ш.2.54) and

(Ш.2.5б) we fiпd с] and cj
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Ё 
",(,Г- 

-,i*)- Ё .r,(,i* -tf-')- Hu[,' -,1)*

+ н,,но Г[",_"..tц).H5.H9-H4.H,oL[ 'но)

*[",, _* 
+) tr-,i)_(H, -н,

, (,д+5
2 -{-')*

н
н4 k=2

9 i и*-,Г*)*

* H,,.Qg -,7
1

.;=l,lH,-H,
[r=t \

Hg

i
k=2

н5

э э
2 -t.

Hg

н4 , t+5
2 -,Г')-(,

I]s- нз
Hg

н4
(,;* 

-,i-* )*(",, -"u ti -,i )*
9н

н,

*я,,(,; -,1) ( .Но н
н4

_l

(, -tл+l л+l I (пэ.Bz)

Аftеr finding the function ,(t) 1stress function in bending)

(i.e. аftеr completely defining the ехрrеssiоп Ш.2.53), we find the

expressions fоr tangential stresses rý) апа ф in а fiгst

approximation as follows (Ьу роlаг coordinates р,' )

I Oo0l l ао(,) 6r(0) ^ аа0|tR= p;T+/L р;т' 'ч,---iГ-^ Б-

l0 2
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Р.о2-' ' .sindcos0-),.f ,.p.sind (Ш.Z.ОЗ)
J

In obtaining these expressions, we take into ассоцпt

т,=фl +,l, ф апа tr,=ф + ).Tt)

The gепеrаl solution mentioned above mау Ь considered

mапу сопсrеtе пчmеriсаl examples. depending оп diffеrепt

vaгiants of раrаmеtеrs А,tп,N,r,е dеГrпiпg the сrоss section of

the ргismаtiс Ьаm Ьt's сопsidеr some пчmеriсаl examples,

1. Bending of оп епtiге сirсчlаr суliпdеr (fig.33)

This рrоЬlеm was solved in the frames of liпеаr elasticity theory

in references. Stгess fчпсtiоп in Ьепdiпg is ехргеssеd as follows

t67,95]

а( _R2 у

Inertia mоmепt for а circle J = 
Йо

2

Is а pisson ratio Р is ап acting bnding force. Апу cross section

of the суliпdег is оп а plane оху. At the сепtеr of th9 section 0,

(у=о), the tangential stfess 
"j!) 

in пп"аг theory is

,!9)=tзBi,
л-'

0)(,, 
у) =

l+2ч
B(l + v)

410



А is ап шеа of сrоss section. At the points а and В (у = Л)

*) =rzзL'д'

In the physical linear statement, as а rеsчlt of solution of

this рrоЫеm in а first apProximation, at the indicated points the

strеss components ,,. = *) t l* take the following values

( 2 = 0,255 . l0{ ,-О f kg' ). Fоr соррr mаtегiаl at the point

о(у = о)

ц = фl + )ф = ц8 - 0,0зз8б =l,э4lsm' lkQ

At the pointý А and В (у = д)

t - = 4| + )т!) = 1,23 - g,озо'7 5 = |,lgg sm2 l kQ

At the points А апd В
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2. Bending of ап elliptic Ьеаm possessing аппчlаr

cylindгical hole, чпdег point load (fig.3.4).

In linear elasticity йеоry, this рrоЬlеm was solved Ьу рrоf. D.Z.

Shеrmапп [l02]. The expression fоr stress function iп bending

(in liпеаr statement, i.e. in zеrо approximation) is taken as

follows:

6

ф=-,,о'
рр с|

1

з 62 l lр р

а+Ь
а-Ь'

-,. oL, _, r. zЭ - i. д2 (h,, -' h,,) :,
л р

2

ct = -# Ьr' * zo' п з)- ч. t4.[оО + зр' + t);

,,=-t } Ьоо +zo'+з)+u.t4;

The ratio of the semi axis D апd rаdiчs R of а hоlе (circle) is

taken in thгее чагiапts:0,95;0,9 and 0,3. Fоr tangential stгesses

rо йе following estimates fоr сорреr materid И = 0,255 , 10-{)

аrе obtained at the pints z= ib апd z = iR, respectively (а fiвt

approximation at попliпеаr statement).

4lз

,[7-ь'



Point

Rlb

Linear

statement

,рь2,(- ),J

Physical поп-

liпеаг statement

. рь2 ,

J
z=ib 0,95

0,9

0,3

5з"7о2

26,9I

з,6,7

52,09

25,89

з, 58

z = ir 0,95

0,9

0,3 ,

55,2,7

28,62,I

б,50

54,28

2,7,5,|

6,з

3. Bending of а quandratic Ьеаm weakened Ьу ап

аппчlаr hole чпdег point (fig.3.5)

This рrоЫеm also has found its sоlчtiоп at lineaT statement [3].

Fог а stгеss fчпсtiоп iп bnding we have oЫained sчсh ап

ехрrеssiоп.

a@,k)=H,;+H,(:) + br,L + Ь,
r 5

zz

_( z
л

н I o!n) .ь, -

4
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The stresses found at the points А ,8 , and С of the section take

the following values, respectively (fоr рчrе сорреr mаtегiаl

,?=0,255.10{ smof kg' )

z = ib, *| = z,tsBs{ l т_ = ф) +,l"ф =з,gs+.

рь2 =zMB|;z ri т*=ф'+)ф*) --z,zsB

.Ь+r ; ф) =2,176Ц ; т,, -- *) +.е4 = z,

J

,рФ)(d=t о}

oi=i о* (6_,Г' ljl}

п(ь'.
J

z = |-----.-1

4.Bending of ап аппчlаr cylinder weakened Ьу а сirсчlаr

hole and two liпеаr сrасk чпdеr point load. (fig.3.6)

Fоr а stress fчпсtiоп p(o)(z) lп bnding we get the following

ехргеsslоп

t

лр",
[;),-

i=0

r
R

The quantities J'_,,l(t) are dеtегmiпеd Ьу [51].
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At the most dangerous (typical points) of the cross section the

stress ,xz gets the following values. (in two чаriапts of ratio е/R )

At the point z =|.olie .

Vагiапt I: е =0,бR ; r/R=O,S

т _ = fo + )ф = 26,1 g,r(_ r,oTr) = zs,

Vагiапt: II e--O,'7R1' е = 0,5R;

т - = 28,92 + (- t 1,5BB) = z1,1 б Щ
J

At the point z = iR .

Vагiапt: I

т,. = 1 1,26 + (- 0,ззл в) -- lо,9zЩ'J
Vаriапt: II

.7lPR'
J

4\6

-,Z
2д1!l
,к



т_ = 14,65 + (_ 0,5зzо) = tц,оz 
Р{''J

The solцtion of all these consideгed рrоЬlеms show that the

solution of bnding problems iп поп-liпеш statement diffeв

2:lOTo frоm the solutions iп the liпеаr statement. This depnds

оп the sizes of cюss-section sizel of а Ьаm and materials.

We сап continue these пцmегiсаl examples. Вчd we leave it to

futurc investigators, Fоr ехаmрlе, using the known solutions of

ргismаfiс beams with whole square, ellipse, hехаgоп сюss-

section, опе can consider the bnding рrоЬlеms in physical поп-

liпеаr sиtement. Оп the офеr hand, опе сап study bending of two-

connected domain bеams in nonJineaT sиtement апd erc. I don't

spak on the fact that the solution of pгismatic beams йth liпеаr

сгасks cross section is not епопф both iп liпеаг шd physical поп-

liпеаr statement. So, thеrе аrе mапу рrоЬlеms to Ь solved fог фе

future investigators.
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ý3.3. Вепdiпg of plates in physical попliпедг statement.

The ргоЬlеms on bnding of finite апd infinite isotropic

plates wеrе considered iп mапу rcfеrепсеs and in [2б] that is the

first book in the АzеrЬаijап language. Тhеrеfоrе, we give йе
oЫaining of mапу expressions, deгivation of equation fоr flnding

the bending function w(.r, у) of the plates апd expressions оп

ýatisfaction of boundary conditions in rеаdу fоrm,ý Неге we

mаiпlу consider stress-Strain state of а Гrnite two-connected

polygonal plate under diffегепt loadings. The thickness of the

plate Ir is smаllеr than the оthег sizes (sizes fоr wiath and length)

of the plate. Frоm ехtеriог the plate is bounded Ьу а гight plygon

( Z" сопtочг). Тhе cooTdinates of чеrtех points аrе denoted Ьу + g

(fig.3.7). As in liпеаr elasticity йеоrу, the following conditions

(assumptions) ше also accepted in physical поп-liпеаr statement,

l. The lines ргрпdiсчlаr to the median sчrfасе of

the plate, ечеп after deformation Ьсоmе

реrрепdiсчlаr to the curved median sчrfасе апd

геtаiп their sizes (ап assumption on поп-

defoгmability of погmаl lines).

2. As the median surface of plates undegoes infinite

small dеfоrmаtiоп, we igrrore it i.e. while

! Fот wide iпfоrmаtiоп оп these рюЬlсms фе rеаdеr-rеsелсhеf mау see
геfеrепсеs [9, 26 43].
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bnding the plate, the median sчгfасе dosen't

чпdеrgо some extension (оr comцession) as а

печtrаl lауег,

З. As the поrmаl stress oz рrрепdiсчlаг to the

median sчrfасе is smaller than the оthег ýtгеss

components, they are not taken into ассочпt in

depndencies btween stгеsý and strаiпý. within

these indicated conditions, bnding equation of

the plate (sophi Jеrmеп equation) is as follows:

дд,= q(*,y) (ш,з,1)D\^
Here

о= Рh'=r-- L.зк*G.G.h,
12[-v') З ЗК +4G

is а суliпdегiсitу condition of the plate.

It is known that the gепеrаl solution of this differential equation

depnds оп the methods of strengthening the sides of the plate. It

is known fгоm the геfегепсеs that plate is stгепgtепеd Ьу thгее

mеhоф.

- the plate Ь гigidlу supported.
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In these case йе boundary conditions аrе as follows:

,=Ol Р=0; w=0; Р=о, Р=оdпdхф
the plate Ь hinge sчрреЁеd. Then the Ьоцпdаrу

conditions аrе as follows:

w=0; М, =0; чэ уа w=0;

u. дr+ (r - "[*."оr' 4+*.r rn' о + !'! . rinzo1 lLdr" ф' dхф ]

п погmаl of the сопtочr makes ап angle а with the жis ох.

_ the platc is simply sчррогtеd. In this case фе

boundary conditions ате as follows:

M^=0i Hnr =0; 4 =0;

ln mшу cases, combining the last two conditions of

these third Ьочпdаrу conditions we сап get :

о,*0Н" =о
0s

Тhеrе exists а combination of these conditions (mixed

boundary conditions) as well.

.а2 а2 1?
А = ----=- + -----;- = 4-9- ;5 а Laplace ореrаtоr.dх- Ф- dzdz

cylindгicity condition of the plate a(.T,y)is а distгiЬчtеd load

acting iп plate's surface (prpendicular to the mеап surface).
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Applied to the чррr base of the plate (to z = -Д sчгfасе) tbe
2

погmаl о. = -4 .

If йе чррr апd lоwеr baseý of the plate аrе not чпdеr шу

action, then о. = 0 .

In deriving equations of bnding of the plate in physical

попliпеаr statement, the restгictions (conditions) in the liпеаг

ýtatement аrе чýеd [9,26,38]. Тhчs, if we take the bending of the

plate along the жis z , in the fогm of the function и,(л, у) Ьу what

has Ьеn said above, we сап ехрrеss deformations as follows:

€r=-z.| в| €y=-z.h)Di

V/o=-2z.wni V,z=Vyz=Oi (Ш.3.2)

Fог small strains, the depndencies btween stresses (q) апd

strains (eu)are as follows [38].

о, = зк. део). со + zc у(у!) (Е, - 60) ;

о, =3К .;leo).co+zc.y(y).(e 
, - ео);

",=с Д,t3) ч,; "n=C.fv|).vn;
ц=с у|й).ч*l (ш.3.з)
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Recall that we hаче accepted о.=0 оп the median sчrfасс

(z = О) . Iп these last expressions (IП.З.2), allowing fоr mеап

prolongation dеfогmаtiоп

оо _ о,*оу

we сап wтite

2

1-у ,ч/е

2оу=-
9о,V3

€о TK.frJ- ЗК.;y'.ео)

С r(,й) [, * * u(ro,y|)-.,|., ;

С . Дчr&),|,,*,(rо,уfr ),- ],. ;1-у

",---zc fй).rо; (Ш.З.4)

In these ехрrеssiопs, feg) is а prolongation fчпсtiоп, r(ч&) Ь

а shеаr function. Both fчпсtiопs аrе takcn in the fогm (I.1.3l)

апd (I.1.32). As in йе liпеш elasticity theory, lateral ргоlопgаtiоп

е. is determined Ьу this expression:

ь, +Е (ш.3.5)€ ,)
уо

l-uo
Неrе, allowing fоr expTession (Ш.3.2), we сап get:

е, = ,v0 ,z,bw
1-uo

(ш.з.б)
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The expression * =*Ь +€у+€z) obtained fоr mеап

(ш.3.9)

prolongation (ео) taKes the fоrm:

| |:2vо 
. z. 

^w 
(ш.з.7)Ео =-l ,-uo

Shеаr stTain intensity sqчаIе (1no') kno*n frоm part I is as follows:

и; = ; Ь, (r1 +.',)+ u r. |9 u. w уу + зr'о). z' ; (ш.з.s)

Iъге

u, =,--& _ +l;' (t-ъI 0-uo)'
у0 = у- iS а Poisson ratio.

As iп the liпеаr elasticity thеrу, if we consider equilibrium

condition of dхф size element of the plate, bndig mоmепь рr а

чпit lепф are dеtеrmiпеd Ьу the following expressions:

+h|2 +hlz

",= lo,.zdzi Мr= lor,zdz;-h/2 -hlz

+ hl2

j
h/2

Мrу=-Муr- То zф;

Cutting forces are dеtегmiпеd as follows:

4ц



dzТо
+hl2

=j
-h/2

dztп
hl2

J
h/2

,=-с | И ,-*р,,,),

h

6у
м

h/2

J
hl2

а, Qy (ш.3.10)

Дlowing fоr expressions (Ш.3.9) and (Ш.3.10) in the

equalibгium conditions

Щ*!-=ц 9Э*9=о,0.тфOхф
we get

Щ,*У-
ф u;r 

+ q(x, у)= 0; (ш,з,1l)

Now, if we substitute expressions (Ш.3.4) iп fогmчlае (Ш.З.9),

for bending and torsional mоmепts \М,,Мr,Мr) we get the

expressions

м

3
_G Q.ro* р.r-);

мr=-м,,=-с ! Q_а) r,,

Неrе we make the following substitutions:

(ш.3.12)

+ 2
02(,,у) 12

hз ,ltl,0
dzz'2

1
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Сопsidеriпg expressions

conditions (trI.8.11), we get

(ш.3.13)

(Ш.3.10) in equilibгium

(ш.3.16)

,t-, rl = ft- Т,М;Ь4). z2 . dz.,

О2м, _"О2мо _ а2м
ai-, ай+5i+я(-т,r)=0. (Ш.З.l4)

If iп this equation we take into ассочпt ехргеssiопs

(Ш.3.12), we get the following differential equation:

1. bbw + й," 
{(лw) 

+ z4 
fr 

(а,) +

*Q-* р,).

+zИ, - р,)

._+(S,,* р*). 'ot
(ш.з.ts)и) q

6
( )х,у

' Gh'

This differential equation is ап equation fог bending of
plates lп physical попliпеаг statement. If we take the

coefficients у алd v in the function ),(х,у) р(х, у) participating

in this equation as у=2=1, then ехргеssiопs (IП.З.l3) are

simplified and take the following fоrm:

1(,,у) 1 зК+G 6.D.-=---------;-=сопSt
зК+4G Gh'

,
l-ro

р
уо

l-uo = сопSt
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Тhеп differential еqцаtiоп (Ш.З.15) coincide with

differential equation iп the solution of the рrоЬlеm iп liпеаr

Statement,

It instead of а coordinate syýtem х and у we иkе а роlаr

соогdiпаtе system ф,d), differential equation (Ш.З.15) takes the

following fогm:

1. bbw + й.о } ь* \ ц $1ь,) 
+(l* * L; 

" 
*

l ) (l
+ч.Рф 

).УУее+|е
1 \ 2Г.t,-,WM |+-;|i"gр, ) p,L,

l
р,

l

ь*р*)(;-,-.1р

- Рро (1,- р) W,0 -
р

(

(ш.з.tz)

In obtaing this equation, the expressions

х- p,cosO l y=p,sind;

.а2а2а2 lala2
- о"r ' ф' орr ' р Oр' р2 Oо2

апd otheв (i.e. trапsfоrmаtiоп formulae оссйпg iп passing frоm

саrtеsiап coordinate system to polar coodinate syýtem) ш€ taken

into ассочпt.

Both differential equation (Ш.3.15) апd equation (Ш.3.17)

аге very difficult to solve fгоm mathematcal pint of view

Э*)=u#
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(sometimes it is imроssiЫе). Тhеrеfоге, to simplity the solution,

the fчпсtiопs l'(ao) and r(чй) <l.t.zg - 1.1.З2) аrе иken

(геtаiпiпg the fiБt two tегms) as follows:

1,(eo)=L+ 7, ,&, r(чй)=t+ Уr.У!;
Substituting them in (Ш.3.3), иking the coefficients 7, апd, у, iп

роwеr sегiеs fоrm, rеtаiп the second оrdег роwег tеrms. А
рrоЬlеm оп bending of ап аппчlаr plate чпdеr the action of

геgчlагlу distributed load q(x, у) has been solved Ьу this method

in [38]. The solution of this рrоЫеm in liпеаr statement was

solved in [53;5б]. The following Tesults wеrе oЫained fTom the

solution (whеп а plate is simply suppo(ed) of this рrоЬlеm in

physical liпеаг sиtеmепt.

Fоr aliminium Ьrопzе фrаss)

к =l,з5.106 ftO l r.' ; G =о,ц'l'|.lОб kQl smz ;

Tz = 4,М,lОб ; Zz = -З8,1Об ;

q=0,18kQlsm2; hlп= _Ll,50
r2 "l

,J-]

I]'
Bending in liпеаr statement - = # ['-(;

,{
2

w(') = й 0,14625-0,29з + 0,14889
r
R

r
л
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The bending at the сепtеr of а whole plate (ч=0), takes the

estimates:

wo = 0,1455.й in linear statement:

yl\ = 0,14625.h iп physical попliпеаr statement.

For stresses due to these bendings, the following estimates аrе

obtained: (when r=0).

of;| =22з"7gпQ/sm2 iп попliпеаr statement.

о9) = 226,ц5 t<Qf ,^' iпliпеаr statement.

. The obtained results show that bendings (w) апd stresses

(оr) аirГе, very litlle iп both cases, i.e. in physical попliпеш

statement апd linear statement.

Knowing the expressions of the function wо(л,у) of

plate's bnding iп liпеаr statement in сопсrеtе examples, the

investigators mау dеtегmiпе the expression of this function iп а

first appгoximation and also the estimates (Ьу the indicated

method) of stгеssеs in а first аррrохimаtiоп.
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1l. Iпеrtiа moment of а polygonal plate.

х

In the solution of some technical pToblems, it is convenient

to wгitе the following expression instead of the fогmчlа (see table

Nч3.1) fоr а unique thickness аппчlш plate. If we take into

ассочпt М = yltz,then

у

R2
7

R4
Jo t,IT (l)

2

Since fоr homogeneous mаtеriаls the density coefficient

у = сопSt , iп mапу cases 7 is not wгittеп, simply

,Io
л4
2

(2)

is written.

Неге, Jo is а роlаr inertia moment. (Sometimes "Io is called а

reduced роlаr inertia mоmепt).
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Fоr rectangle plates, the роlаr inertia mоmепt is calculated

Ьу this fоrmчlа [14]:

J. = JIЬ' * у'Р,ау (3)

G)

Ву the чагiаЬlе function thеоrу, for z and its adjoins Z

we сап wгitе

z=x+iy; i=x-iy, dz=dx+iф; й=dt-iф (4)

Frоm the expressions of z and Z wefind х, у and wгitе

a"=f,@z+a), о=-|@,-а) tsl

Ву Ganss-OsrogTadskiy fогmчlа, the two fold iпtеgгаl is

геdчсеd to опе fold integTal

J = !!b'+y'|,ay=\1Q'*y'P,ay (6)

G) JL

Неrе the integral along the сопtочг l is conducted so

that the section аrеа rеmаiпs iп the left.

Тhеп if this integтal, Ьу means of the ехргеssiопs

z=x+iy; i=x-iy (7)

we pass to the чагiаЬlеs l and Г (опе the сопtочr, the чагiаЬlе е

piýses to чагiаЬlе l апd Z passesto чагiаЬlе i ), we get

1=!1п[at-ta) (s)
8i ,1
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Неге r апd its adjoint i is ап afГrx of апу point of the

considered a сопtочr.

Whеп раrаmеtгiс equation of сопtочr L is kпоwп, this integral is

easily calculated.

Fоr а right polygonal сопtочr

, -_ дЬ'' 1 
^"-i(НЧ)еl , t = АЬ,, * лri(н-t)о| (9)

The quantities А,п,N in this expression ше defined as iп

fогmчlа (1 .l . l0). so, роlаг ineTtia moment of сrоss section аrеа

fоr polygonal plates is calculated as follows [:

l = {| * zл' (z - м ) + -О (l -лr) + ие(+ - lr) + (+ - з,ч)r'а]

(10)

a=O,if N+2;c=lif N=2
Fоr example, fоr а гight hexagonal plate (lr = О)

(l1)

Fоr а sqчаге plate (lr = +)

l =An |1-4*z -r^о1. (l2)" 2L-
If the сrоss section аrеа of the body has а hole bounded Ьу

/" contouT, then thе роlаr iпегtiа mоmепt is as follows:

J =Jz-Jt

l ={|-B^'-s*'1

4зб



Неrе J, is ап inertia moment of the сrоss section bounded

Ьу the extemal l, contouT. "/, is ап iпеrtiа mоmепt of а hole

bounded Ьу intemal ! сопtоur.
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KULIYEV SABIR ALI oglu
Dr. оfТесhп. Sci. рrф of the chair

" Theo retical mес hапiс s "
Дzе rЬ aij ап Аrс hit ес t urаl

ciyil Епgiпееiпg U пiчеrsitу

Kuliyev Sabir Дli oglu was Ьоm iп 1940 iп Kalbajar district of
ДzеrЬаijап Republic (JTom 1993 uр to поw this territory is uпdеr invasion of
Дrmепiа).

Iп 1957 he jnished the sесопdаry school with а пеdаl апd joined
ДzеrЬаijап Polytechnical Institute (поw ДzеrЬаijап Тесhпiсаl Uпiversity) ап.d
graduated frоtп it iп l9б2 (Ьу the speciality песhqпiсаl епgiпееr епgiпееriпg
iпdustry techпologies), Вепdiпg from 1963 up to day he wоrks at the Higher
school (tо 1975 at ДzеrЬаijап Polytechnical Institute, from 1975 at ДzеrЬаijап
Дrchitectural civil Епjiпееiпq University) as а teacher.

Iп 1966 S.А.Кuфеч joined the post-graduate соursеs of the Institute ol
Malheпalics апd Месhлпiсs о! lhe Дсаdеmу oJ Sсiепсеs oJ АzеrЬаiап Фу
the specialily Theory ol elasticФ апd plastiti|y),

Iп ]97l he еаrпеd iп Moscoxl his Ph.D (iп the leld of the песhалiсs of
solb).

Frоп ]975 S.А.Кuфеч carried out hb scienlilc activity uпdеr the
guidапсе of the wоrИ-kлоwп ýcientist рfоf, D.I.Shеrmап (Iпslilutе of
"РrоЬkms of Месhапiсs" of the Асаlепу of Sсiепсеs oJ the USSR, поw
Асаdеtпу of Sсiепсеs of Russian Fеdеrctiоп).

Iп 1988 S,Д.Кulфеу еаmеd hb dосtоr's degree оп lhe 
'hеrпе"DеtеппiпМiоп ot а stfees-state ot dоuЬlу-соппесtеd bodies with complicaletl

gеОlпеlry".
Working аlrеаdу 40 years iп the field of песhапiсs of solids S,Д.Кuфеч

published поrе thап l00 scieпtific papers апd ]3 ЬооЬ.
Мапу of these papers have Ьееп published iп the kпоwп асаdеmiс

sсiепtфс journals of Russia ("Mechanics oJ solids", "Дррliесl tпаlhепаtits
апd песhапiсs"), Ukrаiпе ("Дррliеd mесhлпits"), ДzеrЬаijап (Doklady ДN,
Izvestiya ДN апd etc.), апd also iп the kлоwп scieпlilc jourrals of the USД,
Епghй, сапаdа, Jарап аnd olherc.

lп l99l S,A.KaИyev's first tпопоgrарh "Тwо-dimепsiопаl рlоЬlеms ol
elastixФ lheory " was published iп Moscow (iп Russiz'n).
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Iп 1998 prof, S.Д.Кuliуеч for the rtr$ пе iп ДzеrЬоijап publbhed the
mопоgrарh "Theory ol ЕIаstitф" (tоrsiоп апd Ьепdiпg of prismatic beatns) iп
azerb, lлпguаgе.

Iп 20О] also iп azeri the book of prof. S,Д,КuИуеч "Sоtпе рrоЬhлпs oJ
lhe theory oI еlаsti,сф " (рlапе probleпs апd Ьепdiпg of polygonal plates) wos
published.

Iп 2002 рrоf. S.A.Kuliyey publishes а пеw попоgrарh "The sffess stдlе
о! апЬоtrорЬ plales" (iп azeri).

Iп 2004 S.Д.Кuliуеу's пеw lпопоgrарh "Соп!оппаlф паррiпg
Juпсtiопs ol соmрlех dоrпаiпs " appears (iп Russiап апd English).

lп 2005 рrф, S.A. Kuliyev (iп collaboration ylilh Д,F, Малпеdоч)
published а пеw еdчсаtiопаl book titled "Саlсulдtiоп ot flal апd spaial
lаrлпs ",

Дlопgsidе with these опеs, рrоf S.A.Kuliyev has published 5
educational ЬооЬ алd ] text book "Shor7 соагsе ot lheofetical ,песhапiсs"
(wilh dоs,Е.v.Еууаzоу) оп all рапs of theoretical песhапiсs (statics,
kiпеmаt ic s, dy паtпiс s )

Iп all these papers апd ЬооЬ, аЬо frst iп the scientifc wоrИ, паmеlу а
great пuпЬеr of сопfоrпаllу пшррiпg fuпсtiопs (composite geoпetry dопаiпs:
а сirсlе апd сопtоurs оul8оiп8 fтоп it апd possesJirl8 5опе liлear cracb,
square апd, hехаgопаL сопlоurs possessiпg differeпt сrасЬ впd etc,)found Ьу
S.A.KuЦyev, апd constructiye sцgqеstiопs апd rесоппепdаtiопs for choosing
впd usiпg the kлолtп Kolosov-Muskheleshovili poteпlials lor mцlta-соппесtеd
gеоmеlry d.опд,iп qfе 8iуеп,

Prof. S.Д.Кuliуеч extended апd developed the fоtпоus aшiliary
fuпсtiопs tпzthоd of his superlisor апd teacher D.LShеппап,

It shоuld Ье also noticed thьt both iп our соuпtry апd obroad, the sоlu-
tion of slatic апd dупоmiс рrоЬlепs of polygonal plates possessiпg d,iffеrепt
liпевr апd сulуiliпеаr сrасЬ апd also the sоlutiоп о| tоrsiоп апd Ьепdiпg
problems of prisпatic Ьеаms were rtr$ given паmеlу Ьу prof, Кuфеч S.A.
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