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Kitab bu sahada Azarbaycan dilinda ik adobiyyatdir.

Kitab genig oxucu kiitlasi ~ talabslor, aspirantlar, tadqigatgilar,
midallimlar, mithandis-texniki ig¢ilar va i.a. ii¢iin nazarda tutulub.
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In the book, physical non-linear problems of elasticity theory are
considered.
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under the point load) are solved in physical non-linear statement,
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graduate students, researchers, teachers, engineers and others.
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MUQODDIMD

Monoqrafiyada Elastiklik Nazariyyasinin fiziki qeyri xatti
masalalorina (deformasiya komponentlari ilo garginlik kompo-
nentlori arasinda slaganin geyri-xatti halina) baxilib. Elastiklik no-
zoriyyasinin iki oblasta malik (sonlu oblastlar ii¢iin) masalalori
(miistavi mosalalari, prizmatik tirlorin burulma ve ayiima masa-
Ialari va i.a) movcud olan iki halda — kicik fiziki qeyri-xatti
goyulugda (Kosi, Qenki, Kaudererin néqgteyi nazeri) vo ixtiyari
fiziki geyni-xatti qoyulugda Qrin, Adgins va i.a. ndqteyi nazarina
hall olunmusdur.

Baxilan oblastlara malik elastiklik nazsriyyasinin fiziki
geyri xotti qoyulusda bir ¢ox mosololorinin halli ¢ox az
isiglandirnidigindan — xiisusan da diizxatli gatlara malik oblastlar
iigiin belo mosalolarin hallarinin demoak olar ki, he¢ olmadigina
gora, kitab boyiik shamiyyat kasb edir.

Monografiyada baxilan fiziki qeyri xstti qoyulusdak:
mosalalarin sksariyyati, xatti qoyulugda miisllifin 6zii torafindan
hal olunmusdur.

Kitabda tadqgigatcilarin basga adabiyyatlara miiraciat edib
vaxt itirmasin deys, bir ¢ox lazimi riyazi ¢evirmoler hazir sokilda
verilmigdir. Galacak tadgiqat¢ilan maraqlandiran tdvsiyyalar va
istigamatlor do kitabda 6z yerini tapib. Xiisusi olaraq onu geyd
etmak lazimdir ki, kitabdaki ciddi riyazi cevirmolari yaxsi
monimsamok ii¢iin, oxucunun miivafiq riyazi biliklora malik
olmas: maslshatdir.

Monografiyada Elastiklik Nazariyyssinin fiziki geyri-
xatti moasalalarinin tam kiilliyatina baxilmayib, yalmz bizi marag-
landiran bir ¢ox masalalara baxilmigdir.

Burada baxilmayan bir ¢ox masalslerin hollari, kitabda
gostarilon yolla asan hall oluna bilar.

Monoqrafiya fiziki geyri xatti elastiklik nazoriyyosi
sahosinda Azarbaycan dilinda ilk adabiyyatdir.

Kitab genis oxucu kiitlasi: talobolor, aspirantlar, miiallim-
lar, tadqiqatgilar va i.a. ii¢iin nazarda tutulub.
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GiRis

Son illords elm vo texnikanin inkisafi klassik
nazoariyyalorin darinlagmasini, bir ¢ox farziyyslorin vs 2sas
tenliklorin (garginlik vo deformasiya komponentlaori arasinda
asilhglar) xottilogmoasindan imtina edilmasini, hamginin Klassik
elastiklik nazariyyasinin shats eds bilmadiyi bir ¢ox miihiim
masalalarin hallini va i.a. taleb edir.

Ona gora do deformasiyaya ugrayan bork cisimlarin
mexanikasmda qeyrixatti masalalarin hallins genis yer verilir.

Bu, todqiq olunan cisimlorin garginlik vaziyyatlarinin
doqiq analizinin vacibliyi va bu fiziki-mexaniki proseslarin xatti
elastiklik nazariyyssinden mslum olan qanunlarla izah oluna
bilmamasi ilo slagadardir.

Biitiin bu deyilanlar geyrixatti elastiklik nazariyyossinin
inkisaf olunmasina gatirir, ¢iinki geyrixatti masalslar fizikada,
miiasir texnikada boylik shamiyyat kasb edir.

Klassik elastiklik nazariyyasinda gabul olunan farziyys va
xatalardan tam va ya bir hissasindsn imtina olunmasi, geyrixatti
elastiklik nazoriyyasinin miixtalif variantlannmin yaranmasina
sabab olur (bels ki, deformasiya tenzorunun vas hamginin garginlik
komponentlori ilo deformasiyalar arasinda slagonin miixtalif

formalari mévcuddur.)



Klassik elastiklik nazariyyssinds xattilagma prosesi asasan
iki istiqgamards aparilir. Birincisi deformasiyaya ugrayan cismin
handasasi (deformasiyalarin gox kigicik oldugundan onlarin iki va
daha ¢ox dorscadon olan hodlori nazara alinmur) va ikincisi
baxilan cismin materiabnin fiziki xassaloridir (gorginlikiarls
deformasiyalar arasinda asilhliq-Hilq qanunu). Qeyrixatti
elastiklik nozariyyasinin meydana ¢ixmasinda bu iki amildon
istifads olunmugdur.

Deformasiyaya ugramagin fiziki qanunu-yoni gorginlik-
larlo deformasiyalar arasinda asilliliq (bagqa sozle elastik cismin
vaziyyatini ifads edan asas toyinedici tanliklar) iki iisulla ifads
olunur:

1. Gorginliklorlo deformasiyalar arasinda iimumi
funksional slaqay» - (iki rangh-daracali simmetrik
tenzor komponentlori arasinda asilliq) asaslanan
tisul.- O.Kosi, Qenki, Kauderer va i.a. alimlarin
ndqteyi nazari.

2. Elastiklik potensialin-deformasiya  enerjisi
funksiyasmmn daxil edilmosi yolu - A. Qrin,
D.Adgins va i.a. alimlerin néqteyi nazari.

Qeyd olunan hor iki niqgteyi nazora uygun, garginlik va
deformasiya komponentlari arasindaki real fiziki ifadslorin

miisyyan olunmasi va bunlara asasen miiasir texnikanmn bir ¢ox



aktual masslalorinin halli, geyrixatti elastiklik nazariyyasinin an
miihim masalslaridir.

Qeyrixatti  elastiklik noezeriyyasinin  bir ¢ox aktual
mosalalori bu sahods isloyan diinyanin aparici alimlori -
N.N.Qoldenblatt, A.N.Quz, K.Z.Halimov, J.S. Erjanov, D.D.
Iviev, A.A.lyusin, A.C.Kosmodamianski, Y.[.Koyfman,
AlLurye, X.M.Mustari. V.V.Novojilov, Y.S.Potstriga,
Y.N.Rabotnov, O.Nemis, X.A.Raxmatilun, L.. Sedov,
Q.N.Savin, P. Lukas, S.Lexnitskiy, I.Teregulov, N.S. Sailov,
L.A.Tolokonnikov, Q.S.Tarasev, D.P.Xorosin, I.A.Tsurpal,
D.Adgins, A.Qrin, C.Trusdelli, F.indra, Q.Kauderer vs i.a
torafindan hall edilmisdir.

Bizim respublikada qeyrixatti elastiklik nozariyyosi
sahssinds goriilon iglor asason A.Mirzsxanzads, Y.Omanzado,
M.A.Babayev, O.Lisayev, H.Mommoadsadigov, R.Karimov,
R.T. Qoribov, H.Quliyev va i.a. alimlarin adi ile baghdur.

Bu kitabda, biz handasi xottilogmani saxlayib, Hiiq
ganunundan nozera carpacaq doracads ksnara quxib  (kigik
deformasiyalarin xatti qanunla doyismoasini gabul edarak),
gorgimliklorla  deformasiyalar arasinda olags  ifadslorinin
geyrixatti hadlardan ibarat oldugu hala (fiziki qgetrixatti elstiklik
nazariyaya) baxiriq.

Kitab girigdan, ii¢ bélmadon va odabiyyatdan ibaratdir.
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Birinci fasilda fiziki geytixatti elastiklik nazariyyasinin
miistavi masalasina baxilir (sonlu ¢oxbucagh iki rabitali
lovhalarin miixtslif yilkklomalordon yaranan garginlik vaziyyatinin
tadqiqi).

Ikinci fasilde prizmatik tirlorin burulma mosslasi fiziki
geyrixatti qoyulugda tadqiq olunur.

Ugiincii fasilda prizmatik tirlorin fiziki qeyrixatti elastiklik
nazariyyasinin ayilma masslalarina baxilmigdir (istar xalis aytlms
istarsa da topa yiikiin tasirindan enina ayilma masalalari).

Kitab bu sahads Azarbaycan dilindo ilk adabiyyat
oldugundan har fasilde golocok todqgiqatgilar iiglin  yararh

tovsiyyalar da verilir.
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I BOLMO

FiZiKi QEYRIXOTTI ELASTIKLIiK
NOZORIYYOSININ MUSTOVI MaSOLOSI

§1.1.Masalonin qoyulugsu. Fiziki qeyrixatti

miistavi masalalarinin asas tanliklori.

Mbolumdur ki, klassik elastiklik nazariyyasi, gorginliklorla
deformasiyalar arasinda xatti asilhgla ifads olunan Hiiq ganununa
ssaslamr.” Biz burada yalmz fiziki qeyrixastti elastiklik
nazoriyyesinin asas tanliklerinin ¢ixarilisi tigtin an vacib ifadslari
veririk. Bu sahada genis mslumat almaq istayan oxucu rus va
ingilis dillerinds olan mévcud adobiyyatlara miiraciat eds bilar
[21,22,38,63,83,94].

Mbslumdur ki, fiziki geyrixatti elastiklik nazariyyasinda da,
milayyon qlivvalar tosirinden cismin miivazinat tonliklaeri

agsafidaki kimidir [22,38]:

* Kitabda sarh olunan biitiin masalslari baga diismak igiin, biz hesab edirik ki, oxucu
klassik elastiklik nozariyyasinin asas anlayiglari va ali riyazziyatla kifayyat gadar
tamgdir, Oxucu 8z z6vqlins uygun olaraq ¢oxlu sayda rus vo ingilis dillarinds olan
“Elastiklik nazoriyyosi” kitablan ila vo bizim tarafimizdon yazitan Azorbaycan dilinds
bu sahads ilk adabiyyat olan asarlarls [25,26,27] tanis ola bilar.
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9% , 9y % +X=0
dx oy dz
aT”+aa”+ Z+Y=0
ox dy oz
9% 9% 9% 4 70 (LL1)
ox dy 0z

Bu ifadelerde o,.0,.0,, 7,.7,,7, gorginlik komponentlar,
X,Y,Z hocmi qiivvalordir (masalon afirhq ve ya otalot
qiivvalori).

(1.1.1) tarazihq gartlarini

0=

0 (L1.2)
kimi do kompakt sokildo> yazmaq olar (hacmi giivvalari nazars
almasagq).

Normal garginliklorin  0,,0, vo O, orta giymati o, orta
garginlik adlanir va agagidaki ifads ilo miisyyan olunur:

G, =é-(a'x-i-ay +0,). (1.1.3)

Gorginlik tenzoru 7 -ni oxyz koordinat sisteminin ixtiyari

nogtasinds matrisa gaklinda bels ifads etmak olar.
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Qo
o o

(1.1.4)

O.I
T={0 o,
0

o
Q

Onda garginlik tenzorunun S;,S, va §; sarbast invariantorlar
bu sokildo olar (ax,ay va o,normal gorginliklor, bas
garginliklar oldugda):
S,=0,+t0,+0,; §,=0,-0,+0,0,+0,0,;
$3=0,0,0,; (1.1.5)
Toxunan garginliklorin intensivliyi 7, asagidaki ifads ils

miayyan olunur:

"o =\&(a’ —0o) + (o'y _‘3'0)2 +(o,—ay) =

1[ 2 2, 2 ] 1,22
=J§ ol+oi+0,-0,0,-0,0,-0,0.|+7, +7+7, (L16)

Deformasiyalarin birgslilik sortlori (ii¢ boyuna uzanma
va ii¢ slirligmo deformasiyalan arasinda slaga):

e [y 3y ],
“por o] @ oy o |
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2825 _9 a}’xy+a}’yz_a}’n .
doxdz dy| dy ox oz |

282 0 {ayxz + ay)’z _ a}’l’)’jl , azyyz - aZE)‘ 8282

oxdy 9dz| dy ox oz | Oydz 3z i dy? ;

2 2 2 2 2
anzza £z+a €x; ayxyzazgx+a£y; (L1.7)
oxdz ox® 972 oxdy dy?  ox’

Deformasiyalar (EU.) va yerdoyismaler u,U,w arasinda

alags limuman bu gokilds olur (yerdayismslarin iigiincli va ondan

yliksak doracalorini nazare almadiqda):

£ =2§-L-‘-+ ou 2+[@2+[§22+
o ox \ax ox ox
., <220, (3 2[%1(%\1
Yooy \dy) \oy o)
£ =28_w+fau 2 [av 2+(8_w 2+
“ 9z \0z) 9z 9z

_ _a_u+81) Ju du auav awaw

Y dy ox ox ay ox oy ax ay
y e O O wdu OV Bw dw
R Ox 9z Oxdz Oxdz Ox 0Oz
v =¢ _dvu aw+auau+a_z) _a_u+a_wa_w
U T 9, "3y dydz dy 9z Oy oz
Qeyd etmak lazimdir ki, ager biz elastiklik nazariyyasinin

.. (1.1.8)
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miistavi moasalasine baxingsa, onda (1.1.7) va (I.1.8) ifadolori
sadalastb asafdaki gokil alar:
Deformasiyalann birgalilik gortlori:
Exvyy TEpx ~ 2605 =05 E,=V, (1.1.9)
Deformasiyalarla yerdayigsmoalar arasindaki alags

%=%@u+%ﬁ (1.1.10)

Bu ifadslards i va j uypun olaraq 1 va 2 qiymatlarini

alirlar.
Ifadalordoki vergiil igaralori (bax. I[.1.2, L1.10 wvo

sonrakilarina) xiisusi tdramalari gostarir. Masalan

£, 0¢
€ = E tE,  E,  HE, = aa? + aa"*; +-é-i-+ 8; voi.a. (L.1.11)
Gorginlik  komponentlori o, ilo.  deformasiya

i
komponentlari £; arasinda asilhqlar ti¢iin sksar alimlar izotrop vs
bircins cisimlor iigiin Q.Qrinin néqteyi nozarins asaslamb, daxili
giivvalarin potensialimn - enerji funksiyasimin olmasim forz
edirlar [22].

U=U(J;J,:05)

Burada J,, J, va J; deformasiya tenzorunun
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gx.x xy Xz
D=|¢, &, ¢, (L1.12)
EXZ Eyz F e

sarbast dayison invariantlardir.

Bels ki,

Ji =%(en + £, +£a):%sy

= 1[
Jy= 2 Exxyy T EE TELE, —

2 2]_1
Eot e = Ex|= 656,

£ :
Ey &, £, =§8,.jgjk€ik; (11.13)
EXZ y< p4

Jyinvariantt hacmi genislonma adlanir. Bag gorginliklors

(crx,ay,az) analoji olaraq £,,,£,, vo £, bas uzanmalar (x,y

»
va Z koordinat oxlan istiqgamatindoki defotmasiyalar} adlanir.

ExSE,SE, (I.1.14)

Ogar oxyz koordinat sisteminds oxlar uygun olaraq bag

uzanmalara (en,eyy,ea) paralel olan, ixtiyari noqtade siirlismalar

(ny =E 0 Ve =€ V3 ¥y =Eyz) sifir oldugundan deformasiya

tenzoru vo sarbast doyisan invariantlar bu soklo disor (agor
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(I.1.12) va (L.1.3)  ifadelerinda Yy =Exy =0; ¥, =€, =0 vo

Y = &y, =0 olduglarini nazars alsaq):

g, 0 0
D=0 ¢, 0 (I.1.14)
0 0 ¢

¥3

S\ =€t e, +E Ja=E6,6,HELE, TELE,

Jy=€,E € (11.15)

wrz
Gorginlik komponentlarinin tadqigindakina analoji olaraq

orta uzanma &, belo bir ifads ils miiayyan olunar
1 |
£0=-§(€u+8yy+£u)=gjl (L1.16)

Onda deformasiyanin kiiravi tenzoru D bels olar

& 0 0
Dy=[0 & O (I.1.17)
0 0 g

Bu o demoakdir ki, baxilan halda cismin hacminin

doyigmasi, onun 6z formasin1 doyigmadan alir. Ona gorads D, -

xalis hacmi deformasiya da adlanir. Deformasiya tenzoru D ils

kiirovi tenzor (xalis hacmi deformasiya) D, -nin forqi,

deformasiya deviatoru adlanib D’ il isara olunur. Bels ki,
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xy 812

D'=D-Dy=| ¢, ¢€,-& ¢, (11.18)
Exy Eyz EZZ_EU

Deformasiya deviatoru D’ - elo deformasiyadir ki, onu,
cisim hocmini dayismadan alir (ysni cismin yalmz formasimin
doyigsmasidir).

Toxunan gorginliklorin intevsiyliyine analiji olaraq

siiriism> deformasiyas) intevsivliyi amsali i, asagidak: ifads ila
miiayyan olur:

Vo=

= %J%[gﬁ +E +El— €8, —E¢, —Exaz]+-;—(yfy +y5, + Yfz)(l.1.19)

Xalis hecmi deformasiya igin (&, =£,=¢€,=0

oldugda) (1.1.19) ifadasi sadalagib bela bir gakil alar:

2
Wy = \/5 (2 +72+12) (11.20)

Cisimlorin materiallarinin  kristalik qurulusundan asih
olaraq, garginlik vo deformasiya komponentlori arasinda asililiq
(alage) miixtalif gakildas olur (atrafli malumat iigiin Smit vs Rivlin
[117], Qrin vo Adgins [22] vai.a. adsbiyyatlara baxmagq olar).

Moalumdur ki, aksor hallarda cisimlarin materiallarinin
kristalik qurulusu asassn bu siniflardon ibaratdir: triklin sistem

(monoedrik vo pinakoidalik siniflar), monoklin sistem (diedrik
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oxsuz sinif, diedrik oxlu sinif va prizmatik sinif), rombik sistem
{rombik piramidal sinif, rombotetraedrik sinif, rombik dipiramdal
sinif), tetragonal sistem - bu sistem 7 kristalik sinifdan ibaratdir

- tetraqonal — tetroedrik sinif

- tetraqonal — piramidal sinif

- tetraqonal — dipiramidal sinif

- tetragonal — skalenoedrik sinif

- ditetraqonal — piramidal sinif

- tetraqonal — trapesedrik sinif

- ditfotraqonal ~ dipiramidal sinif
Kub sistemi (kubik simmetriya sisterni) 5 kristalik sinfa béliiniir.

- tritetraedrik sinif

- didodekaedrik sinif

- heksatetraedrik sinif

- trioktaedrik sinif

- heksaoktaedrik sinif

Heksogonal sistemin $ziinda 12 kristalik sinif vardir:

- trigonal — piramdal sinif

- romboedrik sinif

- ditrigonal — piramidal sinif

- trigonal — trapeseedrik sinif

- heksogonal — skalenoedrik sinif

- triqonal — dipiramidal sinif
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- heksagonal — piramidal sinif

- heksogonal — dipiramidal sinif

- ditrigonal — dipiramidal sinif

- diheksagonal - piramidal sinif

- heksaqonal — trapeseedrik sinif

- diheksaqonal — dipiramidal sinif

Nohayat transversal — izotropik simmetriyaya malik
sistem v izotropik simmetriyaya malik sistemi geyd etmok olar.

Biz biitin  klassik  siniflorin  movcud simmetriya
xiisusiyyatlorinin kifayst daracads ifadslorini asagida veririk
(cismin materialinin  deformasiyaya ugrayana gador olan

vaziyyatinda li¢ istigamotinin oldugunu va bu istiqgamoatlarin vahid
vektorlarinin e,,e,, e, oldugu qabul edilir).

Triklin sistemda e,,e, vo ¢ vahid vektorlarin
istigamatine mohdudiyyat qoyulmur vo daxili qiivvalarin
votensiali U (enerji funksiyasi) iizarino he¢ bir mohdudiyyat
qgoyulmur, yani bu funksiya

U =U(sxx,syy,szz,exy,syz,sxz) (L1.21)
saklinds deformasiya komponentlaeinin  polinomu  (¢oxhadlisi)
kimi ifads olunur.

Cari koordinat sistemi iigiin ixtiyari diizbucaqli dekart sistemini

0XyZ se¢moak olar.
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Monaklin sistem iiciin e, va €, vahid vektorlan bir-birila
diizbucag omalo gotirir, ¢ vahid vektoru e, e; miistavising
perpendikulyar olur. Bu sistemds U funksiyasimn
deformasiyalardan asillilig1 bela olur.

Ul EpyrEr 60y rEpn )=
=Ulego8,y0E0 €y o €yt (L1.22)
Romb saklinds olan sistem liciin ¢),¢,, & vahid

vektorlan bir-birina qarsiligh perpendikulyar olur. Baslangic

dekart koordinat oxlam (x,y,z) vahid &,2,,&, vektortlanna

paralel gotiiriilir. Daxili qlivvalarin potensiali U funksiyasi yeddi

kamiyyatdan (deformasiyalarin kombinasiyasindan) asil: olur

U=U(exx,£),y,

¥4

2 2 2
JE© JET JET JE -E - ) 1.
Eur€, €L E eyz £ (1.1.23)

Tetroqonal halda da e,,&,, &; vahid vektorlan bir-birina

qarsiligh perpendikulyardilar. Rombik sistemds oldugu kimi
koordinat oxlan vahid vektorlara paralel olur vo z oxu oasas
simmetriya oxu gotiiriiliir.
Bu halda U funksiyasi iki ciir gottrtiliir. Ik ii¢ sinif ii¢iin
bu ifada bels olur:
UlEgrEpyr €100 Exyr EyprE0) = L124)
= U(ErEyyrErpr Ery—E by )

Son dord sinif iigiin isa
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2 2 2 —
U(sn,syy,sa,axy,aﬁ,exz,en € -axz)-

=U(syy,en,za,eiy,siz,si,axy £ E )
Kub saklinds sistemi olan halda da vahid vektorlar
€.2,, &, qarsiligh perpendikulyardilar. Simmetrik oxlan vahid
vektorlara paralel olan diizbucaqli koordinat sistemi segilir.
Umumi halda kubik simmetriya hali iigtin U funksiyas: ilk iki
sinif ticiin bela gotiiriitiir:
U(eu,sw,szz,siy,eiz,sfz,sn €, -sxz)=
=U(£yy,su,sn,si,efz,£iy,ary €€, )= (1.1.25)
=U(gzz,en,sw,ei,ei,eiy,gﬂ £ E, )

Yoni polinom ifadadan istifads olunur. Sonuncu 3 sinif {i¢lin isa

U funksiyasi beladir.

2 2 2 —
U(en,sw,gzz,en,eﬂ,sxz,sn € 'Exz)—'

=U(em,szz,sw,si,giz,giy,exy £ )= (1.1.26)
=U(E&,gu,sw,ei,siy,si,sﬁ £ E )
Heksaqonal sistemds do daxili giivvalerin potensiali U
funksiyas: va deformasiya komponentlori £; arasinda asilliiq bir
cox variantlarda olur. Ilk iki kristal sinif iiclin bu asillihq 14

komiyyatdon (deformasiya komponentlari arasinda
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kombinasiyalardan), sonraki 3 sinif tiglin bu alags 9 kamiyyatdon
vasitasila yaradilir va i.a.

Transversal izotrop sistemdos kristal siniflor iicin U
funksiyas1 va deformasiya komponentlari &; arasinda alags bu

sokilds olar: polinom (yani goxhadli gakilinda) olaraq bels olar:

2 2

£y ’25::: . syz)

_ 2,2, _
U= U(exx FE & T E SELE, £, ,sty,sxz
Nohayat izotrop sistemda kristal siniflarin harms: tigiin U
funksiyasinin polinomial ifadasi

U=U(J1,JZ,J3) s$aklinda olur.
Burada J,J, va J; sorbast invariantlar olub (I.1.15)

ifadalori ila mitayyan olunurlar.

.Garginlik voe deformasiya komponentlari arasinda
olagsnin, yuxanda gostorilon biitin kristalik siniflor iigiin
ifadolorini aragdirmaq, bir kitab c¢argivasinds geyri miimkiin
oldugundan biz burada yalmz kubik simmetriyaya malik sistemlar
ligin olan hala baxacayiq (izotrop materiallar ligiin Hiiq qanunu
klassik elastiklik noazariyyasi kitablarinda [2,9,19,26,30,45,67]
genis arasdinhb).

Gorginlik va deformasiya komponentlori arasinda slago
kub sakilli sistemin kristalik siniflari ligiin asagidaki variantlarda

gotiirtlir.
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2
& ZZ(LIE)O-O'@""%%)(UU_UQ'QJ) (1.1.27)

Bu aslags O. Kosi, A. Qenki, Q.Kauderer vo i.a nogteyi
nazarinca (£; va o0, arasinda Umumi funksional olagaya

asaslanan noqteyi nazor) dsasondir.

oU
& =f|'5,j+fz‘0'g+f3‘o'ik'o'jk§ fu =§S—’ n=123 (I1.1.28)

n

Bu olags iso A.Qrin va basqalarinin noqteyi nazarincadir
(deformasiyalar enerjisi funksiyasint daxil edan néqteyi nazar).

Bu ifadalarde X hacmi sixilma moduludur. G - siiriigmo

modulu. f, - materialin garginlik funksiyasidir. U =U (J ot ds)-

daxili qiivvalarin potensiali (enerji sixli: funksiyasi)

S,,S, va §, - garginlik tenzorunun invariantlanidr, k(s,)

orta garginlik (So) funksiyasidir, g(tg) toxunan garginliklarin (tg)

intensivlik funksiyasicr.

o] . .
5= —]':— -gatirilmis orta garginliyin ifadasi
L

= G gatirilmis toxunan garginliklorin intensivliyini

ifadasidir.
k(sy) va g(tg) funksiyalanm: sonsuz siwra goklinde

gotiirmok olar [38]:

25



k(so)=1+k -so+ky 52 +ks 50 +...  (1.1.29)

g(t§)=1+ 8l +8ath+ g te .. (11.30)
Burada
ky =25 kz=21,2—xz;
ky==5 +52 2, — X3; voia. (L.1.31)
Bu (I.1.31) ifadssine daxil olan x funksiyasi uzadilma
funksiyasidir (bu uzadilma xatti 6lgiiys aiddir, zamana yox).
8=V £4=372~Vur.  (L132)
¥ isa siiriisma deformasiyas1 funksiyasidir, Gortirilmis
toxunan gorginlik intevsivliyini (1), k(s,) v g(tg )
funksiyalarinin kdmayi ila bels ifads olunurlar [38]
so=00-k(so); to=wro-7w2)  (11.33)
Onu da geyd etmak lazimdir ki, (1.1.31) ifadalorinds ¥, va
k;amsallanimin yerlarini dayismoakla (yani birini digsri ilo avaz

etmaKla) borabarliklor 6z dogrulugunu saxlayir
ogar (1.1.33) — do (1.1.3), (L.1.4), ifadalorini nazara alib,

orta gerginlik tenzorundan
T,=04-E (1.1.34)
istifado etsak bir nego ¢evirmelordon sonra garginliklor

deformasiyalarin komayi ils bela tapilar:
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o, =3K -k(sy)- £, +2G- My ) (£, - &)
o, =3K k(s ) £, +2G -7l e, — & );

0. =3K k{s,) € +2G Y2 ) (e, ) 7o =G -Hw2)v,;
7, =G W) ¥y 7. =G HpE)y.  (1139)

Ogar (1.1.16), (1.1.17), (L1.18) va (1.1.33) ifadalorini

nazora alsaq, deformasiya komponenetlori (EU) gorginlik

kmponentlari vasitasilo agagidaki kimi ifada olar(bu ifadslords

£y =&, €, =E,; &, =&, kimi gabu] olunub).
1 1
6= 5 Kso)-00 + 58l )0~ 0):

3K
_1"3(’3)'(%'0'0);

1
£ =§-k(so)-ao+ G

c L.k( )00+L-g(t§)-(az—co);

‘3K 2G
}’xy_"é g(tﬂ) Toys yyz_é'g(tg)'ryz;

Ve =— gli2) 7o (11.36)

1
G
(1.1.35) va (1.1.36) ifadalorinda K - hacmi sixilma modulu, G -
siiriiyma moduludur. Yuxanda géstarilon 15 tanliklor toplusu —
i adod tarazhq sortlori (1.1.1), alti adad deformasiyalann

birgalilik gartlori (I.1.7) va alti adad garginliklarin deformasiyalar
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vasitesilo tapilmasi (I.1.35) ifadslori (v ya deformasiyalarin
gorginliklor vasitosile tapilmasi ifadslori-(1.1.36)- qeyrixatti
elastiklik nozariyyasinin (kigik deformasiyalar igiin) asas
tanliklar sistemini togkil edir.

Qeyd etmok lazamdir ki, elastiklik nazariyyssinin miistavi
moasalalari iigiin (istor miistovi garginlik hali olsun, istarsa da
miistavi deformasiya hal olsun) gostarilan 15 adod tanliklar xeyli
sadalogir.

Miistavi garginlik halinda
0,=20;7,=0var,_=0
oldugundan (L1.1), (I.1.7) va (L1.35) tanliklari azalir va 6 adad
olur: onlar asagidakilardir:
miivazinat sartlori
a—(_;};;"——i-%y—:O; 9;7”+%j1=0; (1.1.37)

deformasiyalarin birgslilik sartlari

826‘x . azgy } azyxy

dy*>  ox*  Oxdy

deformasiyalarin garginliklarls ifadslari:

(L1.38)

E, =§-k(s0)-0'0 +%‘8(t§)'(0} =0o); ¥y :é«g(tg)-fxy

£, =—}(~-k(s0)-0'0+—2%--g(t§)-(0'y —oy)  (L1.39)
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Bu o,.0, vo 7, gorginliklorin ifadelerinin  ¢ixarhginda

lovhalarin  z oxu istigamatinds qalinhiglanmin digar OSigiilara
nisbatan ¢ox kicik oldugu vo bu garginliklerin yalmz x vo y
oxlarindan asih oldugu nazara alimb.

Eyni olaraq, miistavi deformasiya halinda, klassik
nazariyyado oldugu kimi geyrixatti elastiklik nazartyyasinda da
yuxarida geyd olunan tanliklor ham sadslagir, ham da sayca azalir
(miistovi deformasiya halinda ¢, =y, =y, =0 oldugu nazars
alinir). Takrar olaraq yens qeyd edirik ki, biitiin bu sadslosma va
tanliklorin saymnin azalmas: yalmz kigik deformasiyalar halinda
dogrudur. Miistavi garginlik vaziyatinds gatirilmis orta garginlik
(s,) vo toxunan gorginliklarin orta intevsiviiyi (t,) asagidak
qiymatlar alir:

2
12 = v [o-f +02-0,0, +37, ]; (1.1.40)

Miistavi garginlik halinda (1.1.27) vo (1.1.28) ifadslorindski o
gorginliklori, klassik elastiklik nazariyyssinde oldugu kimi,
miivazinat tanliklorini eyniyla &dayib, Eri garginlik funksiyas:
(F) vasitasila bels ifada olunur [22,38].

Oy =F, 0, —F (1.1.41)

ay‘&
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Burada §; amsallan bels bir formula ila milayyan olunur:

;i =§—:;; (1.1.42)
J, deformasiya tenzoru (deformasiyalarin birinci sarbast
invariant1) olub miistavi garginlik hal ii¢iin

Ji =&y (1.1.43)
kimi toyin olunur. (1.1.42) va (1.1.43) ifadslarino asasan yaza
bilarik:
i # j oldugda é‘ﬁ =§ﬁ =1; olar 50. =0; i# j oldugda:
Gorginlik deformasiya alagesinin “kub” daracadan olan qanuna

asasan (1.28) ifadasini bels da yazmagq olar [22].

i = A0y Oy + Ay - Oy "'Aal'o'i,c Oy +

+ 430101, " O + 24y, - OO +

+ 4 'O'L O+ Ay OOy -G +

+ 33 01" Oy " 0 8 + gy - 02 O (1.1.44)
Burada /’ij - omsallan, baxilan materialin fiziki xassalarini
xarakteriza edan sabitloridir.
Qeyd edak ki, [99] isinds gostorildiyi kimi (I.1.27) va (1.1.28)

ifadslori elastik sabitloi olan A

; omsallannin - asagidaki

giymatlarinda list-listo dilgiir:
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1 1 1 1_&_

’“Fﬁ‘a 736 M TG,

Ay == Ay = A=Ay =4y =0 (1.1.45)

12 Gz’ 18 G3;

Bu ifadslors daxil olan K (sixiima modulu) va G
(siirisma modulu) smsallari, praktikada an ¢ox rast galinan E
(Yung modulu - elastiklik modulu) ve v- (Puasson omsal)

sabitlari vasitasila bela tapilir (va aksina G, K molum olduqgda, E
va v tapihr):

1 v y

G=—-——E; k=1 E
-2 1+v 3 v=-2
E= V+1 -2 K= 9KG
vV Vv 3K+G
vy _ 6 _,3K+G (L1.46)

-2G 3K-E 3K-2G

Gorginlik  komponentlori o; va  deformasiya

komponentlari £ i arasinda slaqa ifadalarini (1.1.27 ) vo ya( 1.1.28)
ifadslorini deformasiyalann birgalilik sortlori olan (I.1.7) ifadada
yerina yazsaq, fiziki geyrixatti elastiklik nazsriyyasinin miistavi
masalasinin haili asagidaki differensial tanliklarin

inteqrallanmasina gatirilar:

0. Kosi, A, Qenki, Q.Kauderer v basqalar1 ndqteyi nazarinca:
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2,(,2 2,(,2 2 (2
—L{m'a gt°)+0' 9 g(t{l)+2r 98k ]=0 (L1.47)

A.Qrin, D.Adgins va bagqalan ndqteyi nazarinca:

(A +Ay)- ANF + 4y A[(AF)]+

+’122 [( ’u ’u)+2(AFF’U ]
+3~3|'A[A(AF)3]+/742 F Y F’kn)’kn+

+ AslMOFF Bl A (AR Y P, ) =0 (1.1.48)
Bu ifadalorde F (x, y) garginliklorin Eri funksiyasidir:
Beloki miistavi garginlik vaziyyati hal1 iiclin yazmaq olar [2,
25,43,67];
J’'F 9*F 9°F

=20 5220 oo =- 1.1.49
O e Oy EY®) Ty axdy ( )

A isa Laplas operatorudur:

2 2
A:%Jraa—z (L1.50)
x* dy
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Vergiil isaralori xiisusi téromslari gostorir (nezerda saxlamaq
lazimdsr ki, milstavi garginlik vaziyyatinds i va j, hamginin
k va n indekslari 1 vo 2 qiymatlorini alir).

ogor (1.1.49) va (1.1.50) ifadalorini (1.1.47) differensial

tenliyinds nozara alsaq yazmag olar:

A{[l-k(so)dri- g(tg):lAF} ZG{azF M‘AL

9K 3G Ay’ o’

JOF 8d) , o°F %)),
MEY: ay? oxdy oxdy |

Qeyd etmok lazimdir ki, bir ¢ox gorginliklorin

(L1.51)

konsentransiyasi masalalarinin hallinda polyar
koordinatlardan (p,8) istifads olunmas: daha slveriglidir.

Polyar koordinatlarla dekart koordinatlar arasinda slage
ifadolorindan

x=pcosf;, y=psind ; p=1}x2+y2 ;tg9=l (1.1.52)
x
istifada edorok xiisusi téromalor tigiin yaza bilarik:
2, .2
i aap d 06 a_pza!\}x +y Li:cose
ox dp o 89 ox ' ox ox o,
8 d ap d 66 9 9 _

— —— — ———
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2 2 2 2
A:az+a 0 +1 d +1 82’ (1.1.53)
ax? N 9 pop ptog

Bu (1.1.53) ifadalorin komayi ila (I.1.51) differensial tanliyini bela

da yaza bilarik:

e
+1.a_F_azg(f§)azF.{Lazg('i);.a_g(zo_)ﬂ_

p op 92 3ot |pt 96 p O

2(_1_-32_1’__1_3_1’}(1 Paley) 1 ag(ti)}o-, (1.1.54)

0 0p8 p* 08

Goriindiiyl kimi, fiziki geyrixatti elastiklik nozariyyasinin
miistavi masalslerinin halli (I1.1.54) vo (1.1.48) differensial

tonliklorinin integrallanmasima gatirilir. Hor iki differensial
tonliklarda F (x, y) =F (p, 9) gorginlik funksiyasidir.

Omu da geyd etmok lazimdir ki, (I.1.54) differensial
tonliyinds k(sq)=1 va g(t§)=l gabul etsak va (I1.1.48)

differensial tonliyinda isa A, sabitindan bagqa yerds galanlarint
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sifir oldugun qebul etsok, hor iki differensial tanliklar, klassik
elastiklik nazariyyasindon malum olan

AAF =0 (1.1.55)
biharmonik tonliyina gatirilor (yoni baxilan masala xatti elastiklik
nazariyyasindaki masalaya gevrilar).

Hoar iki halda (istor O.Kosi, A.Qenki, Q.Kauderer vo i.a.
noqteyi nazorina asaslanan (1.1.54) differensial tanliyin hallinds,
isrtarsa do A.Qrin, J.Adgins vo i.a. alimlorin ndqteyi nazarine
asaslanan (1.1.48) differensial tanliyin hallinds) sarhad sartlor,
klassik elastiklik nozariyyasindaki kimi miisyysn olunur.

Ogor (I.1.54) differensial tanliyino daxil olan k(s,) ve
g(ti) funksiyalarim  (1.1.29) va (1.1.30) kimi sira goklinds

gotlirsok, onda differensial tanliyin halli hamginin sarhad
sortlorinin 6donilmesi ¢ox ciddi riyazi ¢atinliklarls qarsilagir. Bir
¢ox mateniallar {izorinda apanlan tocriibalor gdstarir ki, orta
gorginliklorls (s,), orta deformasiyalar {g,) arasinda asihliglan
Xatti ganuna yaxin ifadsiarls gotiirmak olar.
Ona gora do kigik deformasiyalar iiglin (1.1.29) ifadasini
konkret masslalori hallinda
k(sy)=1 (1.1.56)
kimi goturiirlor (kigcik — yoni az fiziki geyrixatti elastikili

nazoriyyasi masalolori). Toxunan goarginliklorin  intevsivlik
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funksiyast (g(tz) iigin iso) ifadasindoki (1.1.30) sirammn ilk iki
haddi gotiiriiliir:
gl2)=11g,1%; (L1.57)
Bu iki (I.1.56) va (1.1.57) xiisusi halda fiziki geyrixatti masala
iigiin(1.1.54) differensial tanliyin halli olduqca sadalogir.
Differensial tanliklarin hallina aid mdvcud adabiyyatlara
istinadan, (1.1.54) va (1.1.48) differensial tanliklarin halli (yani
inteqrallanmasi1) Ugiin, F (x,y) gorginlik funksiyastmn  kigik
parametrin qiivvat iisti sirast goklinda gotiiriirlar:
F=Y AF,=Fy+A-R+A - F+.. (1158
n=0
Gotiiriilan ki¢ik @ parametri (1.1.54) differensial tanlik ii¢iin

_K-g2_1

CZ:/‘L—3K+G ? (1159)
(I.1.48) differensial tanlik {igiin isa
A= A (1.1.60)

Ayt
kimi ifadalorlo miiayyan olunur.
Gorginlik funksiyast F -in (I.1.58) siras1 gaklinda olan
ifadosini (1.1.54) va ya (1.1.48) differensial tonliklarinds nazara
alsaq va kicik A parametrinin eyni qiivvat iistli hadlerinin

cominin  sifira barabar olmasi geortinden istifada etsak, bu
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differensial tanliklor heor biri n sayda dofferensial tonliklor
sistemina goatirilir. Bu tanliklarin birincisi (A parametrinin sifir
qiivvatiistli hadlordon amoala golon differensial tanlik) klassik
elastiklik nozariyyssina uygun galon, xotti bircins. differensial
tonlikdir.  Sonraki  differensial tonliklar, xatti  elastiklik
nazoriyyasina diizaliglor (slavalar) verir. Belalikla hor iki halda
(yoni istor (L[.1.54) differensial tonlik, istarsa do (1.1.48)
differensial tonlik olsun) alinan uygun sistem differensial
tonliklori, yigcam sokilda bela bir distiirla ifads etmoak olar:
AAF© =g (1.1.61)
AAF®) 4 [|F©) F)  pe-D|=g (L1.62)
Burada I xatti operator adlamb, hor bir differensial tonliyin
Oziindon avvalki tonliyin hollindon alinan F O F), p@_pl-)
funksiyalarindan v onlann téromolorindon ibarat olan ifadalordir.
Hor bir baxilan differensial tanlik hallindon alinan F® funksiyast
Oziindan avvalkino miisyyan diizalis verir.

Sdobiyyatdan maslumdur ki, xatti elastiklik nazariyyasinda
(miistavi masalalords) gorginliklorin Eri funksiyasi F © ki
analitik funksiyalar ¢J(z) va w(z) vasitosila belo bir ifads ilo
milayyan olunur [2,9,19,25,26,27,30,43,67]
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FO =RelZ - ol2)+ [wlz)iz] (1.1.63)

Burada Re- simvolu onu gostarir ki, kvadrat métorize igindaki
ifadenin haqiqi (real) hissosinin goétiirmak lazimdir. Baxilan
cismin (Iovhs, silindr, prizmatik va i.a. saklinda olan cisimlar)
sonlu vo ya sonsuz olmasindan vo hamginin negarabitali oblasta
malik olmasindan asth olaraq bu @{z) va w(z) funksiyalan
agagidaki kimi gotiiriilir (bu barada genis malumat olmaq iigiin
elastiklik nozariyyasi sahasinda olan bir ¢ox odabiyyata
[2,26,43,67] baxmagq olar).

1.Sonlu bir rabitali coxbucaqgh kontura malik(bu kontur,
cevra, ellips, kvadrat, diizgiin alubucaqlt vo i.a. formasinda ola
bilor) oblastlar tgtin ¢(z) va w(z) funksiyalari bu gokilds axtarilir
[2,26,43,67]:

Burada

2.Sonlu iki rabitali oblastlar tigiin requiyar ¢(z) va ¥(z)
funksiyalar1 bela gotiiriiltir [2,26,43,67]

- . k
2= 0 & +2Ak(£] ,
k=1 o \A
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oo o0 k
2)=> B -&* +ZB::(%] ; (1.1.65)
k=1 k=0

Burada & daxili konturun (L;- in) vahid cevra atraftna inikas
funksiyasimn z = (&) torsi olan &= y(z) funkstyadir. Bunlar
barada genig malumat {igiin [51] adobiyyatlarina baxmagq olar.
“Analitik funksiyalanin (I.1.65) ifadalarinde A, va B, omsallan
(I.1.64)- daki kimi

A = Z a, Z @ (1.1.66)

q q

—

(1.1.64) va (1.1.66) ifadalarina daxil olan a,,") smsallann har bir
baxilan konkret kontur dgilin tapihb cadval seklinds ([51]
adabiyyatlarinda verilmisdir.’r Ulduz isarosi (1.1.66) sirasinda

novbati hadda kegands indekslarin ¢ (simmetriya oxlarinin say1 —
coxbucaglinmin taraflorinin say1) qador artmasim gostoarir.
Ikirabitoli oblastlarda L, vo L, konturlanmin kensentrik

olduglan nozarda tutulur.

* Istor bizim 6lkamizds, istarsa da kegmis SSRI (indiki MDB) mekamnda
requlyar funksiyalan —-w(z) va w(z) funksiyalarim bir gox alimler-
tadqiqatgilar 6z islarinds gox kobud gakilda gotilriirdiiler. Horgand ki, indi da
belalari az deyil. Biz 6z iglarimizda bu funksiyalar1 dagiq riyazi amsliyyatlara
asaslanan (1.1.64) va (1.1.65) sokilda gdtiiriiriik (elmi rahbarim, diinya sohratli
alim, marhum D.I.Sermamn maslshati ila).
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3.Cox rabitali sonlu oblastlar ii¢iin analitik funksiyalan
@{(z) va w{z) bela ifadalor soklinda axtanrlar [2,26,43,67]:
k
[ Z n ca . -
o)~ Fa (L] +3 Sa0 g+
k=1 i=l k=1

+Yl5 2 In(z-z)+ 4n(z -2, )k

o k n oo n
y/(z)=ZBk-[i] +> Y BOEE i & -In(z-z) (L1.67)

=l k=1 i=

Burada z; sabitlori L(i=12,..n) konturlan daxilinds ixtiyari
néqtalorin koordinatlarimi géstarir,
¥:- haqiqi sabitlardir, A, - kompleks sabitlardir.

(I.1.67) ifadasindaki ikigat siralar ¢ox rabitsli oblastin
daxilindski i(i=12,..n) sayda L, konturlarndan ksnarda her
yerda requlyar olan funksiyam gostorir.

4.Sonsuz birrabitali oblastlar iigin ¢(z) va w(z) analitik
funksiyalar bels bir gakilds axtanlir [2,26,43,67]:

oo

oz)=el5)=3, a,- &

k=1

w(z)=w(§)=i by & (1.68)
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5.Sonsuz ikirabitali oblastlar ii¢iin requlyar funksiyalar

o(z) vo w(z) asagidaki sokilds axtanir [2,26,43,67]:

oo

(0( )22 a - 51 +Z b - )

k=1
=i ck-ff"+i d-&* (1.1.69)
k=1 n=1
& va &, doyigmalari sonsuz oblasti (S) daxildan mohdudlagdiran
L, v L, konturlanmmn inikas funksiyalarni olan z=w(&) vo
z=wl(&) funksiyalarnin torsi (oksi) olan ¢ = nlz) v
£, = z,(z) funksiyalardir.

Yuxanda gostarilon (1.1.64) — (1.1.69) ifadolorinds z
kompleks doyison oldugundan agagida bir nego gevirms
diistiirlarini veririk ki, oxucu va ya tadgiqatg: bagqa adobiyyata
miiraciat edib vaxt itirmasin.

Belo ki, z=x+iy vs onun qogmasi olan z=x-iy

oldugundan yazmagq olar.
1 i
=—(z+2z); y=—(z2-2 1.1.70
S(e+2); y=--(z-7) (L1.70)

Xiisusi téramolar:
0 9 az 0 0 0 9,9 0

> ozox 97 9x 07 &
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d 9
—_— j| —— — 1.1.71
3 0920y 0z dy ‘[az az] (1170
Bunlann tarsi olan ifadalar (téramalar):

0 ddx 9 1(3 .a)_

— — — — __—l—

% oxdz 9y oz 2lox  ay

d_9x 9 ¥ 1(a+.aJ

- - —_ 1.1.72
7wz dy & 2 (1.72)

ox  dy

Laplas operatoru A iss, z kompleks dayisanlarlo bels ifads
olunar

9?9 9°
= + =4 I.1.73
ox* oy 007 ( )
Yuxanda deyilanlora asasan, har hansi biharmonik tonliyi
AAf =0
kompleks dayiganlarls agagidaks kimi ifads etmok olar:
4 4 4 4
AAf=af+2 J f +af—l6 o’ f =0 ([I1.74)

ot axzayz 8y4 - azz_a(z)z
Elastiklik nazariyyasinin biitlin masalalorinde konform inikas
funksiyalanin bdyilkk va asas rol oynadigimi  nazars alarag,
texnikada oan ¢ox rast golon oblastlar tigiin z = w(f,) v3 onun tarsi
£= ;{(z) funksiyalar vo uygun konturlar ii¢lin tapilimg a,(,")

amsallanm agagida cadval soklinda veririk.(bax. cadval Nel.l,
Nel.2)
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§1.2. Morkazi dairavi desiya va iki diizxatlo cata
malik coxbucaqli lovhanin kicik fiziki qeyrixatti halda
garginlik vaziyyati

Yuxanda §1.1 deyildiyi kimi, osgoar F  garginlik
funksiyasimn kicik parametrs gors qurulmus (1.1.58) sirasim
(I.1.51) differensial tonliyinds nazara alsaq ilk ii¢ yaxinlasma
(sifirinci, birinci va ikinci) iigiin asafidaka differensial tanliklori
alang [38,53]

AAF©® =0; (L.2.1)
AAFY + L |FO)|=0 12.2)
AAF® 4 1 [FO, F0)|=0 1.2.3)

Burada L,[F (0)] , LZ[F (0),F (2)] . qgeyrixatti operatorlar olub,

agagidaki ifadalorle miiayyan olunur:
Ll | o i)

1
)k

(l FO L Fég}} O,

-+

20

Yo,

2 p0)
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-+

2 1 1
F.p‘ggg,.ﬂgg; [;.F[gou?.@g)}

o 2 FO).F0). FO 2 F,Spi[ %. FO. FO

------—-F(o) F() F(O + F(O) F(O):I
ERCRPI Y B VN

F(U)F(O) +

F(O) F(O) F(°)+p - Foop 0. [(F (© o “pp

p3 ppo p

25002 (FOF -2 £O. F(o)}+
p 0 ( )2 3 %0 Yo

2 (o)[ ©) . 70) (o)( ©) (1))
+ = | -=FO . FO+ F 29+l a0 ||+
pt e o’ p ’
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+;}2'(Fx£g))3 0 F(O (pp)2+ g)'(F;SD))Z_

_% (FOF . @ - p4 FO. (p9)2+ FO.FO.FQ 4
+%-F(° (F(O))z+ ( )2+p (F(O))2 F9+
A () e 5 5 r0 (B

L[F®, p®]= 2[a0® AF0) + 0©)..AaF 0 +
3

+200(aF0) 1 260(aF0), + AW AFO +

1 1
+200(aF0) +200(aF®), |- [apgg[?. FY 4 . FS’J +

+¢(’)(#-F£)+%-F‘S")J+ FAB-[%@Q +%-¢)£‘,”]+

F(o)( o0 L g)J .
P
syl apr)

1 w1 (1)J [1 ©_ (O)J]
=l -— .o F9-—.F,
(p 0t T8 \p ra
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Harada ki, bu avazlomalar edilib:

1
0)(p 6)=F (F(O) p F,(,O) __p.2 -F,SS)J—r
1 2 1 2
+ F}}O)(F.Fﬁo) +_;3_. Fgg))+3p(0) .{?.F’(’g) *F-F£°)J+

L] 2 e,

d)(')(p,(p)z 2F©. F0) -%(ng FO4FO.FO),
+é(2F£°) FO-FO. FQ+ FO. EQ + 670 FO)
+§(Fg°) P+ FOFQ 350 FO _3FQ. F))4
+%-(2F9(3) FY +6F0 . FD)

Burada F_ sifinnc yaxinlagmadaka garginlik funksiyasidir va
bu uygun masals iiglin xotti elastiklik nazeriyyasindon mslum olan
gorginlik funksiyasidir (Eni funksiyasidir).

Coxbucaqgh iki rabitali l16vhalar iigiin bu F (©) funksiyasi
[2,43,26,53,67] islorina asason asagidaki diistiirla milayyan olunur
(16vha daxildan p, va xaricdon p, barabasr paylanmuis hidrostatik

tozyigs maruz qalir) (sok.1.1).
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FO =Relz-olz)+ [w(z)dz] 12.5)

Bu ifadads analitik (a(z) Vo (z) funksiyalarinin

£ uez] o (3)

W(z)=i Hz(v)-[—;—Jv +§0 B, -&Jk (1.2.6)

v=1

kimi olduglanim nozors alsaq, yaza bilarik: (z dayiseninden
polyar koordinat sistemina (p;ﬁ) kegib z=pe'? va z=pe'?
oldugun nazars alsaq):

Z [H kg -cos(l+k)8+

+b A -p“" &, -cos(k —1)0+ Hy(1}-r-Inp+
+ Hy(k)-r* - 0 - £, /(1—k)-cos(k —1)0 +

+B A oG cos(k +1 -9]; 127
k P 12k ( ) ( )
Burada asagidaki avozlamolar edilib [26]

Z o 5"1( vk’HZ de 5_k lwu
k=0

Biitin /&) amsallan 1% 4 Zl LA .g%) =0 sortindan tapilir.

ny
m =1
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0,_
z gnl gnk-nlt ’ gr(lk) Al

n =0 5_1
2, .2
et ; e2rvaazl. (1.2.8)
2er
y 1 1-k a-k
2-g-(-1)2.cH2. [ ] G2
Z /2 20 -k

Bu ifadslords * ulduz isarasi onu gostarir ki, cam isaralarinda

novbati hodds kegdikds, toplananlann indekslari iki-iki doyisir.
te daxili L, konturunun (r radiyuslu ¢evranin) malik oldugu

diizxatli catin qurtaracaq néqtslarinin koordinatidir,

e 1 agar n=0 olsa
/2 agor n#0 olsa
_ 0 agar k#g-1; 2¢-1 ;...
o= 1 agar k=qg-1; 2g-1..
. 10 agar k#1; g+1;2g+1....
2 h agar k=1, g+1;2g+1...

Burada g=N - coxbucaqliin torsflori (simmetriya oxlan)

sayidir.

Baxilan halda sifinnci yaxinlagmada sorhod  sortlari
agagidaki kimidir.
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-daxili I, konturu iizarinds (r radiyuslu ¢evra va ondan ¢ixan

iki diizxatli ¢at)

o)

o=t

1

. +._..._.
p op p* 08

[ 1 oF® 1 82F(°)]
P=h
-xarici L, konturu lizerinds (diizgiin ¢oxbucagh)

_ [ 1 oF9 1 azF“’)}
p

()
o = +
p 9 p* 96

=-p, (129)

=f2

p=ty

Sonraki yaxinlagmalar iigiin {istar birinci, istarsada ikinci
yaxinlagma olsun) sarhad sarlari bels olar:

) 1 oFr® 1 920
o L, = ——— 4+ — =
P |P=h 0 ) 0 p2 ) 92 -

ol =0 vsia (12.10)

p/l

== +—
p=t -p ap pz aez

(1 oF" 1 azFﬁ)]
p=t

Bu isaralorda f; va t,-uygun olaraq Lj( j=12) konturlarimin

noqtalarinin affiksloridir.

Sonrak: (1.2.2) differensial tonliyinin hollindon F ) funksiyasi

tapilair. Bu (1.2.2) differensial tanliyin halli, AAF ® =0 bircinsli

differensial tonliyin Umumi hollinin (E®) va gostorilen

differensial tanliyin xtisusi hallinin (F (I)) comi gaklinds axtanlir:

Xbb
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FO =W ) (1L2.11)

Xb ¥

Malumdur ki, AAF M =0 bircinsli differensial tanliyinin timumi

hslli agagidaki kimi gotiiriiliir (imumi halda):

FW = 4c,0* +ey-p* Inp+e,-Inp+

+[csp +eg 0 +c7-p+c8-plnp]§'o“s%+
+i [sz' P HCy, P e, P G (12.12)

m=2
Kicik deformasiyalar dclin, kigik fiziki qgeyrixatti
masalalarin méveud olan hollarinds [38,53] gostorildiyi kimi biz

birinci yaxinlagmada baxilan masala iigiin F ) funksiyasini

FW=¢ Inp+c, p? (1.2.13)
soklindo gotiiririik.

Qeyd edak ki, (1.1.58) differensial tonliyinds polyar (0,8)
koordinatlarina kegsak vo miivafig toromolari yerino yetirsak,
naticads F® funksiyasinin tapilmas: tigiin asagidak: differensial

tonliyi alanq {53].
Ogor (1.2.2) differensial tonliyinds F (0) funksiyasimin

(12.7) ifadosini vo (12.4) ilo misyyon olunan L |F©]
operatorunu nazars alsaq bir ne¢s riyazi amaliyyatdan sonra (o

va & dayisanlars nazaran xiisusi toromolar alib, p dayisanin eyni
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qiivvat {istlii hadlarini bir sira saklinds toplasaq) differensial tanlik

agagidaki sakls diigor:

AAF(I)zi p"‘-VI(k)+i pAvk) (1214
k=1 k=0

Bu tonlikds V,(k) va Vz(k) kamiyyatlari o doyigenin eyni
qivvat iistlii hadlorinin cobri comidir ( fiksa edilmis & bucag
tigiin). Qeyrnbircins differensial tanliyin (1.2.14) timumi halli,
AAF® =0 bircins tonliyin tmumi halli olan (1.2.13) ila (1.2.14)
tonliyinin  xiisusi hollinin (xiisusi inteqralin} comi kimi

axtartldifindan, FJS)S- xiisusi halli (1.2.14) ifadssinin dortqat

inteqrallanmasindan agagidaki kimi alinar [53].

FO =3 g5 o yk)+3S B0 V() 12.15)
k=0 k=0

Burada
o= [(4—4&:)2 2=k} +¢ +a2]_1;
1
B= [(k+4)2 '(2‘”‘)2 +5 +ﬁ2T
a =4k -2-k)- [‘V1 (k )]99 burada-kvadrat métarizanin
indeksi 8- ya gora ikigat tdromani gostarir.

o = le (k)Lm -dortqat tdramani gostarir.
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By =(k+ 4P+ 82} (s B =k )omse  1216)

Oxasimmetrik masalalarda (masalon konsentrik ¢evralara
malik oblstlar iigiin) @, =, = 5, = 8, =0 olur.

Belolikla (1.2.14) differensial tanliyin Umumi halli bu
sakilda alimir ((1.2.13) va (1.2.15) ssasan):

FO=FOLFO =3 p** . av,(k)+
k=0

+3 o B V() + e nptey ph (1.2.17)
k=0

Bu ifadoys daxil olan machul amsallar ¢; va ¢, baxilan
mosalanin (daxildsn p,, xaricdsn p, miintazam paylanan tazyiqo
moruz galan ikirabitali coxbucaqli l6vhanin garginlik deformasiya
vaziyyati} sarhod sartlarindan (1.2.10) tapilir [53]

daxili ; konturu dizorinds o =1, oldugda

crg) =0

Xarici L, konturu iizarinda p =1, = A oldugda:

ol =0 (1.2.18)

Ogar (1.2.17) ifadasini bu gartlards nozars alsaq (miivafiq
téromalar elayib L, iizerinde o =1 va L, iizorinds p=A oldugu
qabul edilir) bir nega sads riyazi cevirmolordan sonra ¢; va o,

amsallan isiin agagidaki ifadalar alinar:
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k=1 A 4
" /2
+Z (k+4) B Vz( ) gk 21 -~ (t]k+4 Ak+4) :
k=1 -t

€= 2—(?—1) 2 [0‘ Vil k)'(’f_k—A4_k)+

+ B-Vy(k)- (i +4)- (4 - 4+ )] (12.19)

Sabitlorin tapilan ifadelorini, yani (1.2.19) agar (1.2.17)

nazars alsaq, baxilan masals iiglin birinci yaxinlasmada F (])(p, 6’)

gorginlik funksiyas: naticade asagidalka ifads ils milayyan

olunar [53]:

{Z (4—k)-a-w(k)-[-r;‘-*-;;i—z(rr-*—A4-*)}+
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Bu (1.2.19) va (1.2.20) ifadslerins daxil olan A smsal xarici L,

konturunun formasimi xarakterizo edon parametrdir. Beloki
diizgiin ¢oxbucagl konturlar ii¢iin
a 1 a-b

A=— =
1+m " (N—l)z a+b

(1.2.21)

Burada N - c¢oxbucaghmin taroflorinin sayr (simmetriya oxlan
say1), a-¢oxbucagqlinin xaricina ¢akilmios ¢evranin radiusudur,
b -homin c¢oxbucaghmn daxilina ¢akilan ¢evronin radiusudur.
Ogoar baxilan kontur ellipsdirss, onda a va b uygun olaraq
ellipsin boyilk vs kigik yanmoxlandir (bu halda N =2
gotliriiliir).

Gorginlik funksiyasinin birinci yaxinlagmada tapilan
qiymoatini F (])(x, y)=F (')( ,0) -bilarsk ikinci yaxinlagsma iigiin
gorginlik funksiyasim F m(x, y)=F m(p,ﬁ) analoji olaraq
taparig, va i.a. Garginlik funksiyastnin
F(p,0,4)= F0,0)+ AFV(0,6)+ 22 . F(p,6)+-
ifadosini tapdiqdan sonra (yeni bu ifadosys daxil olan
F(O),F(l),F(z) funksiyalan molum olduqda) gorginlik
komponentlari 0, va 0, iglin agafidak: sira gokilinda ifadaler

alaniq:
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19F 1 9*F

- ;$+p_892 =014 a(’)+/12 i)+...
6-32—2—0()+/1 a(‘)-l-/lz (2)+...
1 oF 1 @°F

2oy o or _ 0, ..0 2 .02
T+ A rpa+/1 rpa+... (1.2.22)

Almnan timumi hall agagidaki adadi misallara niimayis etdirilir.

1. Dairavi desiys vo iki diizxatli ¢cata malik kicik fiziki
geyrixatti materialdan olan silindrin garginlik
vaziyyati.

Bu masala xotti elastiklik nazariyyssinda miifassal hall olunub
(Hiiq qanunu ¢argivasinds). Ona gorada burada yalmiz [53] iginda
alinan naticalari veririk.

Silindrin iki rabitali oblasti, xaricdsn R radiuslu gevrs ils,
daxildsn r radiuslu ¢evrs va ondan ¢ixan iki diizxstli ¢ata malik
konturla shats olunub (§0k.1.2)

Bu halda analitik funksiyalar ¢z} ve w(z) bela goturitlab:

k=1

oo o k
2)=> d &5+ ¢ (5) (1.2.23)
k=1 k=0 k
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En kasiyim asas 0lgiilari arasinda nisbat iki variantda verilib:

I variant r/R=0,5 e=06R; [=01R

II variant r/R=07, e¢=08R; [=0]1R

Kosiyin xarakterik noqtelorinda tapilan ag’) va 0"(90)
gorginliklori (toxunan gorginlik 7, ¢ox kicik oldugundan
7,9 =0 gabul edilib) agagidaki cadvaldo verilib: (cadv.Nel 4)
Kasiyin an gorxulu ndqtesinds (gatlarin son néqtslorinds z = te)
garginliklorin. intensivlik smsali K, ficiin bu giymetlor ahmb
16K, / plﬁ nisbatinds):
I variant iigiin 7,04; II variant ii¢lin 11,68

Tasir edan daxili p, = p tozyiginin kritik giymsti (yeni cismin
dagilmas: gatlarina uzanmas: {iglin minimal gorginlik) tgiin bu
giymotlor alimb (cadvol Nel.5):
I variant tigin P, =1,446[o,]; Il variant iigiin P,, =0,883[c, |
[0, ]-baxilan cismin materiahmin texniki mohkamlik hoddi
(buraxila bilon matereialin dozabilocayi maksimum gorginlik) bir
cox materiallar iiclin cadvaldo verilib (bak cadval Nel.3)
qa(z) vo z//(z) funksiyalarin1 tapandan sonra Xxatti elastilik
nozoriyyasi ¢argivasinds  (sifinnci  yaxinlagmada) gorginlik

funksiyast F (0)(x, y)=F (0)(,0, 8) yuxanda geyd olunan (1.2.7)
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Buraxila bilen garginliklor [O'b] kQ/sm?

Cadval Nel.3

Material Dartilma Sixilma
Cugun 280-800 1200-1500
Polad 1400-1500 '
Mis 300-1200
Latun 700-1400
Bronza (tunc) 600-1200
Aliiminium 300-800
Diiraliiminium 800-1500
Tekstolit 300-400
Agac-lif boyu 70-100
lif ening 15-25
Beton 1-7 10-90

diisturuna  osason  tapilar. Sonra iss F m(p, 6)-birinci

yaxinlagsmada gorginlik funksiya51 (1.2.20) ifadesinden tapilir.

F(l)(p,ﬁ) gorginlik funksiyasimn tapilan ifadasina asasan, (1.2.22)

distiirlarinin kémoyi ilo kosiyin xarakterik néqtolorinds tapilan

O, gorginltyi cadvalda verilmigdir. (Bax cadv. Nel.4, s3k.1.3)
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Gorginliyin intensivlik amsali (10K 1 PAT vahidi ila) va tazyigin

kritik gqiymati ( P, ) (Dairavi silindr)
Cadval Nel.5
Xalis mis Marten polad
Variant | Tazyiq [ 1=0.255-10"°
P K, Kritik K, Kritik
tazyiq ylk P,
(P)
1 100 | 6958 | 148[0,] | 7.024 | 1.467|0,]
e/R=06| 500 | 5015 6.792
2.05[o, ] 1.51[o, ]
I 100 | 11.552 | 0.8%2[c,] | 11.664 [ 0.884[c,]
e/R=08 | 500 | 8928 11.284
1.155(o, ] 0914[0,]
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Punktir xatt—xotti masalays uygundur.

Biitdv xatt iso — geyri-xatti masaloys uygundur.

1) xalis mis;

2) marten polad

Sak.1.3.

72

S




2 Dairavi desiya va iki diizxatli cata malik altibucagli
livhanin fiziki qeyrixatti goyulugda garginlik vaziyyati.
Bu mosolonin  xotti  elastiklik  noazoriyyssinds  halli

adobiyyatdan malumdur [26,53]. Altibucagh 16vhenin istonilon
noqtasinda axtarilan garginliklar (ag])) milxealif variantlar digiin
(en kosik Olgiilorinin  nisbatinin  miixtalif qiymatlarinda)
hesablamb cadval gaklinds verilmigdir. Dilzxatli ¢atlarin
qurtaracaq noqtalorinds tapilan goarginliklora asasan gorginlik
intensivlik smsah (K,) va hamginin daxili tozyigin kritik giymati

Dy tapithb, cadval Nel.7 wverilib (har bir variant giin).

FO(x,y)=F®(p,6) funksiyasim1 molum ifadosini fiziki geyri
xatti mosolonin halli figlin alinan differensial tonlikda (1.2.4)
nazara alib, holl etdikdon sonra (araliq riyazi hesablamalan
buraxiriq), xatti mosalads oldugu kimi kasiyin an qorxulu
noqtalarinds - catlann qurtaracaq noqtalarinds (z=ie=ipe"9)
daxili tozyigin p, = p miixtalif qiymotlori ii¢lin garginliklor
tapilib cadval saklinds verilib (cadval Nel.6, 1.7). Catlarin tops
noqtalorinda garginliklar ii¢iin bels bir ifads alintb

I variant r/A=0,5; ¢/A=0,6; m=0,04; b=1922;

oo/ p=08) +aol)/p=168-92-a-p.
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Altibucagh lovhanin garginlik konsentrasiyasi.
Cadval Nel.6

Variant P Xotti Qeyri-xstti nazariyys
nazoriyya xalis mis aliiminium | martan
og/p | A=0255.10%| gimis | polad

A=0,053-10%| 1=0,032.107°
I 20 1,68 1,679185 1,6659 1,6798984
rfA=05150 1,68 1,67494 1,6654 1,6793648
100 1,68 1,65975 1,6636 1,67746
¢/A=06 200 1,68 1,59901 1,6566 1,669835
. > 1 500 1,68 1,17384 1,607 1,61648
I 20 3.21 3.20874 -2,66588 -2,66593
rfA=07 |30 3.21 3.20212 -2,6652 -2,6655
efA=08 | 100 3.21 3.168482 -2,6515 -2,6629
200 3.21 3.083928 -2,654 -2,6587
500 3.21 2.52205 -2,591 -2,2106

Gorginliyin intensivlik amsali (10K /Pyl vahidi ilo) va yiikiin
kritik qiymati (P, ) (Altubucagh silindr)

Cadval Nel.7

Xalis mis Marten polad
Variant | Tozyiq |  1=0.255-10"°
P K, Kritik K, | Kitik yik P,
tazyiq ( B, )
I 100 |6.624 | 1.56[0,] | 6.708 | 1.5386[c,]
r/IR=05| 200 |6.352 6.6792
ko | s00 | aa | L2Blo] |l | 158la]
23430, ] 15950, |
1 100 |12.68 | 0.803[c,| | 12.824 | 0.804[c,]
r/IR=07| 200 |12.24 12.776
R—08 | s00 |11on | 82le] | L) | 080700,
0.865[0, 0.829[0, |
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Il variant: r/A=0,7; ¢/A=08; m=004; b=137r;

oo/ p=0Y) +ac[p=321-14,62-a p*;

Burada a=A= —32"—2 =0,225-107% sm*/kQ? - xalis mis
(3K +G)G

igin. @ =4 =0,032-10"° sm*/kQ? marten polad iiciin.

Yuxanda aragdinilan hor iki niimuna moasalslarin hallarinin adadi
naticalorindon  goriiniir ki, fiziki geyrixstti qoyulugda, xatti
goyulusda aliman gorginliklorin oan maksimal giymotlori azalir
(gorginlik epyuralannin pik ndgtaleri sigallamb, hamarlasir).
Bunu verilon cadvailordon  va uygun mesalolor {iglin qurulan

epyuralardan- gokillorden do gérmok olar (bax sok. 1.1)

3.Qalin divarh borunun (Lyame masalasi) kigik fiziki
geyrixatti qoyulusda gorginlik vaziyyati.

Klassik elastiklik nozoriyyasindo (masalenin xatti goyulusunda)

FY gorginlik funksiyas: igiin belo diistiir alinib [26;53]:

0
FOp,0)=4,-5+d,-r-Inp; (D
r
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Borunun daxili p, va xarici p, hidrostatik tazyiqe moruz galan

hah iigiin B, va d, smsallan bel ifadslords miiayysn olunurlar

(bax [26;53] adabiyyatina):

2 2 2p2
12— p,-R PR (p, -
P P2 . dl_ (p2 pl) (2)

=TI, - :
ﬂl_Z R*-r? (Rz—rz)-r ’

Bunlan F© gorginlik funksiyasinin yuxaridaki diisturunda yerina
yazsaq alanq:
_r'R*:(p 1pr’-p-R 5

F(O)(p,ﬁ)_ — _2r‘2‘ ) . lnp+-2~ 2 o 3)

Bu ifadoni birinci yaxinlagmada F (1) gorginlik funksiyas: iiglin

alinan (1.2.20) ifadesinds nazars alsaq, alanq:

‘R 1 [R*+r-R+1?
FO)(P,Q):E(Iﬁ)'(Pz "Pl)2 .{rsz{ R:—r" 4 (Pz - Pl)_
1
_(R2 + "zxpl"z - Psz)]'lnP"'}z?[(sz - Psz)_
1 1
(R2 + "zxpz -p) ],pz —5(plr2 —Psz)'?“"
o T (3)
4 2 1 p4 ’
Bu alinan ifads biitévliiklo Tsurpal I.A. [99] vo Jndra F. [124]

torafindan alinmug ifadslarla iist-iists diigiir. Qalin divarl1 borunun

olciilari, (daxili gevranin radiusu r va xarici ¢evronin radiusu R
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arasinda nisbat) iki variantda gétiiriilitb, borunun daxili va xarici
konturlart iizorindoki néqtolords gorginliklar tapilib cadvalda
verilmigdir (bax. cadval Nel.8).

Borunun materiah {igiin: xalis mis, aliminium tunc va marten
polad secilmigdir. Baxilan masals ligiin (Lyame mosalasi) daxili
gevro iizorinds gorginlik konsentrasiyasi {iciin uygun olaraq

asagidaki ifadalor alinib:

I variant o,/ p =1,666—4,444-/1-p2.; PI=p

I variant 6,/p =4,55-253-4-p; py=p.

Bu disturlann komoyi ilo daxili tozyigin (p,) miixtalif
giymatlorinds 20< p <500 hesablanan O, gorginliklori har iki
variantda qgrafik saklinds ds ayani gostorilmigdir (bax gak.1.4).
qrafikds biitév xatt fiziki geyrixatti masaloni, qirg-qirig (punktir)
xatt 159 xatti qoyulugdaki masaloni gostarir.

Cadvellordon goriinlir ki, p- daxili tezyiginin 100-da agag
qiymstlorinds o, gorginliklori demsk olar 0,1% dayisir (azalir),
p 2100 giymoatlorindo xatti va geyrixatti qoyulusda masalslor

hsllindan alinan o, garginliklarinin farqi hiss ediloecak daracads

¢ox oldugu giza ¢arpir.

71



o. &

2000

1800

1600

1400

1200

1000
900
800
700
600
500
400
300
200
100

P,=f
L ‘P,:f’
4+
e
A ;
'I y i
" [l '/
! 7 \vanam’d'
y }// L
LA ~
A AR
Y/ SARYARRRNG
I I' /’ Tlvaripnt /'
L b ' Ld
A2
AR, Wl la
y/ ;/ 1\
, 7 7
7 o Pe

B

X
L
2\

A

L

0 | 100 200 300 400 500 600 700

I variant: r/R=0,5; II variant: r/R=0,8;

5,6,7,8 xotlari geyri-xatt1 nazariyyoni gdstarir.

1,2,3,4 xotlori—xotti nozariyyani gostarir.

Sok.1.4.
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1.3. Ikirabitali coxbucaqli lovhanin ixtiyari fiziki

geyrixatti goyulugda gorginlik vaziyyoati.

Ogor gorginlik funksiyasimn F (x,y)=F ( ,9) bir sira gokilds
(1.58) ifadosini (1.48) differensial tonlikde nazora alib kigik
parametr @ —nin qiivvat istiina gora hadlorinin camlarini sifira
barabarlasdirsak ilk ii¢ qilvvat istli figin (sifir, birinci, ikinci)

agagidaki differensial tanliklor sistemini alanq (burada /T.U =y
ilo avaz edilmigdir).

AAF® =g (1.3.1)

(e, + ;) AAFY + @y, - A [ )2} +

+a22[A(E:(19)'E£?)) AF©). F ] 0 (13.2)

(a:11 +a,)-AAF@ 420, - A(AF®) . AFD) 4
[ZA(F(O) FO)+ (aF©. 0+ Egjp),AF(a)),‘j]J,

sy [A(AF © )3 ] oy, [E:‘(jo) F)-Fg) ].kn *

+ Oy {A(Fé—“’ FO. AF(O))+[(AF(°))2 -F,,f,p)} } =0 (1.3.3)
i
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Bu tenliklorda a,-j(i=1;2; j=12) omsallan materiallann fiziki

xassalorini xarakteriza edan sabitlardir.

ovvallor deyildiyi kimi, vergiil igarasi xiisusi téromani
gostarir; biitiin £, j,k,n indekslari 1 va 2 giymatlorini alirlar.

Baxilan masala iiglin xatti elastiklik nazariyyssindsn F (0)
gorginlik funksiyast melum olub (1.2.7) ifadssi ila misyysn
olunur [26;53].

FOx,y)= FO(p,6) gorginlik funksiyasimn (L.2.7)
ifadesindon biitiin lazimi tSéromalari alib, (1.3.2) va (I1.3.3)
differensial tonliklorindo yerino yazsaq, bir ne¢s riyazi
¢evirmelordan sonra (o dayisoninin moanfi va miisbat dstlil
hodlorini bir yera yifsaq, &-min fiksa edilmis qiymati iigiin)
agagidakn dordiincii dorocadon differensial tonliklari  alang
[22;53].

AAFD ¢+ 22 £(5,0)+
o, T fl( )

(477) -
to e eo2se)=0  (134)
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AAF(Z)"'ﬂ'ﬁt( ,0)+
a,, + &,
au"'au [£:(0.6)+ fs(0,6)]+
+a110f:1a12.f1(p,6) a“o:au - f5(0.0)+
o 00)+ fulpf)=0 (13.5)

Bu tonliklards agagidaki avazlamalar edilmigdir:

fi(p.8)=2-(aF®) . aAF O +2.[aF®) [+

+%. AFO).(AF @) +%. AF® (AF©@), 4
oLl P

2
fz(P’B)z Z(Fp(.%)z +2Fﬂ£g) ) FISBPP +;'F1£p) Fp}J)p +

2 (p99)2+ zFxgg) F(O

+ 2A(i2- FO -2 F®. g0 L p(? ] +
p pt’

3

1 pop, 2 FO), pli) L F(I)ZJ
+ Al F +— . + — :
(pz op p ee 4 ' 66
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o), £l 2 )7

AR, F AR 2.1

+FO.(aF0) < E.[L AF©. FY L Ap0) 50,

wop | P

fs(P- 9)
) -
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+i.[i. AFO).F0 L Ap@. ED,

pLle P

e L F@.Ap0 L R (1)} N
0o P o

+L2 L AF®@. gy L AF@.£Q) 4
P’ L P

v L0 Ap 0, L EO) AF(:)} ,
P o o

2
fi(0.6)= {F;Sg)z = FO.FY -

2
p4

4

s FO.FQ.FO+ S FQ. 7 +

+LF FOF 4 31:;5’ FO.FQ +

o’ p
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+L.F$).F53F} +l[ FO.FO L p0. 50,
L, P Lp 0

+.._23,. F(0)2 . F(O) __4 (0) F(O) p(o) + = F(O F(O)z
p p

D pe g
+ 2 PP PO -2 FO . FO. F(o)+p O FOP
P o’

3
+[%F‘£°)+#-F£))} +p2[pF(0) F(0)2+p F(O)ZFM +

+iF(D)2.F(0)_..i[.F£0) Q.70+ 2. FO.FOF +
0

+ 2 FOF F9 2 F9 . PO F0 4+ 2 FO.FOF 4
0 P°

3
+(lF},°)+i2-F£)J +

2
2 A'n
+(L.a__i.i %.F,ggf.ngg)_F‘gg)z.pgo)piJ,

3
1 o_ L o) .2 n0F. 70
+4. | —FO____ g0 = gy gl
[p fol p2 ¢ ) p3 o pe

4
+_.F£U).F£),F‘Sg)+p FOr FO-= ~ 0)“

4

4 2
_A PO F0 . 92D, Fgg)ﬂ}
p p
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fo(p.0)= A[AF“’) : F},g)z] + A[izmﬂ) FY -
fel

A AP0 FD . FO 4 2 AP0, F(o)Z]
p o

1 . 2 2 1 2
. A{?AF@ FO L 2 AP0 FO. D) L AF©. £ } ;

fm(p,ﬂ)z 2'(AF(0))p -Fg:) +2.AF0 '(AF(O))PP 'F,Eg) +

+4-4F 0 (aF @) . FO) (AP OF . FO 4

+_1,[}_(AF())2F(0)+ FO.(aF o))Z}

0

+LB(AF( i F(o)+p FQ.(aFOF 4 ], +

P2 LPOap0f - wr]w
| [p«»( o))z FO.(aF ))ZL; (136)

Gorginlik funksiyasimin birinci yaxinlagmadaki ifadasini

p
F%(p,6) muoyysn etmok iigiin (1.3.4) differensial tonliyini belo

ds yazmaq olar. (agor (1.3.10) ifadalorine daxil olan f, f, vo f5
funksiyalarinda (1.2.7) nazars alib, qruplagma aparsaq):
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oo

AMFO (8 +6,)- T N, () p™ +

v=1
+HB+5)3 N(v)-p* =0 (13.7)
v=1
Burada
B, = dy _ Gy

- T » 2 »
) T, @ +
N,(v) va N,(v) kamiyyatlari, fi.f> vo f; funksiyalanna

daxil olan F (0)(;), 6?) gorginlik funksiyasindan alinmmg biitiin
téromolorinin toplusu (cobri cami) nazards tutulur (uygun olaraq
£ dayisoninin eyni giivvat Ustlii hadlarin cami).

(1.3.7) differensial tanliyin halli yuxanda §1.2-do deyildiyi
kimi (bax (1.2.14) tanliyinin hallina) bu sakilds axtarilir:

FO=FU L Fl (13.8)

Burada FU -( 13.7) tonliyino uygun olan AAF W=

bircinc tonliyinin #mumi hoslli olub (I.2.13) kimi ifads ile

miiayyan olur:

Fll=c'-lnp+c - p? (1.3.9)

Inteqral sabitlori c: V3 c: (1.3.9) ifadasi ilo milayyan olan

Fb(,},,) garginlik funksiyasinin, (1.3.7) differensial tonliyini 6demasi
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sartindon tapilar. Sarhad sortlari (1.2.10) oldugu kimidir. Bels ki,

daxili L, konturu iizorindo

_1 0F® 1 9?FV

)]
o +—
o p dp  p? 96?

o

Xarici L, konturu iizorindo

LA ) (13.10)

(1.3.7) differensial tonliyinin xiisusi holli FY) bu gokilda

e

almar.

+(4 +ﬂz)N1(1{llnp-£)-p3 (13.11)

& ={4-v)2-v)-[6-vp -]}’
£, ={(4+v)(2+v). [(3+v)2 —1]}l (13.12)

Belalikla (1.3.7) differensial tanliyinin {imumi halli,
(1.3.8)-( 1.3.12) ifadalorina asasan agagidak gokilde alinar:
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FOp,0)=c"-p2 +c np+ Y o™ (B +5,) N(v) &+

y=2

"‘2 ot (ﬂl +ﬂz)‘N2(V)'€2 +

+(6, + BN ()( p-%) 0 (13.13)

Analoji olaraq névbati — ¢iincii yaxinlagmada F (2)( ,9)
gorginlik funksiyas: lgiin asagidaki ifadani alang (eger (1.3.3)
differensial tonliyinde F© iigin alinan (1.2.17) ifadosini vo
F (l)(p, 0) iigiin alinan (I1.3.13) ifadasini nozars alsaq):

Ovvalca (1.3.3) differensial tonliyin bels da yazmagq olar:

AAFD £ (2, + B, + By + By + Bs)- S o7 Wy (k)+
k=1

+(2ﬂ1+ﬂ2+ﬂs+ﬁ4+ﬂs)‘i o -Wz(k)=0 (1'3-14)

k=1

Burada g, vo £, komiyyatlori (1.3.7)-doki kimi tayin

olunurlar.
. o
ﬂ3 =¢; ﬂ4 = ajz y ﬂs =¢; (13.15)
a,to), o, + a4, a, +ap;

w (k) vo W,(k) oziinds F ©) vo F funksiyalarim va
onlarin lazimi tdromalorini comlagdiron, o doyisoninin eyni

quivvat iistlit hadlarinin comini ifads edan kamiyyatlardir.
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F@(p,6) funksiyassm misyyen edorkon FU)(p,6)

funksiyasini taparkan istifads olunan (1.3.10) sarhad sartlorindan
istifads olunur.

(I.3.14) differensial tanliyin halli (I1.3.7) tonliyinin hallinde
oldugu kimi, bu gakilds axtanhr:

F(Z)(p,g) = F;(,i) + F(2)

Xb 8§

Fb(,f,) -funksiyas1 (1.3.14) differensial tanliyinin imumi hslli

(1.3.9) kimi gotiiriliir.
FO(p,8)=c, - Inp+c, - p* (1.3.16)

c; vo ¢, amsallan ¢ vs C, sabitlarinin tapilmasi
kimidir. Burada da sarhad sartlori (1.3.10) sorhad sartlorinin
eynidir.

(1.3.14) differensial tonliyinin xiisusi helli birinci
yaxinlagmadaki kimi analoji olaraq bu gokilda miisyyan olunur:

I*}(f} =2 ot 'Ql(k)'a'gl +2, p** ‘Qz(k)‘5'32 +
k=1

k=

[

+35-Q, (1)-(%11[1 p—;—é]- o (1.3.17)

Belaliklo (1.3.14) differensial tonliyin timumi hallini

tapmus oluruq:
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F@ = Fb(,i) + Fx(ﬂ =c;Inp+c,0f +

+i P40 (k)-8 +i p*0,(k) 66, +

k=2 k=1

' +6-Q1(1)-(llnp—ﬂj-p3; (13.18)

Burada §=28,+ 5, + B, + B, + Bsovezlomasi edilib. £,

va &, amsallan (1.3.12) ifadalari ils milayyan olunur.

Biz burada, ii¢ yaxinlagma ils kifayatlanirik. Aydindir ki,
lazim galdikds 4-cii, 5-ci vo i.a. yaxinlagmalar ti¢iin F ("_1)(;0,8)
gorginlik funksiyasini tapa bilarik.

Alman hsllar bir adadi misalla niimayis etdirilir. Yuxanda
§1.1-doki qalin divarh borunun garginlik vaziyyatini (yani
adobiyyatlardan moalum olan Lyame masalasini) indi burada
ixtiyari fiziki qeyrixatti qoyulugda hall edsk (bunu, kigik fiziki
geyrixatti qoyulugdaki mosalonin hallinin ixtiyari fiziki geyrixatti
qoyulugdan hollden na gedar fargli oldugunu niimiiyis etdirmak
tigiin edirik).

Xatti elastiklik nazeriyyasinden mslum olan F (0)(p,0)
gorginlik funksiyasmin (1.2.7) ifadesini (1.3.7) differensial
tenliyinda nazara alsaq birinci yaxinlasmada F (l)(p,e) gorginlik

funksiyas: ligiin bel bir differensial tanlik alang:
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AAF®D =64-b A B, o™ _.32A12 B, p%: (13.19)

Bu tanlikda
b]_l_pzrz—lez. 4 IR (pa-pi)
2 R*-p% : R*-r? ’
Qo
ﬂzz_—‘lz .
), +ap

avazlamalari edilmisdir.
Yuxanda sarh olunan yolla (1.3.19) differensial tonliyini
hall edarak noticads birinci yaxinlagmada gorginlik funksiyass

F%(p, ) iigiin bels bir ifado ahnar:
FO = E) 4 )

X5

EV=c +c;-Inp ;s FU =In?p-Dy+ D, p2.  (13.20)

IbS

Burada asagidaki avazlamalar edilib:
1

civa ¢, sabitlori (1.3.10) sarhad gortlorine asason bu
qiymotlori alir:

1

=
rE——
R —r?

4
[ ’ﬂz ~16A, 5,8, (R Inr—r 1nR)]

2
¢ =— = [SblA,ﬂzl —-—A, By ——— sz} (13.22)
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Gorginlik funksiyasi F' m(p,ﬁ) icin alinan  (1.3.20)
ifadasini (1.3.5) differensial tonliyinds nazars alsaq iiglincii
yaxinlasmada F' (2)(,0, 9) funksiyas {igiin beh bir differensial
tanlik alang:

(2)'*‘;51 [51‘ o -8 -p‘6]+ﬁ2[§; 0 +8 - p
& -p 48 p e =8inp o[+ 105 -85 pt -
~&- 084 Blo -0 - 6107 )= 0 (13.23)

Yuxanda gostarilon yolla (yoni F ) funksiyasimt miayysn
edosrkan istifads olunan sul), bu differensial tanliyi hall edib
F@ gorginlik funksiyasim tapang:

F@ = F(z) F}32=c3p2+c Inp+

ﬁ[——;—ln 0-6; +—§" “2]

**_2

+,82[—6:ln2p-5{"+5 g’ p-5¢
~8 I pt -8l El ¢
"“134[_ 5P~ 56""5;5;1“29"' *OE;P_4]+

+ 8516107265 + 8,63 % p=0; (1.3.24)

€3 V3 ¢4 sabitlarini (1.3.10) sarhad sartlorine ssasan taping.

(1.3.24) ifadasinds agagidaki avazlomolar edilmisdir,
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8 =512- B, -blA; 8, =256-5,-b A?;
5, =44-c, -1956-B,-b, A>; 5, =376 f, - A}

8, =1152- B, -B}A —40- Ac, —32-b; - ¢,

&) =1088-B,-b, Al; 87 =512- 5, bl A
S, =88-p A}, =40- b} A o ' =90A%;

* 2, . _ 2 .
8 =144.b A%, 57 =96-b1A ;

1 1 R 1 .r’-R?
Cy =———R2 — 7 [ﬂl[—gé‘:ln?—gz.é'z o J+

R 1 R r’ - R?
+ﬁ2[_5:€11n7—g'§;1ﬂ7+§;€2W—

L1l ar-R 1 1 InR
128 ¢ *R? 64 64 ¢ r?

InR

6_

4 p4 _p2

+ 1 . r R }+ﬁ4(i§‘r_.£_+%.ln£_
RZ

)

w2

288 r*rR* 64 & r’R? r

1 r*-R* 1 . RY|
r'R* }+ﬂ5[64§: r’R* _'51211]7)]’

288 10
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2
r 1 1 1
e L)y

| .
+ﬁ2(—2§:£1 lnR+—~57 lnR+253£2F§5—

1 1 InR 1 1
e S ST S — |+
64 ¢ R® 32 S R? 144 5R4)

1 .1 1
A +—5 }R——é' —
‘8“(3 SR 4 144 “’R“)

1 1 ..
ﬂ5(32 11 Rz 4-5121nRIl“

R? 1 .1
_W[ﬂl ( 5 1 r——32 52r—2)+

+ﬂ2[ 267 ellnr+8 & Inr+

« 11 . 1 ]nr | P |
+20 6, —-—0. — Ot 0, — |+
2 Te e T % T 5,-4)
I w1l 1. 1 o1
+ﬂ4(§§§sr—2+259‘lnr“m'(SmF)'F
1 1
+ﬂ5[§é‘“ +— -8, In II ;

Odadi misal hall edarkan en kasiyin 619ii19rinin nisbatini iki

variantda gétlirlilmiisdiir:

I variant: R/r=2; Il variant: R/r=125;

Burada r-daxili ¢evrenin radiusudur, R isa xarici gevranin

radiusudur. Silindr (qalin divarli boru) yalmz daxili p, =p
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tazyiqine maruz galdifs hal dgiin, daxili kontur Gzarindaki

noqtalorde o, gorginlik komponenti tigiin (sifinnct va birinci
yaxinlagmada) alinan ifadslor asagidaki kimidir:
 Ivariant: a,/p=0 +0f =1666-46-8, - p*;

11 variant: o,/p = o + o) = 4,556-23,58- 8, - p*; (1.3.25)
Bu ifadelora asason daxili tozyigin miixtalif giymatlorindo
miixtalif materiallar i¢iin tapilan O, gorginliklori asagida
cadval sgaklinda verilir vo bu cadvals asasan qrafik

qurulmugdur (bax gok.1.5)
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Eyni bir masalonin (Lyame masalosinin) hor iki yolla (kigik
fiziki qeyrixatti vo ixtiyari fiziki qgeyrixatti qoyuluslarda)
hollarindan bela nsticoye golitik ki, xotti qanundan (Hiik
ganunundan) azaciq da olsa kenara ¢ixdiqda, gorginliklarin
zirvasini  (an  maksimum qiymeotini) xeyli azalir (yani
hamarlagdinlir). Praktiki noqteyi nazarinden ilk iki yaxinlagma
(stfirmci va birinci yaxinlagma) ils kifayatlonmak olar.

Gorginliklarin tapilan giymatlarina asasan verilan cadvallardan
va qurulmug grafiklardan belo naticays galmak olar ki, garginlik
konsentrasiyas1 asasan materiallardan, tasir edan yitkdan asihdir,
ozilds ixtiyan fiziki qeyrixatti qoyﬁlusda masalenin  hoalli
cisimlords garginliklorin paylanmasim daha dagiq xarakteriza
edir. Materiahn fiziki xassalorini oks etdiron f, smsal: £, >0
olduqd'a, gorginliklor paylanmasi miintazoma daha yaxin olur.

B, <0 oldugda ks effekt alinir.

100



I1 BOLM9
PRIZMATIK TiRLORIN FiZIiKi QEYRIXOTTI
QOYULUSDA BURULMASL

§2.1.Mbasolonin  qoyulusu. Gorginlik funksiyasimin
secilmasi.
En kosiyi iki rabitali oblastdan ibarst oan prizmatik tirlorin
burulma msosalasi xatti qoyulusda adabiyyatda [2,19,25,53,
67,101] miixealif tisullar va variantlarla 6z hellini tapmugdir. Bu

masalslarin hamisinda qabul olunur ki,
0,=0,=0,=7,=0; X=Y=2Z=0
T, =Ty (x; y); Ty = z'yz(x,y) (I1.1.1)

Bu sortlor daxilinde (L.1.1) miivazinat gortlori asafdaki bir
ifadaylo gatirilor:

or or
il - ATRD L3P 11.1.2
o + 3 ( )

(I.2.1) milvazinat sartlorinin ilk ikisinden aydin olur ki,
T.=Tu(%y); 7,=7,(xy), yoni toxunan gorginliklor z

doyigonindan asihi deyil. Deformasiyanin birgalilik gortlori olan
(I.1.7) ifadssi iss (IL.1.1) va ¢ ,=¢,=¢€ =¥,=0 sartlorino

asasan bels olur:
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i{%_%}zo- i[%_%} 0 (IL13)

x| dy ox " 9yl oy ox

Bu sonuncu ifadods kvadrat moterizo igorisinda olan

hadloarin eyni olduguna gora bels bir tanlikle eyni giiclidiir

%__E);)’_):zz(::wn“_ (11.1.4)
X

Fiziki qeyrixatti qoyulugda tirlorin burulma masalasinda
yerdoyismo komponentlori u,v va w, xofti elastiklik
nazariyyasindoki kimi bela gottiriilir.
U=7T-y 2, 0U=—-7-X-2; w=w(x,y)
Burada 7 -tirin vahid uzunluguna diisan burulma bucagidir,
Deyildiyi kimi, sonuncu ifadslors osason, uzanma

deformasiyalar1 haqigatan do

E :a—uz E =a—u=0' E =
Toox Yoy ¢

olurlar ki, bu da (II.1.1) sartlarini 6dayir.

0;

ow
gy
0z

Gostarmoak olar ki, (I1.1.1) va (IL1.3) sartlorini saxlamagla

T, (x,y) vo z'yz(x, y) gorginliklarini els segmok olar ki, (I.1.1) va

(I.1.7) sertlori fiziki qeyrixotti elasiklik nozoriyyesinde do oz
dogrulugunu saxlasin.
Qgor toxunan garginlilorin

od(x,y)

od(x,
T, = (_g;y); R (I.1.5)
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kimi gotirsok (IL1.2) tenliyi odenilor. Burada ®(x, y)-toxunan
goarginliklor funksiyasidir.

Onda (D(x, y) funksiyanin X va y doyiganlarina nazsran
toramolarini uygun indekslorla gostorsok,  gatirilmis otra

gatginliyin (So) (I1.1.3) ifadssi va gotirilmis toxunan

garginliklorin intevsivliyinin kvadratimn (tg ) ifadasi (1.1.6)

sadaligib belo gokls diigor:

2 2
2 2 . aTR afyz _ 2 2 21.
=i {( 5 ) +[ 2 = o2 +02]; @16

Yuxarida deyilanlara asason deformasiyalar agagidaki kimi

olar (ogar (1.1.36) ifadslarini da nazara alsaq):

yerdayismoalar {i¢lin E,=E, =&, =Yy =0
Stirligmaloar liglin
1 ' i
¥, =0; ¥, =58(‘§)'sz5 Yy =Eg(t§)-ryz. (I1.1.7)

Ogoar (11.1.7) ifadalarini (I1.1.3) tonliyinds nazara alsaq, yazang:
d [ (2 o[ (2 |
lglts ) 7. |- I, 17 |=c (I1.1.8)
ay [g(O) xz] ax[g(o) x]

Bu tonlikda (I1.1.5) ifadsalorini nazars alsaq, yaza bilerik:
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six.[g(,g).¢m]+%[g(t§)¢,,]=c (IL.1.9)

Bu sonuncu ifadedsn, lazimi tSramolar aldigdan sonra,
agagidakilan yazanq bu differensial tonliyi hsllini, toxunan
gorginliklarin intensivlik omsalinin xisusi halimin (1.1.57) saklina
uygun gotiirliliib:

g(té )AF +
+ % o2, 20,00, +020 ki2)-c=0 (mw110)

Burada
#)-relh) o a-Zoe
avazlomolori edilmigdir.
Ogoar siiriismo defformasiyalan ¥, va Yy, Ugiin
y, = @ iu_ .y av ow
ox =75 By
olduunu nozaro alsaq, (IL.1.7) ifadslorine asason asagidaki

naticaya gaimsk olar:

r,,z=%+f x=-é’8(f§)-‘1>x
yxz—%:—r y=——gli2)- @
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Bu ifadalardan da tirin en kasik miistavisinin deplanasiyasi

(ysni mistavinin formasinin tohrif olunmas: diiz miistovi halimin
pozulmasi) funksiyasi w(x,y) asagidaki iki garti eyni zamanda

6damasi vacibdir.

G
3_:=__C1$ (tg)'q’y Ty

Bu isa o zaman miimkiindir ki, birincidsn X' gbrs, ikincidon is> y
gora torama alib sag taraflorini boraberlogdirak

Lo o 2@ o, ]} --2n

va ya (I1.1.9) ifadasino asasan ¢ sabiti ils, vahid uzunluga diigan
burulma bucag: arasinda
c=-2G7 asithlifi olmaldir.

(IL.1.10) ifadasindon goriiniir ki, (I.1.1) sartlorinin, fiziki geyri
xotti elastilik nozariyyasinde istifado olunmasindan toxunan
gorginlik funksiyasi {igiln xiisusi toromoalorls ikinci tortibli
differensial tonlik alinir (yani (II.1.1) sortlori geyrixatti qoyulusda
da yararhidir).

Qeyd etmok lazimdir ki, <I>(x, y) funksiyas: baxilan

ikirabitali konturlar Lj( j= 1;2) iizarinda c; sabir kamiyyat alir.
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<D(x,y)=f=cj; L; uzorinds j=12 (II.1.11)
(IL.1.10) differensial tenliyi, Hiiq qanunu g¢argivasinds (xatti
elastiklik nozoriyyssinds) g(2)=1 oldugundan, A®,=AP=c
differensial  tonliyina  ¢evirilir  (yani  xatti  elastiklik
nazariyyasindoki malum tanliya gevrilir).
Bu A®,=AdP=c tanliyinin halli xatti qgoyulugda hall
olunub [2,19,25,67].
Miistovi masalalorin fiziki qeyrixatti goyulugda hallino analoji
olaraq (I1.1.10) tanliyinin hallinin kicik parametr A gors belobir

polinom goklinds axtarihr:

& =D, + L, + 2D, +..+ I'D,,. (11.1.12).

Kicik A parametrini I bolmadoki kimi A= g, K/(3K + G)G>
soklinds gotiirtiriik.

Burada (Do(x, y), xatti qoyulugda burulmada garginlik
funksiyasidir (sifinnci yaxinlagma)
®,(x,y), ®,(x,y) voi.a. funksiyalan iso
ndvbati yaxinlagmalarda (birinci, ikinci va i.a.) burulmada
garginlik funksiyasidir.
Oger (I1.1.12) ifadasini (IL1.10) differensial tenliyindo yerino
qoyub A =g, kicik parametrs gira eyni qiivvat iistlii hadlorin
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cobri comini sifira boraborlagdirssk n  sayda (n=0;1;...oo)
differensial tanliklar sistemi alariq.
Birinci yaxinlagsmada (A=g, va n=1 olan hal liciin)

(IL.1.10) tonliyi agsagidaki gokil alir:

2 ad> d 2 P, 9
a0+ 2220 Lo+ @)l 2 T Lo+ @]

—c-%k«bo)wo)ﬁ]w (w.1.1)

Xotti elastiklik nazariyyasindon melumdur ki, ®g(x,y)
gorginlik funksiyasi, burulmaya moruz qalan prizmatik tirin en
kasik sahosindo requlyar olan F (z) kompleks doyisan
funksiyasimin kémayi ila bela tapilir [2,19,25,53,67]:

®y(x,y)= ¢0(Z’Z)=%[F(Z)+F(—a]-%z2. (IL.1.14)

Prizmatik tirin en kasiyi ikirabitali S oblastindan ibarat

olub daxildon L, konturu (r radiuslu ¢evra vo ondan ¢ixan iki

dizxatli ¢at ilo mshdudlagan), xaricdon iss L, konturu ila
(diizgiin ¢oxbucagh kontur) mshdudlasib. Belo bir oblastda
requlyar olan analitik F (z) funksiyast molumdur ki, asagidaki
sokilds axtanlib, (mGisyyan olunub) [25,53,101]:
k
F(z )—Z +Z b, - ( J (IL1.15)
k=0
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Burada

=2

n=k q
Biitiin o, va £, amsallant xatti qgoyulugdaki masalanin
hsllinds uygun (konkret) en kosiyi iigiin tapilmig, bir cadval
soklino salinmugdir. (bax [25,53] adabiyyata). a,(,") amsallan, har
bir konkret L, konturu ii¢lin molum olan (bax cadvel Nel.l va
cod. Nel.2) o) omsallan vasitosils miayysn edilir (bax 1.1.82

ifadasinda g,(,k) samsalimin rekurzent diisturuna).

Yuxaridak: (I1.1.14) ifadasinde * ulduz isarasi comin

ndvbati hadds kegarkan indeksinin g (goxbucaglinin simmetriya
oxlan say1) gadar doyigdiyini gostorir.

F(z) analitik fuksiyasinin (I1.1.14) ifadssindski &
doyisonini z=x+iy kompleks dayisani ilo avaz etmok iiglin L,
konturunun vahid ¢evre atrafina inikas funksiyasindan z = w{£)

v2 onun tarsi olan & = Z(z) funksiyadan ifads edilir

2=r-&-) Yo &
&= z) =§i [ ]2" (IL1.16)
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Y,y va O, , amsallan adabiyyatdan [25,53] malumdur (bax [51]

kitabinda (3.15, 3.17) diisturlarina).
Belalikla (I1.1.14) ifadasini (II.1.15) diisturuna asasen belo do

yazmagq olar (bir negs sada riyazi gevirmalardan sonra):

F(z)=:§ a, -(5)v+§ b, -(ﬂk (IL1.17)

Z

burada
a, = Z*ak 6—_lk I\E—)k
k=0

Biitiin l,(,") amsallan (I.1.82) ifadalarina asasan tapilir [51]. Yoni

bu amsallar bu gartindan tapilir.

n1=1
(I1.1.17) ifadasini (II.1.14) diisturunda nazara alsaq, yaza bilarik

(sifinner yaxinlagmada toxunan gorginliklor funksiyas: iigiin):

e fE o (] £ (5

v k
| = b |—t |-——z- I.1.19
+§“”(EJ+,§0"[A”2”_ (L1

Bu ifadeden z va Z dayiganlorina gora téramalar alib
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i:i.}.i va a (a a]
ox dz 0F dy

oldugunu bilarak, (II.1.13) differensial tonliyi agsagidaks gokil alar:
8 16
AD, +C'F(¢U)z (@), +F[(q’o)i (@) +
#(@0) (@0), +2(00); (@), (@), ][0 (m120)
Burada z=p¢’ vo 7=pe '’ olduguna asasan polyar

koordinat sistemionda (q’o)z'(q’o)z va i.a. ifadalori iiglin belo

diisturlar almar:

13 k-ay - r* -igk+
(q)O)z.(q)U)E:{EZ {_%L'e o) 4

1 a, v-r . 80+1)
L }{ oL
k-
+b,-v- pA g7 10b- 1):| %peie} (IL.1.21)

Bu ifadani sads sakilda belas do yazmagq olar:

i p"'+Z V,(n)- 0" (I1.1.22)

n=l1

Analoji olaraq (II.1.20) ifadasina daxil olan digar hadler igiin do

bu emoliyyat1 aparsaq naticads, gostorilon differensial tanlik
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asagidaki soklo gatirilar (ogor 0O datisoninin eyni glivvat iistlii
hadlarini bir com kimi géstorsak):

AD =Y M) p*+Y Myk)p* . (IL123)

k=1 k=1
Burada Ml(k) va M,(k) smsallan Vl(k), Vz(k)...vs ia
kimi ifadalorinin toplusu (comi) oldugunu goéstarir.
Bu (11.1.22) ifadasinds agagidaki avazlamolar edilmigdir:
Vi(k)= Ny (n)+ Ng(k)+ Ny, (k) + Ns(k)s

2

V, (k)= Ny (k) + No(k +1)+ Ny (k +1)+ Nﬁ(k)+£4—gl

N, (n)= —n-a,-r"- eiB(n+l) . Nz(n)= JlbnA_" . ew(n—l);

N3(n)= -n- anrn . eiﬁ(u+1); N4(n) =n 'bn AR eie(n—l);

Ns(n)zimnrn -(ei"9+e““9); Nﬁ(n)=__%nbnA—n(ein9+e-in9) :

N?(")‘Z§ Ny(n)-Ny(n-v+1)-&; ;
Nol)=5 2 M) Ny =+ 1)- 2+ BN, (v + e
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N“(n)=—%i [Ns(V‘“l)'Nz(V ‘""‘1)‘ &+ N3(V)' Nz(V"'l)ea]?

v=n

[

Nol)=-7 2 Nyly=n+1)-Nyfy +3);

0 ogoar n>2 0 ogor n=1
glz 82-_-
1 agor n<2 1 agor n#l
0 agor #1
g3={ g (IL.1.24)
1 agor n=1

Adi qaydada oldugu kimi ,( II.1.23) differensial tonliyin hallini

®,(2,2)=,(p,0)= (@), + (@),

soklindo axtaring.
Bela ki, (II.1.23) tanliyinin xiisusi halli bela olar:

xb.S' Z p_k+2 M y; + 7
k=1 (I1.1.25).

+2, P M) 7

k=1
Burada
* -2 N -2
rn=r-v" y=(v+2)
Mbslumdur ki, (I1.1.23) differensial tonliyi ila bircins olan
A®, =0 tonliyinin iimiimi halli
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(®,),, =" Inp+c,0" - cos(nf) (I1.1.26)
soklinds axtanlir.
Bebolikla  birinci  yaxmlasmada  ®,(z,z)=®,(0,0)
funksiyasi U¢iin bela bir ifads alinir;

q’l(ﬂ"g):; PZ_le(k)'Vl‘ +k)__?1 PHZMz(k)'J’; +

+¢ - Inp+e,-p" -cos(n@);

(I.1.27)
C; va C, sabitlori agagidak: sorhad goartlarindan tapihir:
- daxili kontur I, tizarindo
D =c
p=te? oldugda
- xarici kontur L, iizarinda
®,=0; p=t,"? olduqda (I1.1.28)
voya
e = -—% : % =0; p=t oldugda (L, iizerinds)

Tg = % =0; p=t, olduqda (L, iizorinds)

Bu sortloro asasan ¢, va ¢, sabitlari bu giymatlor alir:
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o ,2-k » 1 & k2 1
== HMk)yy, —-2. 4 M, —_—
G ?;11 1()Y11m1k2=11 ()yzlt,
1 cosn@ { 2k « Int,
- ty " Mk)y; —=+
InfA" -cosn@-1InA-t] cosnb 2 k)-7, Int,
Inz
1o 2ar ()9t 22
+kz=1 1 2( ) Y2 Int,
-5 at ) - £ 2 1)
t M —+
tzcosnﬁ Int, —Int, - cosn® [Z k) Ing,
« Int - .
‘*‘Z ‘12+kM2(k)'?’2‘1—2_Z g M, (k) v -
k=1 ng o
-5 -3 )
k=1 k=1
(IL1.29)

Gorginlik funksiyasimin ®4(0,0) va ®,(0,0) ifadalori

olan (II.1.19) va (I1.1.27) disturlanm bilorak (yeni sifinnct va
birinci yaxinlagmada gorginlik funksiyalarinin ifadalarini bilarak),
anoloji olarag ikinci yaxinlagsmada ¢2(p,9) garginlik
funksiyasimin ifadasini tapanq va i.a.  Belsliklo istonilon

yaxinlagma Ui¢lin CI),,( ,8) funksiyas1 tapilar, forq yalmz riyazi

smpliyyatlarin goxlugunda ahinan ifadslerin bdytiklilytindadir.
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Gorginlik funksiyasimin (I1.1.19) va (II.1.27) ifadslorina
osason, prizmatik tirin en kosiyinin on xarakterik ndqtolorindo

(elaca da diizxatli gatlarin taps ndqtalorinda) toxunan garginlikler

T, Vo T, adobiyyatdan malum olan dusturlarla tapilir:

Z
1
_r =190 =7, =02 IL1.30
T =Ty Y, T, =Tp 30 ( )

Bu ifadslords gorginlik funksiyasimin (II.1.12) ifadasini
nazars alsaq, yaza bilerik (I1.1.12 dilsturunda ilk iki haddi

saxladigda)
190 1 oD 0 1 0@
Rt L R T
od od oD
To. =r(.901)+82792 =a_;+gza_;=7eg?+gza—ﬁ;; (IL.1.31)

Burada 74} vo 7\*), baxilan prizmatik tirin xotti elastiklik

nazariyyasi ¢orgivasindo burulmasindan mslum olan toxunan
gorginliklordir  (yani  sifinnci  yaxinlagmadaki  toxunan
gorginliklardir).

Yuxanda gostorilon iimumi hall agagidaki adadi misalla niimayis

etdirilir.
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1.Morkazi dairavi degiya vo iki diizxatli cata malik
kvadrat tirin fiziki geyrixatti goyulyusda burulmas,

Bu mosala xatti elastiklik .nazariyyasi ¢arcivasinda 8z
hallini tapmugdir [25,53]. Tirin en kosik dlgiilori arasinda nisbat iki
variantda verilmigdir (g2k.2.1).

Ivariant r/b=05; e=006b; m=—%; A=25r;

I variant r/b=0,5; ¢=07b; m=—%; A=25r

Gorginlik funksiyast ®,(z;z)tglin (IL.1.19) ifadasina
asason agafidaki disturu alariq (analitik F(z) funksiyasinda ilk
iki haddi saxlaying, cinki ¢, veo f, amsallanmin sonrakl

qiymatlori sonsuz daracada kigikdirlar).
.\ £, \° ¥
F(z)=a, (—‘J +ag (—‘) +b,| a™ +[_z_] |+
z z t,
th .[agsua,(s)(i] +[£] ]; (1.132)
I Iy
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Sak.2.1.

Bu ifadsni #, va t, dayigenlorinin birindon digarina kegmok dgiin
L, va L, konturlannn inikas funksiyalarindan istifads olunur
(bax I bélmada cadval N:2.1)

Bu ifadays daxil olan a,, a5, b, va by amsallart hor bir

variant ii¢iin hesablanib codbval saklinda verilib (bax cadval
N:2.1).
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Cadval 2.1

omsallar Variantlar
1 variant II variant
a, 0,013379 0,0524
a 0,011487 0,04407
-0,003939 -0,0168
by -0,001927 -0,00255
by

Xotti elastiklik nazariyyasinda baxilan, en kasiyi kvadrat
olan tirin burulmasinda tapilan toxunan garginliklor cadval Ne2.2
verilir.

F(z) analitik funksiyasim bilorok (2.1.19) ifadosi ilo
sifirinci yaxinlagmada ®,(z;Z ) funksiyas: tapilir. Sonra isa birinci
yaxinlagmada gorginlik  funksiyasim dll(z;f) asagidaka
differensial tonlikdon tapanq (sgor I1.1.32 ifadasini IL1.19 va
I1.1.20-ds nazoars alsaq):
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qr=2

e8I'T- 79¢°'1- serbou «(»
- §0=q/4
¥y 0- 780~ 1se1bou «O»
9=12
¥6T'1 Lyl mmﬂwmnﬂ Nﬁm@ 10=q/>
S#8°0 960 15€1bou «y» II
qi=z
¢l6l'1- $SE 1- 1se1bou «(»
d1=2Z W.O =q/4
LLYV'O- s o 1se1bou «O»
q=z
8611 09¢°1 u&wc.nu Nams 50=q/2
$99°0 69L°0 1se1bou «y» 1
5-01-$57°0= %8 SIN
epénnAob q20 [(*2)™2 [ gs'st] z
mex-ukab g epsniniob mey e1boN IR[JUBLIRA

CTTNTCAPED
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AD +B,-p*+B,-p* +B,-p+B,-p "+
+Bs - p ' +Bs-p" +B, 07+ By - 070+ By p 70+
+By- P +B, - p +B, - p+E - pP+E, p%+  (IL133)
+E3'P14+E4'P'2+E5-pm+E6-pB+E7-p6+
+E -p*+Ey-pP+e’ =0
Bu tonlikds agagidaki svazlomslor edilmisdir.
A=a, -t =ag-t; ﬂg=a§").b4+a§8).bg;
’14=t2_4b4+al(8) 7' ; /15—1‘2 35
B =11524-8.¢7'%%; B,=14724 A5 e
B, =320,1? A6 -7 M8 +288,1f 870
=288428-¢7%0 —16425;
Bs =804 -5-¢%¢ -11522 -/1,45-e‘22‘9+192/122 A5,
By=224-A42, -6l —164-4,-¢* .5 ;
B, =—408-/?1/12/14 & e 18 _1152/13 ,15 .5_e2659'+
+448- 13- A5 -85 €% + 964, - 4, - A, - 859 ;
- 2 -10i0 2q.
88—40'21'5'3 —4&]5,

By =~4-2,6 ~16042 4,6 -€'*® —17924 4, /5 - ¢ . 5 +
+184,8-¢7'% + 4842 4,5 - €% + 8964, A, A5 - 517

By =164,4,0 €7 + 484,14, -5 - 405 - 14444, - 5 - 7%,
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By =24 €98 +54 €% .5 =320 45 +
+964,45 - €108 + 1124046 - €5,

B, =844, +32,A8 €79 + 844,57 -
~ 64,48 - e,

£ = 644 A5 - €75 + 168,440 - €40 — 896 4,4, A8 - €75
E, =896458 ¢%°; E, =10884,45 -7,
E, = -1625 - 22425 - &7,
E, =19224,8 - €7%¢ + 224 215 - %7 ;
Es =-164,8 - ¢4 ~1604,4;0 - ¢ ;
Eg =48 ¢80 128 % - €™ -5 - 24738 - ™0 + 1756 €%7;
E, = 44,6~ 242,58 -¢%%;
Ey=3A4,6-"° +1284 A, A 51" — 4484, 2,46 - o2 _
~ 640,42 -5-¢7'% +22,847
E, =32148-€%? +164,45 - 8¢ —%5-5‘2“’;
(11.1.33) differensial tanliyin halli bels olur.
b, =(‘D1) | +(¢’1)

.
Xt 5 om *

Burada
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(@1), = Bie0™™ + Byer 072 + Byeyp ™" +

+ Bye,07'% + Boesp 7 + Bee o7 + Bre, p7'0 +

+ Byeg0° + Boeyp™* + Biero 0™t +

+Byen o> +Be, In? p —%Epz . Ee,0” + Eye, 0™ +

+ Eye,0'® + Ejes0" + Eseq0' + €, Ep'® + Ee,0° +

+ Egeg p° + Egergp*

(@), =alnp+c, (IL1.34)

¢ vo ¢, malum (I1.1.28) sarhad sartlorindon tapilir.

Belolikla baxilan halda ¢; va ¢, sabitlarinin ifadalori bels olar.

¢ = E}m . [Ble1 (b_26 - tl*% )-i- B,e, (b_22 - tl_22 )+

+ Bye, (b‘“‘ - t,‘13)+ B,e, (b"‘° —tl"'6)+ Bje, (b‘” —t1_14)+
+ Bgeg (b"" - t1_|2)+ Be, (b"° —t,‘1°)+

+ Byey (l:v‘8 - tl“‘)+ quq(b“‘ - r]‘ﬁ)+ By, (b“ - tl_4)+

+ B“.«z“(b‘2 - tl‘z)+ Blz.eu(ln2 b-In?y, )— 7} e(bz - t12)+

+ Ee, (l:v22 - tfz)+ E,e, (b"‘ — 118 )+ Ese, (b‘6 - t:6)+

+Ege, (b” - 1:4)+ Egeq (b|2 - t:2)+ E,e, (b‘“ - t‘°)+

1

+E,eq (ba —t?)+ E{.;eg(b6 - tf)+ Egem(b4 —tf)+ c] :
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= % . [c ~Be ("’-26 + t1_26)" Bye, (b_zz + Ifz)_

- Bye, (b'”g + tl‘“‘)— B‘;e‘t(b‘l6 + ;:16)_ Bies (b‘“ +tl_14)_
—B6e6(b“12 +tl“12)_ Be, (b—lo Hio)‘

~Byey (b_S + tu_s)‘ B'J‘?sa(b_6 ""1_6)‘ Bme;o(b"‘ +t1_4)“

* B“e“(b‘z + t1_2)+ ‘]312312(11'12 b+In? ﬁ)"'%f*(bz + 112)_
~Ee (bn t tlzz)— Ez“-’s(bls + ‘is)‘ Ezea(b“5 ‘”:6)‘
~Eses (bm +,! )‘ Eseq (bu +1) )_ Egeq (bw +11° )_

—E, ¢ (bs + t?)— Egeg (b6 + tf)— Egew(b“ —-t‘:)] -

B ;Ir]l: ii:l’; %[Blel b -2+ By -1+

+ Bieyb71® —171%)+ Bye, (6716 +1716 )+ Boes (o7 1)+
+ Bgeg (b_ - t'l2 )+ . (bF]O -10)+ Baes( ° )"'
+Bge9(b )+ Bmem(b i )+ Bnlu( 2)+

-t
+BlZelz In>b+1n’ ’1 (“' )(bz +Ee2 bn 22)"'

+ E263(bls ""Ils)+ E3e4( ll + Eqes (b14 )

)
+ };:5.5-6(1312 —t‘2)+ E6e,( i°)+ E.,eg(b8 +1 )
— Egeq (l')6 ) Egem( tf)+ cl

1 1 1 1 1

y €= N
256 196

-t
-t
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1 1 1 1 1

@ = ==, €= ="}
144 7 1000 " 64" % 36" 7 16
1

e =——; €,=——;
1 €2 ’
4 2

Bu baxilan masalonin xatti elastiklik nozoriyyasi
¢orgivasinde hsllindoki  kimi burada da (ysni geyrixatti
qoyulusda) odadi hesablamalarda en kasiyin 6l¢iilari iki variantda
gotliriilib. Sifinnct  vo  birnci  yaxinlagmadaki  garginlik
funksiyalarim (@, vo @) bilarak, toxunan garginliklar (I1.1.31)

ifadolorino asason hesablamb asagidaki codvsllarda(bax codval
No2.2) verilmigdir (en kosiyin on xarakterik ndqtolorinds va

miixtalif materiallar {igiin).

2. Dairavi bosluq vo iki diizxotli catla zoiflodilmis
dairavi silindirin fiziki geyri xatti qoyulusda burulmas:.

Bu moasala do xatti qoyulugda [25, 53] kitablarinda oz
hallini tapmugdir. Fiziki qeyrixatti qoyulugda bu mosslonini
hallindan alinan naticaler asagnda cadvalds verilmigdir (s0k.2.2,
cad.2.3)

Biz burada araliq hesabatlarin: atib yalmz alinan nsticalar

veririk.
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2. Dairavi bosluq va iki diizxatli ¢catla zsiflodilmis dairavi
silindrin qeyri-xatti goyulusda burulmasi

| !

Sok.2.2
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3. Kvadrat boslugla zsifladilmis dairavi silindirin fiziki
qeyri xatti qoyulusda burulmasi.

Bu mosalo xotti elastiklik nazariyyssi ¢argivasinda
D.i.Serman [25] holl edilmigdir. Fiziki geyri xatti qoyulugda
alinan naticalar cadval Ne2.4 verililir.

Alnan adadi naticaler onu gostarir ki, ¢atlarin tops
noqgtalorinda vo xarici L, konturunun &6=0, z=p=b
noqtasindo toxunan gorginlikar, fiziki qeyrixatti qoyulugdan
hallds, xati qoyulugdaki holdan maksimum 10—15% farqglanir.
Yoni maksimum giymat azalir, garginlik epyuru hamarlagir. Qalan

noqtalarda (xiisuson daxili kontur iizarindaki ndqtelords 7,,, veo

Ty, gorginliklori ¢ox az doyisir, yani burulma masalolorinds

materiahin fiziki qeyrixotti qanuna uygun olmasi bir o gadar da

gozlonilon effekti vermir).
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3.Kvadrat boslugla zaifladilmis dairavi silindrin fiziki qeyri xatti

goyulusda burulmas:
|
D
R
//\ c
Y A |B ;

a a
Sak.2.3

129



I BOLMoO

PRIZMATIK TiRLORIN FiZiKi QEYRIXOTTI
QOYULUSDA 9YILMOSINDO GORGINLIK VOZiYYOTI.

§ 3.1. Prizmatik tirlorin xalis ayilmoasi.

En kasiyi ikirabitali oblastdan ibarst olan prizmatik tir,
onun qurtaracaglarinda totbiq olunan sabit M ayici momentina
moruz qalir (yoni tir xalis ayilmays moruz gahb). En kesik
xaricdon diizgiin goxbucagh (L, konturu) ils, daxildan radiusu r
olan gevra vo ondan gixan iki diizxastli ¢atla (L, konturu) shats
olub. Koordinat baglangici kasiyin markazi #zarina disiib, z oxu
isa tirin simmetriya oxu tizarins diigtib (gok. 3.1).

Bu masala xotti elastiklik nazariyyssinds bizim
tarafimizdan hall olundugu li¢lin qisaca olaraq geyd edak ki, xatti

elastiklik nazoriyyssi ¢orgivesinde 7, va 7, toxunan

gorginliklorin eynila sifir oldugu vs tirin oxu boyu yaranan o,
normal garginliyin Z oxundan asih olmadif molumdur.*

Moalumdur ki, fiziki geyrixatti elastik nazariyyasinin biitiin
tonliklari o vaxt ddanilar ki, biz xatti qoyulugdak: gortlordan slava

o (x,y), a'y(x,y) vo rxy(x,y) gorginliklarinin do yaranmasim

* Bu barade malumat iigiin [26,53] adabiyyatlartna baxmagq olar.
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gabul edak [38,53]. Bu gorginliklorin hamisi z dayisonindan
(oxundan) as:l: olmurlar.
Bu sartlor daxilinds, fiziki geyrixatti elastik nazariyyasinin
asas tanliklori (1.1.1) va (1.1.7) agagidaki ifadalara gatirilir:
- taraziliq (milvazinat) tenliklen
a(_;’cua;y” =0, a;;’ +a;’ =0 (1.1
- deformasiyalann birgalilik sortlori:

9%, 9% %

x4 Yy = .
5 o oxdy
d’e, d’e d’e
=0; <=0 £ =0 Im.1.2
ox? oy? oxdy ¢ )

Gorginliklarls (0',-4,-) deformasiyalar arasinda miixtalif

néqteyi nazers istinadon asithilifin ifadsleri (1.1.27) vo (1.1.28)
yuxaridaki gabul olunan gartlar daxilinds daha da sadoalagor.
- Kosi, Qenki, Kauderer v i.a. ndqteyi nazarinca.

e(59)=2] kool + el

3K

£,(3)= .(5.9)= 3| 5k K(50)- 00 -

~L ot 2)-0'0} Vo=Ve=t,=0 (WLL3)
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Bu ifadalards

ao=%(0',+0'y+a ); §=——J_ o

k(s0)=k(;’—;]; 52)= [zg‘%]

- Adgins, Qrin v i.a. ndqteyi nazarinca:

£y = 040, + 0,0, + 050,05 L k=123 (IL1.4)

Gorginlik-deformasiya ésﬂlhgm | “kubik” qanuhuna tabe olan
materiallar ii¢lin bu sonuncu ifada agagidaki kimi olur:

Ej = €10y + €120 +c2,crkk§ + €30 T im0y +

200040y + 30,0 +c310'kk5 + €330, OOy +

+ €330 nCin T un 6 +¢33,05,0, i T C30uTin0 +
+3¢340 O n O mn0; (IMI.1.5)
Cij (i =1-3; j=1- 4) amsallan, materialin fiziki
xiisusiyyslorini xarakteriza edan sabitlordir.
Bu ifadonin alinmasinda, asagidaki avezlomalor edilmigdir.

& =c\Ty + ey Ty’ + 2c3T; + ey Ty + 2653 TT, + €37y

= 2, =
oy =Cp + 2epTy +20,Th tepli’s 0 =03t Oy

T T2=_

1 1
> o;; = 30'30'}-,(0',-,(; (111.1.6)

lj’

Bu ifadalords 7, - garginliklor tenzorunun invarianlandir.
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Miivazinot sgortlorini (lI.1.1) 6dayan funksiya (gorginlik
funksiyast) igtin bu ifadalar gotiriiliir.

_9'F _9°F __9F,

O'x - ay2 ’ o-y axz 3 Txy axay ’

(IL1.7)

Gorginlik funksiyas:1 F (x,y), prizmatik tirin yan sathindos
asagidaki serhoad gortlorini 6domsalidir:

_F =const ; a_F = const (IIIIS)

dy ox
Bu sabitlari (const) sifir da gabul etmak olar.
Qeyrixatti qoyulusdaki masalalords o, vo F komiyyatlari
agagidaki sira gaklinds (kigik A parametrna gora) gotiiriiliir
[38,53].

o, =09+ 400 + 20D + ..

F=FO4 704 2Fdy (IIL.1.9)
Bu ifadslarda a'go) vo FO kamiyyatlari (sifinnci yaxinlagdaki

giymatlar), xatti elastiklik nazariyyasinds baxilan masals iigiin

bels giymatlor alir:
FO=0; oc© =—%x (I11.1.10)

Burada M -ayici moment, J - is3 en kasiyin sahasinin atalat
momentidir.

Umumi gokilda stalst momenti

133



J = ([Paxdy; J=1,-7, (IL1.11)
M

diisturu ilo hesablanir. J;-daxili L, konturu ils shats olunan
sahasinin (degiyin) atalot momenti, J, ise xarici L, konturu
ilo shats olunan sahonin (¢oxbucaghnin) atalat momentdir.

Bir neca sads handosi cisimlar iigiin en kasiyin sahasinin atalat
momenlari cadval Ne3.1 verilmigdir.

Ogor garginlik funksiyasinin (F ), (II1.1.9) ifadasini névba ilo
(IM.1.3) vo (II.1.5) diisturlarinda nozors alsaq (II1.1.10),
(II1.1.7) sartlarina asasan alanq:

- Kosi, Qenki, Kauderer vs i.a. noqteyi nozarince (birinci

yaxinlagsmada):
(I11.1.12)
Burada
M - .
a= —7; G -siiriigmo modulu, K hacmi sixilma moduludur.

(IT.1.12) ifadasinin alinmasinda, orta garginlik funksiyasim

k(sy)=1 va toxunan garginliklorin intensivlik funksiyasim

glt2)=1+ g,t? soklinde gotiirtilmisdiir (bax 1.1.29 ve 1.1.30

ifadalaring).
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- Qrin, Adgins vs i.a. néqteyi nazarinca (yoni ixtiyan
fiziki geyrixatti qoyulugda):

cnlAAF + A0, )+ c,AAF + oy |A(F2 + F2 + 07 )|+

+ e AF2 + F2 +2F20% )+ 205, {;y—z (aF +0,)F, 1+

Zlorvoirle Llor vor, )+

+ 023{-%27 (F)i, +F )+§x—22(Fi + ny)+

+£—3—;[FWFH +F,F, ]} ren[A(F2 + F + 02 )+
+ c32{:y—22 [(F;‘; +2F] + fo +o? )Fyy]+
T R Y R A

+%[(F;+2F; +F? -c'f)ny]}+

+epblaF +0,)-(F2 +2F2 + F2 +02)|+
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2 2
+033{%[(F; +F} +a§)- FW]+:x—2[(in +F} +0'22)Fn]

+a%;; (Fi +F,, +03)ny]}+c34{;y—2[(AF+az)-(F; +Fx2y)]+

9 2
raslor ol 3l 2 lor o r, +

+F,F,) b+ 3c,AlF2 + F} +0%+3F, F2 +3F_F2|=0.

(I.1.13)

Deformasiyalann birgslilik sartlarindon (II1.1.2) goriiniir
ki, o, normal gorginliyi x vo y doyisonlori ilo xatti
asitlihgdadir:
c“(AF+t:1'2‘,)+c12c:l'z +021(in +Fy2y +0'zz)+
+eplF2 + F2 +2F2 + 02|+ 20y -0, (AF + 0,)+ c30°
+¢5, [ij +F2 +a§]+ 30 (Fjr +F) +02 +2F] )+
+c33(AF+o-z)(Fj, +F,, +2F2 +o'z2)+
+550, (fo +F} +0? )+ 02 (AF +0,)+
+ 3c34(F§, +F) +0, +
+3F Fl+3F,-Fl)= Ax+By+c (IL.1.14)
(III.1.9) ifadslorimi (HI.1.13) vs (II.1.14) differensial
tanliklorindo nozors alsaq, birinci yaxinlagmada alinan
differensial tanlik bela olar:
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2
AAFD 4 grag® 4 (2 + 2;32')-{‘:—2 +
3

+{68; +6ﬂ;+18ﬂg)-%x=0 (IIL1.15)

2

f(l)+ﬁ’l"AF(')+(1+3ﬂ; +ﬂ;)-ﬁj—2x2 +

+(5’+2ﬁ5 +45 +ﬁ1) X’ =Ax+By+c (m.1.16)

Burada asagidaki avazlomalar edilmigdir:
tn

Bl =——; =2 g=2, g=L,

€y +¢y2 €31 €21 Cn

€y €31 Ca1
3 23
a_2 ay2
operatorunu  totbiq edib, (IIL1.15) ifadosindoki Af®

Ogor (IIL.1.16) differensial tonliyina A=

funksiyasim1 yox etsok (avazloma etsak) naticade belo bir

differensial tanlik ahinar:

AMFU=H +H,-x (OL.1.17).

Burada
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-1 leros +2m)m -2-25 1
1_(/61*)

H2=

-1/81* los; +68; +128; +248 )8 -

e M
~60; - 605 —181% ]?

Belalikla fiziki geyrizstti qoyulusda, prizmatik tirlarin
xalis ayilmasindas har iki ndqteyi nazora 2sason, masalonin
halli (II.1.12) va (IIL.1.17) kimi uygun differensial tanliklorin
hallina gatirilir (birinci yaxinlagmadak F garginlik
funksiyasinin tapilmasi ii¢tin).

ovvalce (III.1.12) differensial tonliyini hall edsk. Bu
tonliyin hollini FO = F0) + FO soklinds axtanng.

(II.1.12) tanliyini polyar koordinatlarda (p,8) asagidaki
gokilda yazilar.

AAFY = px = bp cos@ (IL.1.18)

Xisusi holl F. bu sokilds alinar;

Fx(:)s p cos & (II1.1.19)
Umumi holl F (bircins AAF W=p tonliyinin timumi

halli) iss bdlma I va bdima II-ds deyildiyi kimi
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FO = Inp+ pc, (II.1.20)
soklindo axtanihir.
Natica etibari ils (II1.1.18) tanliyinin halli bels olur:

FO=FO +FO - 225,9 Scosf+cInp+c,0*  (ML1.21)

¢, va ¢, sabitlori (III.1.18) sorhad sortlarine esason bu

qiymoylari alirlar:
5_ .5
Cl:bcos& rg tlzflz—flz D ey = Mtl 1‘2 (I11.1.22)
45 | -1} 90 -t

Bu ifadalards 7, vo ¢, uygun olaraq daxili L, va xarici L,
konturlarinin noqgtalerinin affiksloridir.

FW garginlik funksiyasin: tapandan sonra o = f;(x, y)
funksiyas: agagidaki ifads ilo tapilir (III.1.3 ifadoalorindoki
£, deformasiyasi

£,=eW 15,V =604g, (@ x+B y+7)
soklindo  gotiriliir, saf toroflarini  borabarlogdirib,

fl(')(x, y) funksiyasim tapmq)

0z, y)= 36K [(_I__LJ.AF(I)_

3K+G {\2G 3K

—%a3x3+3(a-x+ﬂ-y+y):|; (Im.1.23)
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a,f va y sabitlori tirin yan sothlarindaki sarhad

gortlorindan tapilar

[[ oVaxdy = [[ £0(x,y)dxdy =0
M S
[ £, y)xddy =
A
[ A9 y)- yaxdy=0 (IL.1.24)
N

Prizmatik tirin en kasiyi simmetriyaya malik oldugunda
B=y=0 olur. Belalikla ¢\ = £)(x,y) funksiyas: tigiin

bela bir ifads alinar:

0z, )= 3K-C [(L_LJ AR

3K+G [\2G 3K

——972;—3113 - p’ cos’ 9+3a-p-cost9]; (I.1.25)

« amsalt H fl(l)(x, y)xdxdy =M ifadasindon tapilir.
S

Qrin diisturunun kémayi ilo ikiqat inteqral birqat inteqralla

avaz edilir.

[ 700 y)xaxdy= [qay- fody=pt  (1L1.26)
5 L L
Burada

E;ga f,(1 (x,y)- x; oldugundan
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p= _[ ﬁ(l}(x,-y)xdx oldugu milayyan olur.
Intigrallama dp iizra oldugundan sonuncu ifadadon vo

(II1.1.25) borabersizliyina asason qo(x,y) funksiyasim

tapihir:

@lx, )—25—( ~d,)cos’ O+
+%2d c, COS 6+a-d4%3c0329 | (Im.1.27)
Bu ifadsni (III.1.26) tonliyindo nozors alsaq Vs
=dpsin@ va p=t, oldugundan (xarici kontur L, iizorinda)
yaza bilarik:

1 a1
{S—O(dl ~d,)cos’ 61" + gdl -¢y 1y c082 G+

1 . 1
+l—2—a’- d, cos’ &;:lsmﬂ—[ﬁ(dl ~d,)cos’ ¢ +
+—é—d2 -¢, 1} cos? 9+T12—d4a-t14 cos’ 0:| sinf=M

Buradan alanq:

12M

*= d, cos® sin 9(:; —1.‘14)_

g(d'l "da)(tzﬁ _tlﬁ)"' 202‘12(’% “13)
=3 (I.1.29)
d, it -d})
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Bu ifadoalarda agafidak avazlamalar edilib:

dl= 3KG (_L_n}._)lbcosg; d2=3I(_G[L_L)4;

3K+G\2G 3K )9 3K+G\2G 3K
4, = 3KG 2 o5’ 0; d,=—20 30086 (TLL30)
3K +G 9G 3K+G

Beloliklo f"(x,y) vo ¢{x,y) funksiyalari tam mioyysn
olunur. Sonra iss (III1.1.9) ifadalorinin k&mayi ila gorginlik
komponentlorini tapangq:

o2l
S

2 (1) (1) (1)
o, = LOFT LT o O (LFTN. s
p- 06° p dp do

o,=0"1+g,60 =apcoso+gp{p.,6); 0, =
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Sok.3.1a
ﬁ
.
’
A ’
N2 o
g,
r
0
. g
X
Sak.3.1b
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Alman timumi holl, A, N,m, parametrlarindan asih olaraq
bir gox konkret misallarla niimauyis etdirils bilar.

1. A=R; m=0 oldugda xarici kontur I, ¢evrs
saklini alir, bu halda biz silindirik tirin ayilmasi maselasini alang.
Bu halda daxili kontur I,, olanda e=r olanda r radiuslu
gevroya kegir. Yani silindirik tirin en kosiyi, konsentrik
¢evralordan ibarat olur (R va r radiuslu konsentrik gevrolor).

2. N=2; m=a_b; r=0; I=e-r=0 olduqda
a+b

yarimoxlari @ va b olan, biitov elliptik tirin ayilmasi masalasini
aling. Hor iki halda alinan naticolor [22] isindoki kimidir
(garginlik funksiyasimin birinci yaxinlagmadaki giymoti F M vo
qa(x, y) funksiyasini ifadasi).

Analoji olarag F(x,y) va ¢(x,y) funksiyalarimin sonraki
(ikinei va i.a. yaxinlagmalardaki qiymotlarini) yaxinlagmalardaki
ifadslorini tapmaq olar. Galacak tadgiqatgtlar bu isi davam etdirib
adadi misallara baxa bilorlor.

Indids (III.1.17) differensial tanliyin halline baxaq (ysni
ixtiyari fiziki qeyrixstti qoyulusda prizmatik tirin ayilmasi

masalasinin halling baxaq).

144



Ogor (II1.1.17) tanliyinda x va y doyisanlorindon z va 7
dayiganlarina kegsokg alang:

4p()
4;12%22=H1+%H2(z+2); (I11.1.32)

Bu ifadani dord dafs integrallasaq, bels bir ifado alinar:

FO = %Hl 22 (z) +%H2[z3(2)2 + 32(2)3]+

+%d,* (2} +%-d;(z)2 vz d] (Im.1.33)

Bu ifadada polyar (p, 9) koordinatlarina keg¢sak alanq:

1 1 |
F(l)(p,(0)=EHl 'p4 +E'H2 -p5c059+5d1p3 +
(cos¢—isin9)+%-a'; . p*{cos 26 —isin26)+

+dy -0 (cos@—i sin@)+d;; (II.1.34)

Bu ifadoys daxil olan dj vs d, sabitlori (integral
sabitlari) tirin gorginlik vaziyyatinoe tesir etmadiyinden
onlar1 sifir gebul etmok olar (gorginliklorin (II1.1.7)
ifadalsrindan goriiniir ki, F'(p,8) funksiyasindan p va
6 gora ikiqat téromo aldiqda d; va dj-sabitlarinin

omsallar1 sifir olur). d va d;-sabitlorini iso tirin yan
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sothinda sarhad sartindon (o, =0, =0 olmasi gartindan)

tapilir:

dl = _ef‘*’BHl(tz +tl)+$H2 (t% +ht, + t,z)cose] e’

dt ==\ o or v L m e ve)e +1lcosp|-€f; (11.1.35)
2 4 1 f1*2 12 2 2 1 2 1

F® funksiyasinu tapandan sonra f% funksiyasi (IIL.1.16)
ifadasina asasan bels tapilar

f(l) =_ﬁl”[H] 'ZZ+%'H2 .(z22+z22)+

+4¢, -E].—(1+ﬂ;‘+f5f3’,")-—-—2-(z2 +

ooy L M e e

4B 2P 4o A (422 B e-2)e (ML)

Bu ifadays daxil olan A*, B* vo ¢" sabitlori tirin yan

sathindoki sarhad sertlari olan (I11.1.24) ifadalarina asasan
tapilir. Bels ki, asagidak: naticolor alimb:
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e R i e N

t; -1
2
—2—10d,'-,8{‘(t§—t13)+ 22(;) A; (1+3ﬂ2 +,83)( —z,s)—
M i i) i)

¢'=0; B*'=0
Birinci yaxinlagmada, F M va f ) funksiyalanm tapandan sonra,

garginlik komponentlari bu ifadslarlo tapilar:
M
o, = Ggo) + fl(X, y)= 7-x+f(1)(x,y);

o0 FEY . o RV g OF

x P P ady
Alinan {imumi holli, konkret adadi misallarla niimayig
etdimak olar. Tadqgiqatgilar va maraglananlar bu isi asanhgla
yerina yetira bilorlor (masslan en kasiyi konsentrik ¢evra olan tirin
dairavi desiys malik kvadrat, elliptik v i.a. prizmatik tirlorin xalis
oyilmo moasalalorini fiziki geyrixatti qoyulugda holl edib adadi

aticalar almagq olar).
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§ 3.2. Topa yiik tasirindon prizmatik tirlorin fiziki

geyrixatti goyulusda ayilmasi.

Yuxanida §3.1, prizmatik tirlarin xalis ayilmasinda istifads
edilan metodu, topa yiik tosirindan ayilma mosslasinda istiads
edirik. §3.1 deyildiyi kimi prizmatik tirin en kosiyi iki rabitali
oblastan  ibarat olub, xaricdon dilizgiin c¢oxbucaqll ila (L,
konturu)daxilden ise radiusu r olan ¢evra vo ondan ¢ixan iki
diizxoatli cata malik konturla ( L, konturu) shats olunub. Catlarn
taps ndéqtalorinin koordinatlann *ie ila isaro olunub (50k.3.2).

Tirin imumi uzunlugu L , topa yitk P ila isars olunub (topa yiik

tirin qurtaracaq z=L oturacafinda x oxu boyunca tatbiq

olunub).

P
/
/l— o —y — m— — \——"Z
50
/

L
Sak.3.2

148



Xalis ayilmadon farqli olaraq, topa yiik tasirindon biitiin
garginliklarin (ax,ay,az,rxy,txz,ryz) oldugu halda (meydana
galdiyi halda), qeyrixatti elastiklik nazariyyasiriin biitiin tanliklori

6danilir. Oziids 0,,0, va 7,, gorginliklarinin z oxundan asih

detildir.

Birinci bélmadan moalumdur ki, hacmi qiivvalor olmadif
halda, miivazinat tanliklori asagidaki sokilda yazilir (bax I.1.1,
1.1.7 vo L.1.36 ifadalaring);

do, +af,,y +az-xz —0: a7, +aay +azyz _o;
ox dy 0z ox dy oz
dr, 97, oo
X +—<=0; I1.2.1
x| ay | o (2.1

Deformasiyalarn birgalilik gartlori
Oy, 0%, e, dy, de, 0%

= z x .

+ 3 ;
dydz  9z2 dy? 0zox ox® 9z’

azyfxy 3 ¢ azé‘y

X

o
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2 [ 2 3
3% _ 9 _8wyz+ay/n+ Ve
dydz ox{ ox dy Oz )

828y =i(_awxz +a"’yz+aw«w\.
dxdz dy\ Oy ox o )

-

O’e, =_§_(_awxy+awyz+a¥’xz\
dxdy dz\ o2 ax oy

Deformasiyalann gorginliklor vasitasi ila ifadslori

2

; (1I1.2.2)

1 1
£ = EE"(SO)‘ g "‘Eg(’g)‘ (0} = 0'0);

6, =5 k(50)-00+ 588 )0, -0

1 1 1
£, =-§k(so)-do+ﬁg(tg)'(az _0'0); L =Eg(tg).rxy;

v, = -(-l;—g(tg)-ryz v, = ég(tg ks am23)

Burada 0, = %(crx +0,+ a‘z) orta garginlikdir.

Indi gorak 010,10, T, T, Vo T, gorginliklorini neca
gotlirak {necs istifads edak) ki, onlar yuxandaki biitiin tonliklari
(sortlari) ddasin,

Xalis oyilmads oldugu kimi, ager o,,0, va Ty

gorginliklarini F (x, y) gorginlik funksiyasi vasitasi ils
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o = 0°F - 82 . 0°F )
X ayz ’ y o axZ ; = axay 4
kimi gotiirsok, (II1.2.1) miivazinat gortlorinin ilk ikisi ddanilor. Bu

(IIL.2.4)

F(x, y) gorginlik funksiyasi, prizmatik tirin yan sathida

= const va y—— = const ; (I11.2.5)
ay ox

sartlorini 6domplidir. Burada sabitlori sifir da gotiirmok olar (bu
gorginliklors xalal gotirmir). Milvazinat gortlerinin (II1.2.1)

sonuncu ifadasi, o vaxt 8danilar ki, &, normal garginlik

0,20+ f(x2) (I1.2.6)
va hamginin 7,, va 7,, toxunan garginlikiar do
op dp P
T, =—; T, =— -A- m.2.7
Xz ay yz ax J xy f y ( )
sakilda gotiirillsiin.

Bu ifadalards P- tiro tosir edsn topa yilk, J- tirin en
kasiyinin sahasinin neytral oxa nazoron stalst momentidir.

Malumdur ki, stalat momenti bela bir ifads ilo milayyan olunur:

J = [[ Sdxdy (I11.2.8)
M

Yuxanda deyildiyi kimi Ostogradski-Qrin diisturunun
komoyi ils ikiqat inteqral, birgat inteqrala gatirilir (bax (IIL.1.11)
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diisturuna). Bir nego sada handssi cisimlarin atalot momentlori
cadval Ne3.1 ds verilib.

Ogor (IIL2.3) ifadolorina daxil olan orta gorginliklor
funksiyasim (k(s,)) vo toxunan gorginliklarin intevsivlik
funksiyasim g(tg), ixtiyari gotirtlss, onda I vo II bdlmods

deyildiyi kimi, masalonin halli v sorhad sortlorinin ddonilmasi

ciddi riyazi c¢otinliklorlo  {izlagir. Masalanin  hallinin
asanlagdinlmast tigtin k(s;) ve glt2) ifadalarinds (1.1.29, 1.1.30
L.1.57 va ifadslaring) xiisusi hal ila mahdudlasib, bels bir sakilds
gottiriiriik:
k(so)=1; gl2)=1+g, 2 (I1.2.9)
Yoni k(sy) vo g(toz) funksiyalarimin birinci yaxinlagmasi
ilo kifayatlonirik (sifinnci yaxinlagma xatti qoyulugdaki helli
verir). Eyni zamanda (I11.2.7) ifadslorinda ¢(x, y) funksiyasim

0=¢9+2,-gV (I1.2.10)
kimi gotirsok vo homin ifadslordo nozers alsaq, 7,, va 7,

toxunan gorginliklor ficiin agafidaki diisturlar alnar.

a (0) a (1)
sz = _gy + g2 '_gy""' ’
209 ap0 p
=— -A. —-——xy-A-f.-y; m.2.11
Ty ox & ox J =A- Sy ( )

152



Ogar toxunan gorginliklarin intevsivlik funksiyasi olan
glr2) birinci bolmadaki (L1.6) ifadosinds (IL.1.4); (IL.2.9) v

(IM1.2.11) nazars alsaq vo g, amsalimn kvadrati va ondan yiiksak

daracalarini nazars almasaq, yaza bilorik:
2
3( ) ng[a+a+0' -0,0,-0,0,-0,0,+

+322 4302 4372 J= 2 et [o?+30); (m.2.12)

Burada

®= ( (0))2 +3(¢(°))2+6¢£°)§xy+3};—jx2y2

Onda yerdoyisma deformasiyalar (Ex,ey,sz) va sliriisma

deformasiyalan (¥,,,¥,, Vo ¥) komponentlari tgiin (I11.2.3)

ifadalarine ssasan agafidakilar yazmagq olar;

£, =n0C ()‘*'”lng"’”lgz AF""l_ng -

2G
_nzgz( o +50 . q,)

1
5y="10'£0)+"182f+"182'AF"“_ngn"

2G
_ ,,282( o 4o .q));
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Ez =n30'£0)+n3 -g2°f+n1 'gz'AF+

1
+2n,-g, '[(ag’))! +0'£°) '(D]; ¥y =——82F,

G

1 2 3
vu= G0 el ool 4ol 0),

1
’//yz=“5[ (0)+g (l)+ 7 +ngz}']"

2
-5 g( 0. 50" 4 60

+ol 3xl+-P—xy--¢) (I.2.13)
J J
Burada agagidaki avaziamoloar edilib

1 1 1 1 1
Ee——— Ny =—r; ny=—+—; ([1.2.14
79k 66 e Mok tie )

3 |

A —a—2+-a? - Laplas operatorudu.

Deformasiyalarin birgalilik sortlarindan (IT1.2.2) birincist,

ikincisi vo aximncisi-altincisi asagidaki bir sorts gatirilar.

2 {92 2
J [ £y+a€x]=0 (I1.2.15)

ozt ax®  9y?
Ogor (I[1.2.14) ifadalorini bu sonuncu diisturda yerina

yazsaq alanq:

PL-2)

nfo=6n,-g, 73

154



vaya M = P{L-z) oldugu figlin yaza bilorik

3

fo=6tg M —x (I1.2.16)
n J
Bu sonuncu ifadoni x doayigonins gora iki dofo
intearallasaq alanq:
¥
f(x,z)=n4—6—+c1x+c2; (01.2.17)
M3
"4=5-]-82?

¢, va ¢, integral sabitloridir. Bunlardan birini ¢, =0 gabul etsak
(bu moasslenin hallina va tirin gorginlik voaziyystina xalal

gatirmaz) digarini ¢, sabitini isa f funksiyasimn

[)f-x-axdy =M (I1.2.18)
$

sortini 6damasindon tapa bilarik (giinki, tirin har hans: en kasiyino
tosir edan gorginliklarin toplusu M  oyici momentina
ekvivalentidir).

Bu ikigat inteqral, Qrin diisturunun kémoyi ilo birgat integrala

gatirilar:

Hf'x'd"dy= Ifrdy-ff.-dy# (I11.2.19)
5 Ly 0

Inteqrallama biitiin Z, vo L, konturlan boyunca apaniir.
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Burada %
29

= f - x avazlomasi edilmigdir.

Onda f; = Iﬁrdx+c3 olar.

Ogor bu sonuncu ifadeds (1I1.2.17) barabarliyini nazars

alib (LI1.2.19) d» yerins yazsaq alang:

.l‘.fldY‘ Ifldy: _[ ["4%*‘01‘{;"'03}0')’"
l/l

- I I:n4 —+ c1 — + ¢y }dy M (]11.2.20)

Integrallamam tam yerino yerirmok iigiin x va y dayisanlari

arasinda (istar L; konturlan olsun istorss do L, konturu) alage
yazmaq lazim golir.

Kompleks dayiganlars kegsak (burdaki z , tirin oxu yani tirin boyu
izra ytnalon simmetriya oxu deyil)

z=x+iy; Z=x-iy oldupu i¢iin
1, _ [,
=E(z+z);y=—%(z-z) olur. (I.2.21)

Xarici L, konturu (diizgiin goxbucagli) vahid cevrs
strafina inikas etdirici funksiya beladir [51]

e=Aley+may ™), 7=altemed ), m2.22)
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Daxili L, konturun (7 radiyuslu gevra va ondan gixan iki

diizxatli ¢at) vahid gevro atrafina inikas olunan funksiyasi isa bu
sokildadir [51]:

2=rn 3 Y G 2200 Y Y n (H1223)
n=0

n=0
Bu sonuncu (1I1.2.22) va (I11.2.23) ifadoalorinds 7 dayigoni
vahid ¥ cevrasi tizarindoki noqtalorin affiksidir (yadda saxlamaq

lazimdir ki, vahid ¢evra {izarinds 7= e va1-T=1 olur). A,m,N
komiyyatlori bélma I ve II deyildiyi kimi (bax 12.21 vo Nel.l
ifadalarina) tirin en kasiyini xarakterizo edon omsallardir.
¥,_ omsallan isa [51] asasan tapilir (bax II.1.16 ifadslarins).
Goriindiytt kimi (IIL2.20) ifadasindoki integrallan
hesablamaq ii¢iin x va y doyigenlarinin natics etibart ila z va z
dayiganlarinin an azt besinci daracadan qlivvat iistiinlin ifadslarini
bilmok lazim galir. Ona gora da biz agagida (II1.2.22) va (I11.2.23)
ifadalorinin istonilon qiivvat iistlii ifadasini veririk (bunu galacak
tadgiqatgilarin - yorucu  hesabatlarin  apanlmasinda  aziyyot
¢okmomolori ligiin edirik).
Ovvalca ZZ ifadosine baxagq.

(I11.2.22) asasan (yani diizgiin N bucaqli ligiin).
7 =A2mleY +77 J+ 4214 m?) (I11.2.24)
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(I.2.23) asasan (yani iki dizxatli ¢ata malik ¢cevra).

Z= rri Yot ety gt = rzi T +2S T, ()
n=0 n=0 v=() v=l :

Z Yo-t¥n-v-15 T2 Z Ve-1¥nev—1 (III.2.25)

n=v n=0
(I11.2.22) ifadssing asason
(z) = [A(r+mr' N)] Z T, (v) Z T, (v
v=0
kv kv k-v  k-v
V=TT ACT m Y ; T)= Z“'A"c Nm N (IL2.26)
v=0
~-1

k=23;...,v=012;...
(I11.2.23) ifadalarina asasan

o =[S =S Seno)

n=0 v=0 v=l

V)=Z*rk75181(¢k—)v 3 Te(") Z* kyklgkw ;

k=v k=v
g®) = Z gUgk); g = gl = ot
nl—O -1
k=23,... n=0L2;; (11.2.27)
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Bu ifadaslorda * va ## ulduz igaralor camlorin novbati hadds
kegdikda indekslsrin uygun olaraq 2 vo N qador doyismasini
gostorir.

Differensial  tonlik  (III.2.20) bir negs riyazi
amoliyyatlardan sonra agagidaki gokil alar (II1.2.21, II.2.22,
I1.2.23, TI1.2.26 va II1.2.27 ifadalarini nazars aldigda):

A’( A _
l£ {;—;5(—?)(12 +my N +
+z';‘+mr§’“)5-[l+m1—N)r{”
+7;2 +m(N —1)c2 ]+c1 (—?)(r2+mrg”“+

+f§’+mrf“')q[1+r§ +m(l- N3V -

—m(N 1))+ c{— —?-)[1 +m(l-N)Y +
v -ml e - [ {22 S ot

3032\ 2

oo 5 (- -] oD
+ z_:oyn—lfln_l:l ‘[Zyn—x(l_")fl_n _Zoyn—l(”_l)f{'-z}dfl +

n=()
3

: L) oo 3 oo
4 [ %J [Z yn—lrll_n + Zyn—lrln-l:l ' |:Z yn—l (1 - n)"‘-l-rl -
n=0 n=0 n=0
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.—éyn_l(n—l ]dr1+c3 ( J[Z?’n—l (1-n)" -
—Zl’n n=1)7" ]}dq (m.z.zs)

Bu ifadoya daxil olan biitiin inteqrallanin hesablanmasinda,
yalmiz 7 dayisoninin monfi bir (-— 1) iistlii daxil hadlar olanlan

sifirdan farglidir, qalanlar isa sifirdir (bu inteqrallarin hamisi1 Kosi

tipli inteqrallardir).
. i6 -1 -if N 1 dr
Yoni 7=¢" vo 7 =1-¢ " oldufu ii¢lin: —j —=1
m] T
Ciinki

| 2~ inf3® = n{le |2 =Int+nfie 2" -

=1n1+ie\ff =0+27 olar.

Bu inteqgrallardan bagqalar eyniynan sifirdir. Masalan,

dz - I __
I{T:Jrzdr:—gr l\g”z |
__ 1 iglan __1 iena)27 =
=-3¢ |0”— 3(cos9 Lsm9x0”—0

voya

160



2
T 1; 1 i ..

L[ uiz':?lg” =5e 29|§” =—e 8(00S+IS]D91§” =
1 P w
—50032910 +5:sm26'|0 =0 (Im.2.29)
voi.a.

Biitiin bu yuxaida deyilonlars asasan (IIL.2.26) tonliyindoki
integrallan hesablasaq, asagidaki naticays galarik:

77246 m4 7‘76 7'0‘4
ny %IL + Eclnz —ny, % . l'[3 —ny TCII'I4 =M (11.2.30)

Bu ifadadan ¢, sabitini tapangq:

M—”.H4HIOA6—”.H4"6
¢ = —=280 480 (IIL.2.31).
A T-r
T, - 11,
24 8

Burada I1,,IT,,I1, va Il,- kemiyystlori inteqrallamanin
noticasindes  meydana  ¢ixan  omsallardir  (m,N, 7,

parametrlorindon  asilt  amsallardir).  Belolikls  f (x,2)
funksiyasinin birinci yaxinlasmadaki ifadssini tapmug olanq.

Ogor f(x,z) funksiyast molum oldugunu bilarak,
deformasiyalarin  birgalilik sortlorinin  (IIL.2.2) {iglinciisiindo,
deformasiyalann (,,¢,,W,,) ifadolori olan (IL2.14) disturlara
asasan gorginlik funksiyas1 F (x. y) iiciin bela bir differensial

tanlik alangq:
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2 (1.2
W-[n1+i) -0 @ +6n, a()w—
2G J
2- —
—2n,®, #+ n 0@ —n - fo; (I1.2.32)

Bu ifadays daxil olan @ funksiyas: (III.2.13) diisturu ila
miayyan edilir. Xoatti elastiklik nazariyyasi ¢argivasinda (I11.2.13)

ifadesine daxil olan ¢©(x,y) funksiyas: asagidaks ifada ilo
miiayyan olunur:
L1 _
?x,y)= {D(O)(Z’z):—iBl 2 (zf +
i 3 i 2 — i 1 3 =32
B, -1B, .22 7+-B|=-72-7-(7} |+
62243zz84|:3z z(z)]

+ ; BS [“"[A) +BE ] (11.2.33)

k=1

+

Bu ifadoys daxil olan &, va £, amsallari, mosolonin xatti

qoyulugdaki hallindon melumdur. & doyigeni daxili L,
konturunun inikas funksiyasimin (II1.2.23) torsi olan funksiyad:r
(bax cad. Nel.l dilsturuna).

Sonuncu ifadads agagidaki avazlomalar edilib.

P 3p
B=—7——-—I(1+2u4); B,=—+—P;
=g T T B 8L+ v)-J
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2P P 4P
et g T .p-__ % . m23
g1+v)-J Tt 7 T 8(l+v)J ( )

Ogar (II1.2.33) ifadasini (III.2.13) dusturunda yerina

B,

yazsaq ®(x,y) funksiyasi agagidaki kimi mioyysn olunar.
Ovvalce (II.2.33) ifadosindoki sonuncu haddi (I1.2.16) asasan

bels yazmagq olar:
2Tk
o _ -3 z L] . r
2 B 1"=Z ﬂkl:_z é‘n—l(_) ] =
k=1 k=1 T n=0 2

=§0 (g)vB(v); B(v)= E) BSEL, (m2.35)

Burada ulduz (*) igarosi, ndvboti toplanana kegdikda
indekslorin iki-iki doyismasini gostarir. Buttn L*) amsallan bela

bir gartdon tapilir [51]:

WAL

n=0 -1

Belalikls aling:
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— - - 4 =4
O=Z Y+ I+ Y+t v+ T+

+iy;i [kakA"‘ 2~k Bk ) -z"‘“]+
k=1 .

iy} S apa™ 24 22—k B(k)-r 274 2 e
k=1

+i%; i[kak A2k -k Bk)r* 2] ~ (m2.36)
k=1

Burada agagidaki avezlamolar edilib:
. 3 9
¥; =~6B} _ZB3B4 _“2‘3134 ;

. 3 3 9 15 3.,
=—-B B,+-B,B,——B.B,——B,B. +—Bj;
¥3 g 1P TP T B B T B T B

.« 3 3 3 3 5
=—-B,B,—-—B,B,+—B.B,——B;;
Ya 423 424434_ g4

. 3 3 «_ 3 3
« 3 x 3
£ =‘ZB435; Ys = 6B,Bs ‘ZB4BS§ (IIL.2.37)

(IL2.36) ifadosinds polayar koordinatlara (p,8) kegib, lazim

tdomolar apanb, alinan naticani (II1.2.32) differensial tenliyinda

yerina yazsaq, alarq:
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]

MF=3 W)+ 3 ot )T M), @2ss)
k=1 k=2

Burada
V)= (— ﬁ)ﬂ[zy: e 25 g+
ny ) J .
+2yse %8 + 2yse 08, — Ay ¥ 0 - Ayie e +
+ ief(k 2¥g 1+1'e"("‘_2)‘9E2 + ie"“gE3 ];
Vy (k)= (— 2ﬂ]£ lie &2 . E, +ie 048 B 4 je*0 B,
n, ) J
E, = i br(k - 2)a, a7 |; E, = pklk-1)a, - 475
E=y lkZ“kA_k — ka, A J‘ Vek(k +1)a, - A™F;
E, = ¥;2k(k +2)B(k)- r*; E5 = y3k{k +1)B(k)- r*;

E, = 1 [*B(k)- r* + B)-r* |- k(- 1)B(k) r*;

0 k+3;
£ = ’ II1.2.39

: {1 k=3; ( )
(I11.2.38) differensial tanliyin halli I va II bdlmalards deyildiyi
kimi, bels gotiiriiltir (xtisusi va timumi hallerin cami kimi).

F=F_ +F,; F,=p*c +c;-Inp

&m * b
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Fm=i pma;.w(mi P8 Vy(k)+

p’ 11
+V,(1): —6—lnp —gp -85 (Im.2.40)

Burada Inp’ = lnﬁagar ¢, < p olsa; Inp’ =%3 agor
G

c;3 > p olsa.
5 =leraprorl's & =a-rp@e-rpl;
5=[2n0-4] wo=3 52

4 &~ k-1

Belolikla gorginlik funksiyas1 F (x, y) agagtdaki ifads ilo miiayysn
edilir.

F=F,, +F,=Y o"*& Vk)+3 o 8 -v,k)+

+V,(1)- 8 -2 +¢; - p* +¢; - Inp;

. 11
5‘=5‘[1 ——} 11.2.41
4 6 np 36 | ( )

Bu ifadadski ¢ va c; sabitlerini (II.2.5) sarhad sertlarina asason

tapiniq:
a—Fcose——smb" QF——O i‘f‘—sm6’+lco a- a—F =0;
dp Je, af P Jo, el
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va ya (I11.2.41) ifadasina asasan yazang.

{i [+ 8250 TR+ 5, 546005 1)+

k=1

+3V,(1)- 8; - p* + 2t5¢; +%c;}sin0+

+Leos e{i S )+ 3 58 (k) +
k=2

Iy k=1
+V,(1)-8; -1 }= 0; agar p=t, olsa,yani L, #zorinds

(£ tsaptos v § 642000 55 @)y

k=

2
+V,(1)- 84 1] + 2, c; +— cz}sm9+
)+

lcost9{2 IR AR A (Y i ket 8y Vy(k)+

I
+V,(1)-6; -1 }= 0; agar p=t, olsa (Im.2.42)
Burada
v, (k v, (k)
74 =71 . - 2 :

Bu (I11.2.42) diisturlarindan c: \E) c; sabitlari Uglin bu

ifadalor alinar:
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{Z [tkM"be;*'z [t£k+4_tl—k+4bg+
k=2
1
3_3

-4 ,

«a

i r+4 +§: k+45 +t§’5-;+t Z (té‘” k+4)5'+
k=1 k=2

k=1

J{i gt 3 )@]—

k=2
8 =[(k +4)3, -V, (k)-sin@ + 3,V (k )cos 8];
8 =[(4-k)-sin@- 3, -V, (k) + 5, -V, (k)cosB];
& =[3sin8-V,(1)+V,(1)-cos 615, ; (I11.2.43)

Goarginlik funksiyas1 F tapilandan (miayyan olundugdan)

sonra, gorginlik komponentlori (I11.2.4) ifadslorine asason

tapilirlar.
p= 822 892 pap | 708
d(109F
=—g, —| ——|; I.2.44
b =82 ap(paej (1240

Indi do toxunan gorginliklorin (7,, vo 7,) ayilmads

gorginlik funksiyas: olan F . funksiyas: vasitasilo ifadalorini
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gixaraq. Bunun (igin (II1.2.2) deformasiyalarn  birgalik

sortlarindaki dordiincii vo begincisini birlikda belo da yazmaq olar.
aZ anz _awyz + az awxz _aw)’z
ox?| dy ax | oy*| o ox

Bu tenlikds ¥, va y,, silriigma deformasiyalannin (III1.2.13)

:| =0; (I11.2.45)

ifadalarini nazara alsaq, yazanq:

Wy o 4
+
Vo L0+ sl sl
aw
+¢!§g) (D+¢7y°) b ) axy‘ =
Gi:(f’(o)"‘gz'(ﬂg)*%"'gz'fxz‘Y]+
S0 _ gf0). o7 PU=2)
9633 ol % 77
+00. @+ g%, + o Py qu)
~o0 P (-2)Py Py d)x]; (111.2.46)
J 77

Bu (I1.2.46) ifadslorini (IIL.2.45) tonliyinds nazaro alsaq,

belo bir diferensial tanlik alang:
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9 9 2
Mq’(]):(ax_ﬁﬁ}{( 962][ S adle

+@-4¢" + 900, +49.0 -
o0 .0 PU=2), or Py Pyg,
J ¢ J J

O,(ZO)Z_P(I—Z)_ ny + ny q)x:l'"fxzy} (HI247)

J J J
Burada x vo y dayisonlorindan kompleks dayisenine

(z = x+iy) kegsak alangq;

d"-——(;;a a_[/ll(z +22Z+7 )ttqaa +499 . d+
+200).®, +20,-® 24,z + 2 + ¢§°))—é(z —z)?ep -
i P

—Zj(z -z dez+<I)E)+/l2i(z—2)+%(z—2)-H1 (Im.2.48)

Burada:

8 P3(: 2}, _1P(i-z) ny, P2(1-z)
h=—35 = T Hy=-18t =

9G2 h = J? ! n J?

Belalikla AA(D(') ligiin bela bir ifads alinar (agor bu tanliya

daxil ola @@, f va ® funksiyalannin molum ifadslorini -

1.2.33, II1.2.36, 111.2.17 nazars alsaq)
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AAgY) = Gz ’11[_‘2“8 _‘2059]— °G /11[—120:,0 —izay, +
+Y B2+ Y rialk) )
k=1 k=t

_%{1'2'3/13 +iz2ZAy +i2Z A5 +i7 T +Z [zk mia)+

k=1

27220 my(a)+ 2z (a)+ 2472 myla)]+

+3 [ o) 2 )+ 2oy (b)+

+ 7722 b))+t e i i Ty i T o+

+3 [ 7 aa)+ 2 agla)+ 2 2+
k=1

L]

+3 [z gl o)+ 4 2 )]+

k=1
+24Y 7N (R)+ 20y 2% Ng(k)+i Ay z-
k=1 k=0
—i-iz-2+i%Hl-z—%Z-H1 (I.2.49)
vo va kompakt gokildas bu tenliyi bela da yazmagq olar.

AAw(‘)=i o 'Tf(")*Z p* -1 (k) (II1.2.50)

k=1

Burada agagidaki avazlamsalar edilib.
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* . 32 i9 32 i@
T k)=i—<A g & " +i—A -y -’ &+
() 9G2/11 1 5 962;‘1 9 5

1

+- eh2p. "5 +Eﬂl(alo € 9_0,“_3:'8)_85_

98(;2 (j'_i —31€+A4 ‘9+As -e_i9+26 319) & +

+1y(a)-** +my(a)-¢* ¥ +75(a)- Y +

+174(a)- k6% o .ie”1? & tia, g +

+ie? -, +ie ¥, - £+ ay(a)- 4P - (a)- €% +
+a e P L 2N (k) €% +id, € g5 —idy e g +
+—2-€[6 * Hl '85 “‘EH] e ‘66‘5;

-i{k+2)6 '86]_

EUENC ET

_% (6)- €7 +7,(B)- 69 117, (b)- 7427 4
+7,(5)- €4 1 o (b 6+ 4 g ()R 4

e
+a.,(b)e 1(&+4)9+21N1 (k) aka}

Oy =2B,+2B, +%B4; Oy =4B,+B;+B,;

P. P. _P. P P .
/135r1+2 73275,& 27, - 4;'2——2 ¥
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A)= -1y 2a2 BE)-r*; Agla)=1i 2k ap- A7
20 J J
+ P 1 .P -
llo(b)=_7’77k B(k) "k; '111(0)=5787k'ak A k’
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hs(b)=-7; ?kz Blk)-r*;

.J’;?k-(k—l).(k_z)ak ATk

b=

/116(“)=

1 ,P )
’7'”(“)=Zi’s jkz *(k-1)a, - A™;

/716(5’):%'7;?" : (k + 1)' (k +2)B(k). k.

A (b) = -i'ré i}kz (k+1)B(k)-r*;

P

/113(“)=-—;:r§7k-(k_1).(k _z)ak AT

1 .P .
’119(“)=-er 7k2 (k=1)a, - A7%;

’113(1’)=%'7;—§-k-(k+1)-(k +2)B(k)- r¥;

hro(6) =752k (k= B(K)- 1

ﬂao(a)=lr;'—k-(k ~1a,-A*;

a-|

[ o*
S~

5~

i =k-(k+1)B(k)-r*;

b |-

jqo(b) =

oy

1 .P _
'121(0)=—EJ/7 jk’(k_l)ak ATk
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In(0)==71 Sk (k- )B(e)- Iola)=rik-a - A7

ﬂzz(b)z*%?k‘B(k)"‘k; ’123(0)=_"2”}’67k2 '(k+1)ak A%

Io(b) =375 2k (6 =1)-B(k)

1 ,P "
'174(“)*‘-—5?’1715'("—1)'("-2)‘11: AT

ﬂm(b)=%y;§k-(k+1)-(k+2)B(k)-r";

Ab)= 14 2 e+ 1)B(6)- 1
1

+ P -
s (a)=‘£78 jkz'(k—l)ak'A o

(a)+ A (@) + A3 (@) + Ay (@) + Ao @)+ Ay (a):
= Ag(a)+ Ayy(a )+ Aigla)+ Ay (@) + A5 (a);
(a)+ Aola)+ Ay (a)+ Ais(a)+ Ag(a)+ Ay (a);

M(a)=

Ta(a)= gla)+ A(a); 174(6)= A (b)+ A (b);

7(6) = 4, (b)+ Au (B} + Au3 () + A4y (b)+ Ao (b)+ A, (b);

79 (b) = A5 (B)+ A4y (0)+ g (B) + Ay (B)+ A5 (b);

73(0)= A (b)+ Ao (b)+ Ay (b)+ Aus (b)+ A1 (b) + A3 (b);
@, =-33B,y, —60B,y, ~15y; B, + 247, B, ;

A,
74(a)

74(a)=14
m(a)=4
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a, =—18y; By ~ 48y, B, —12y,B, +8y;B, + 2} B, ;
. + 33 . . 9 .
a; =—30y;B; - 667, B, “?7234 +18y, B, +"2'71 B,;

a, =—36y; B, —24y,B, -9y, B, ;
asla)=8y;Bska, A* +14y,Bk*a, A~ +
+% YsBik?a, A" +10y;Bik(k —1)a, A™ +

+4B Yk (k-1)a, A™* + ;B k* (k—1)a, A™* +
+77Bsk(k — 1)k — 2)a, A™* + 6y; Bska A~ +
+6y, Bsk(k —a, A™*;

ao(a)=3Y£B3-k-ak-A"k+631.y;.k.(k+1)_ak_A—k+
+%}/;-B4.k.(k+1).ak,A‘k +4Bz-y;~k-ak-A_k—

+By ¥ k-ay- A -2y By k-(k—-1)a, - A +
+4y;'B3'k2'ak'A_k—%}’;-B4-k-(k—l)ak-A""+
+2Y£-B|-k2-(k+l)arA'k+%VE-B4-k2-(k+1)ak-A-*+
+%33-y;.k2,(k_l)ak.A—k +2y;Bsk(k_1)akA_k+

+47; - Bs-k-a, - A7,
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o,(a)=12y;-B; -k-(k~1)a, -A™* +6y;-B, - k-(k—1)a, - A™* -
~6y; B k-(k-1)-(k—2)a, - A +12y; - Bs -k-(k—1)a, - A +

+%y; By -k-(k—1)-(k—2)a, - A7;

os(b)=-8y;-B;-k-Blk)-r* +14B, .75 -k* - B(k)-r +
+%y; -B,-k*-B(k)-r* +10y; - B, -k - (k + )B(k)-r* -

~¥5-By-k(k+1)-(k = 2)B(k)-r* — 5 - B, - k*B(k)- r* -
—4y, - B, -k -(k +1)B(k)-r* -6y, - B -k-B(k)-r* +
+6y, - Bs - k(k +1)B(k)- r*;

(b)=-3y; - By-k-Blk)-r* +dy, - B, - k*B(k)-r +

+6B, -y, -k-(k-1)B(k)- r* +%y; By k- (k-1)B{k) r* +
+4y;-B, -k-B(k)-r* +y;-B, -k-B{k)-r* -

24 B, -k-(k +1)Bk)- r* -—12—)/; B, k- (k +1)B(k)-* +
127, B, k2 -(k —1)B{k)- r* _%yg.34 Bk -1)B(K)- r* -

_%yg By k% (k=1)B(k)-r* + 29 - By - k-(k + 1)B(k)-r* —

~4y; - Bs -k - B(k)- r*;
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a,(b)=12y; - B, -k-(k +1)B(k)- r* +6y; - B, - k(k +1)B{(k)- r -
-6y; - B, -klk +1)- (k + 2)B(k)}- r* -

—Ey; By k(k +1)-(k +2)B(k)- r* +12y; - B -k - (k +1)B(k)- r*;

* 1 - * 1
79("):535 -k-(k—l)ak AT ?’10(")=§Bs 'k‘(k"'l)B(k)"‘k?
Nik)= 17 Bs-k-(k—1)a, -A™;
N, (k)= B, -y;-k-(k+1)B(k)-rk;

Ny(k)=2k -a,-A™; N (k)=2k-B(k)-r*

Ns(k)=>" Ny(n-k+1)-N,(3-n)e,;

n=k

k+3

N(k)= Z Ny(n)- Ny(k—n+4);

n=1

’

i Nzn 2)-Ny(n~ k+1)e, +
k

+N2( 1)- Ny(3-2k +n)g; ]

k)= i Nz(n—k+l)N3(n+4);

(n=2)-N(n-k+1)e, +

Ms

+N1( k +1} N,(n—2k +3)¢; ]
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Nio(K)= 3 Nyln=k +1)- Ny(n+4);

n=k

Ny, (k- 4=Z n)-N,(k-4-n+1)e,

Nip(k)= Ns(k)+ Ny (k)}+ Ny (k) + Ny, (k- 4) 5
Nys(k)= Ng(k)+ Ny(k)+ Nyo(k);

|0 ogar k>2 . = 0 ogor k<2
' ogor k<2 1 ogor k> 2,

0 2gar k>2;
‘, { :

h agor k<2
0 ogor k<4 0 agor k=1,
1 ogor k>4 1 agar k=]
0 agor k=12 0 ogar k%3
86 = 81 =
1 sgor k#12 1 sgor k=3

Bu (IIL.2.50) differensial tonliyin hallini, yuxanda deyildiyi kimi
g = gll) 4 gV soklinds gbtiriiriik.

Burada
oV =c; - p"cosnp+c, - p° (I1.2.51)

bircinsli AA@® =0 tonliyinin umumi hollidir. @0,  iso

(II1.2.50) differensial tanliyin xiisusi hallidir. Beloki, bu halli
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o) = Zp

+ Z p*ra, T (k)+T(1)3; o° (Im.2.52)

kimi gotirmok olar ((II1.2.50) ifadasinin sag torafini dordqat
inteqrallasag);
Belalikla (II1.2.50) differensial tanliyin halli naticads bels

olar:

ol =i P T (k) + i p* %3, T,{k)+
+7, (1 ;33 o +csp” cos n; +2c6p ; (10.2.53)
Bu ifadslarda, asagidaki avazlomalor edilib:
s={lk+4N(- k-2)+ 2(k +3)k +2)+ (k +3)k + 2k + )

3, ={d-k)(k-2)+2B3-kX2-k)+(3-&Y2-k)1- O

c; va c; sabitlori, tirin yan sathindaki noqtalorda
7,, - cos(f, x)+ Ty cos(iz,y)=0 (II1.2.54)

gortlarindan tapilar. Bu gartiar, bilindiyi kimi [38,53] bu iki gortin

ddanilmasina gatirilor:

_H Tg)dxdy =0; _U tﬁ,lz)dxdy =0;
s s
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Ostrogradski-Qrin diisturunun kémoyi ila, ikiqat inteqrallar
birqat inteqrala gatirilir:

Hrl)dxdy—* Iqol X,y dy Iqa, X, y +dy =0 ;
H Qaxdy = [,(x,5)-dy~ [@y(x.y)-dy=0; (WL2.55)
Ly L
Bu ifadalords

9% _ 0.

a xz ? @l JT l)d_'x a¢2 - v ; ¢2 = Iz'gz)dx : (m.2.56)

Polyar (0,6) kordinatlarda r,()z) vo 78 gorginliklor

A= aw(l) sin@ + cosd a(a(l) ;
" 7)) p 90’
7;(1) = -aL(l)cose + MM - ; (III 2 57)
7 3p p 98 ' -

f funksiyas: (II1.2.17) ifadast ila tapilir.
Belolikla (II1.2.55) ifadslarindan birincisi agagidaki sokla gatirilir.

a=) Hp'"+3 ot Hy+
k=1 k=2
+ Hyeyp* + Hee,p" + Hop's (11.2.58)
Onda yaza bilarik:
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[[ ?Odxdy= [@dy- fpudy=3 H, (&~ )+
s L L k=1

+ H6(t§ —tl“)— H, (:g-* -7k )+ H, (;g -t} )c; +
+Hyc, - (15'“ — )= 0; (11.2.59)

@, funksiyas: iigiin isa bela ifads alang (I11.2.56-da I11.2.57 nazara
alsaq)

9,(0.0)= Y, p***H;+Y p**Hy +Hy-c;p* +
k=1 k=1

+Hy-cop"+Hy -0’ +H, - 0% (1m.2.60)

Onda (II1.2.55) sartlarindan ikincisi bu gakla diisor:

] T?z)dxd)’ = [pdy- [p,dy=H, (t§+5 —f* )+

s I 4

+H, (:g-* - )+ H, (:g - )r:; +Hy, -(t§+' — )c4 +

+ Hy{if =t )+ Hy e - )=0; (m.2.61)

Bu ifadslorin alinmasinda x = pcos@; y = psingoldugu
dglin, dx=cos@do—psin@-d8 va dy=sin@-do+ pcosdf
oldugu nazara alimb.

Biitiin H, (k = m) omsallan, tirin en kasik olgiilorini
nazara alan N,m,A parametrlordon asilidir. Har bir konkret
baxilan tirin en kasik olgiilorindan asili olaraq tapilirlar. Belalikla

(I11.2.59) v» (111.2.61) tanliklarindan c; va ¢ tapanq:
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4} i 5 -t)e

-H,-
k=1
+(H,1—H6 Hg) (t;—tf‘)—[Hs H3-gij i (tg"‘—rf"‘)+
4 4) k=2
1 .
H . _ 6
t iy (’2 h Hy -1
c;_‘:i (H-, ggji (k+5 k+5)
k= 4 Jk=1
‘{Hs‘Ha‘H—gJi (‘g_k“fls_k) [Hu HaHg) (‘ —tl)
4 Jk=2 4
: -1
el -t i) - e
4

¢(') funksiyasim (ayilmada gorginlik funksiyasi) tapandan sonra

(yeni (I11.2.53) ifadasini tam miioyysn etdikdon sonra) T( va T(l)

toxunan gorginliklorin birinci yaxinlagmadaki ifadslarini bels
tapmaq olar (polyar 0,6 koordinatla):

(1) (1) (0) (1)
sz:laqa s 1 dg 7, = dg A.a(o B
p 00 p 08"’ dp ap

P-p? . .
-— .sinfcosf-A- f,-p-sinf (111.2.63)
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Bu ifadalarin alinmasinda

Tp=tD+ 470 va 7, =29+ 1.20);
oldugu noazars alimb.

Yuxanda gostorilon timumi hall, prizmatik tirin en kasiyini
blgtilorini xarakterizo edon A,m,N,r,e parametrlarinin miixtalif
variantlanindan asili olaraq ¢oxlu sayda konkret adadi misallara
baxmaq olar.

AsaZida bir nego adadi misallara baxaq

1.Biitdv dairavi silindrin ayilmasi (50k.3.3).
Bu mosslo odobiyyatda xotti elastiklik nozariyyosi
gargivasinds hall olunmusgdur.
Oyilmads garginlik funksiyas: ficiin belo ifads alimib
[67.95]

o x,y)=

4
Daira Ugiin atalot moment: J = - v puasson amsah P -

tasir edan ayici qiivvadir. Silindrin har hans: bir en kasiyi oxy

miistavisi iizerinds yerlasib.



Kasiyin morkezi O noqtosinds (y =0) toxunan gerginlik

700 xatti nozariyyado 7 = 1,38-5,—; A*- en kasiyin sahasidir.

A va B ndqtasinds isa (y=R)
P
Tig) = 1,23? .

Fiziki qeyri xatti qoyulugda bu moasslonin birinci
yaxinlagmada hoslli naticasinds gostorilon ndqtalords gargin
komponent 7, =t,(g)+/lrg) belo giymotlar alir (mis material
dlgin A =0,255-10" sm*/kq® goturilir).

0 noqtasinde (y=0)

r,, =70+ Ar =138 -0,03386 = 1341sm” /kq
A va B noqtalorinds (y =R)

7., =79+ A7V =1,23-0,03075 = 1,199 sm’ [kq .
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2.Dairavi silindirik bosluga malik elliptik tirin topa

yiikiin tasirindan ayilmasi (50k 3.4)

Bu masalo xatti elastiklik nazariyyasinda prof. D.I.Serman

tarafindon holl olunub [102]. Oyilmads gorginlik funksiyasinm

(xatti goyulugda-yani sifinnci yaxinlagmada) ifadasi asagidaki
kimi alinib:

2 6
0 _ . 42| £ 2 P .
qv((zf— i-A (pz—l -3 pﬁ—J z
6 2 6 2
—i- f .c3.23—i.A2. f .cl—s. 169 C3 .r_;
o -1 P -1 0 -1 Z
A=—;~\/a2—b2; pP= Z:b);

¢ =—‘C:p:1-(3p‘+2p2+3)—v-’;2p:1-co4+3p2+1);

2 2
p -1 4 2 p -1

Cy=— 30" +2p° +3)+v- ;

Ty (P P ) 60"

Ellipsin yannm oxu & ils, boslugun-gevronin radiusu R

arasinda nisbat, i¢ variantda 0,95; 0,9 vo 0,3 kimi gotiirtiliib.

Toxunan gorginlik 7,, {icin uygun olar z=ib va z=iR

néquolorinds  xalis mis material tgtn (4 =0,255-107)bu

giymatlar ahmib (birinci yaxinlasmada geyri xatti qgoyulugda)
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Noqtalar Xatti qoyulusda | Fiziki geyrixatti
R/b 2 2
/ (i ila ) (Eb— ita)
z=ib 0,95 153,702 52,09
0,9 26,91 25, 89
0.3 3,67 3,58
z=ir 0,95 |55,27 54,28
0,9 28,627 27,57
0,3 6,50 6,3

3.Dairavi boslugla zaifladilmis kvadrat tirin topa yiikdan
ayilmast (sak. 3.5)

Bu moasala da xatti qoyulusda 6z hallini tapib [3].
Oyilmada garginlik funksiyasi iigiin bels ifads alinib:

5 5
¢(0)(Z)=Hl£+Hs(£] +b1.£+b5.(_tj :
2 Z b4

el g 4o

4
Kasiyin A, B va C noqtalorinda tapilan gorginliklar iiygun
olarag bu qiymotlor alr (xalis mis material (igiin
A=0255-100sm*/kq?)
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2 2
z=ib, 1',(2)=2,1565%; r, =tQ+ Al = 398%

Az
2 2
z=ir; @ = —22562%", ¢ =79 70 = 218852
7 J
2 2
z=ib;r; r,(:z’)=2,176%; r =79+ 470 = 2111”—;’-

4.Dairavi bosluq va iki diizxatli catla zaifladilmis dairavi
silindirin topa yiikdan ayilmasi (yak. 3.6)

Qyilmoads gorginlik funksiyas: (0(0)(z) ticin bels ifads

alimb.

P)=5 H SWEOE

tz n=0

a, = i a, {84)" lr(:)k (LJ :

R

04, l,(,k) kamiyyatlari [51] igina asasan miiayyan olunur.
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En kosiyin oan qorxulu (an xarakterik ndqtalerinda)
néqtalarinds 7., garginliyi bu giymatlor alir. (/R nisbatinin
iki variantinda).

z =1.0lie noqtasinda

I variant: e=0,6R; r/R=0,5

0 ) PR’
T, =Tp +AT =26,78+(-1,071)=25,7 IT

AZ Xz
II variant: e=0,7R; ¢ =0,5R;
2
T, =2892+(~11,568)= 27,76%-

Z = iR ndqtasinda

I variant:
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2
7, =11,26+(-0,3378)= 109228~
J

I variant:

2
7., =14,65+(-0,5320)= 14,07FRZ
J

Biitin bu baxilan mosalalorin halli gostarir ki, ayilma
moasalalarinin - geyrixatti  qoyulugda halli  xatti  qoyulugdak
hallordon 2:10% farqli alimir. Bu tirin en kasik 6lgillarindan va
materiallardan asilidir.

Bu adadi misallan davam etdirmok olar. Bunu galacak
tadqigatgilanin 6hdasine buraxing. Masalaon en kasiyi tam-biitdv
kvadrat, ellips, altibucagqli olan prizmatik tirlorin xatti elastiklik
nazariyyasi g¢agivasinda molum hollarindan istifads edib fiziki
gevrixatti qoyulugda ayilmo masalslorine baxmaq olar. Diger
tarofdan ki rabitali oblasta malik tirlerin geyrixatti qoyulugda
ayilmosini tadgig etmoak olar va i.a. Halo mon, en kasiyi diizxatli
¢atlara malik prizmatik tirlarin heollinin, demok olar ki, ham xatti
goyulugda, ham da fiziki geyrixatti qoyulugda hallarinin gox az
oldugunu demiram. Bir sozla galocak todgiqatgilan kifayot qadar

masalalorin holli gozloyir.
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§3.3. Lovholarin fiziki geyrixatti goyulusda ayilmasi.

Sonlu va sonsuz izotrop 16vhalarin syilmasi masslalaring
bir gox adabiyyatlarda va bizim terafimizden Azarbaycan dilindo
ilk adsbiyyat olan {26} isinds miifassal baxilib. Ona goreda bir
¢ox ifadalorin alinmasi, 16vhalarin ayilme funksiyasimin w(x, y)
tapilmasi iigiin tonliklorin ¢ixarlmasi va sorhad gortlorinin
6danilmasinin ifadslarini hazir gokilda veririk.}

Burada biz asasan sonlu iki rabitali coxbucaqli 16vhanin
miixtalif  yilklomolordon  gorginlik—deformasiya vaziyystine
baxiriq. Lovhonin qalinlifi & olub digar dlgiilore nazeren (enins
va uzunluguna gora olglilar) ¢ox kigikdir. Lovhs xaricdon diizgiin
coxbucagh il (L, konturu) mohdudlagib. Catlarin tapa

néqtalarinin koordinatlan e ilo isars olunub (gok. 3.7). Xotti
elastiklik nazariyyssinda oldugu kimi, fiziki geyrixatti qoyulusda
da asagidaki gortlor (farziyyslar) gabul olunur.

1. Lovhanin orta milstavisino perpendikulyar olan xatlar,
deformasoya olandan sonra da oyilmis orta saths
perpendikulyar olurlar vo 6z Olgiilarini saxlayirlar
(normal  xatlorin  deformasiyaya  ugramamasi

farziyyasi)

* Biitiin bu masalalaris dair genig malumat almaq tigiin oxucu-tadqiqatg
[9,26,43] adabiyyatlarina miiraciot eda bilar.
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2. Lovhslerin orta miistovisi sonsuz kigik deformasiya
aldiindan onu nazars almiriq, yani lévhenin ayilmasi
zamani orta miistavi he¢ bir dartilmaya (va vya
sixtimaya) moruz galmur, sanki neytral lay rolunu
oynayir.

3. Lovhonin orta miistavisina perpendikulyar olan ormal
o, gorginliyi, diger gorginlik komponentlaring

nisbatan ¢ox kigik oldugundan, onlan garginlik va
deformasiyalar arasindaki asilihqlarda nazars almurlar.

Bu gostanilon gortlor daxilinda 16vhonin ayilma tenlivi (Sofi

Jermen tanliyi) asagidaky kimidir

AAw = glx.y ); (IIL3.1)

Burada

Er’ 1 3K+G . 3

P i) 3 3k +ac

16vhonin silindirik sartliyidir.

Bu differensial tanliyin tmumi holli, mslumdur ki,
16vhonin kanarlanmin  baglanmas: (barkidilmasi) wsullarindan
asthdir. adsbiyyatdan melumdur ki, 16vhenin kensrlan iig¢ tisulla
barkidilir:

- lévhalarin kanarlar sart barkidilib.

Bu halda sarhad gartlari beladir:
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w=0 g——O vaya w=0; 3: 0; %ﬂ)
- lovhelorin kanarlar: oynagla barkidilib. Onda sarhad
sartlari bunlardir:
w=0; M, =0;vaya w=0;
2 2 2

v-Aw+(1-v a—‘;-cosza+—‘:-sin2a+ 2 sin2a |;
ox dy oxdy

a bucag konturun n normali ils ox oxunun oamsls
gatirdiy bucaqdir.
- lévhanin koanar sarbast oturdulub. Bu halda sarhad
sartlari beladir:
M,=0;H,=0; 0, =0;
Bir ¢ox hallarda bu iigiincii sarhad sortlarin sonuncu ikisini

birlasdirib bela ds ifads etmok olar:

oH,,
=0;
ds
Bu sortlarin kombinasiyas1 da {(qangiq serhad sortlori)
méveuddur.
2 2 2
A= 9 0 =4 J . Laplas operatorudu.

+
ox? 9y 0707
q( ,y)- I6vhonin sathina (orta miistoviys perpendikulyar olan
soth) tosir eden paylanmug yilkdir. Bu yikk 16vhonin (st
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oturacagmna (z= —% miistovisina) tatbiq edildikd> &, normal

garginlik o, = —q olur.
Ogar lovhenin alt va iist oturacagina heg bir giivva tesir etmirso,

onda g, =0 olur.

Baxilan I6vhanin fiziki geyri xatti qoyulugda ayilmasinin
tanliyini ¢ixanlmasinda, xatti qoyulusdak: mahdudiyyatlardon
(sortlordan) istifads olunur [9,26,38]. Belo ki, 16vhanin Z oxu

boyunca ayilmasini w(x, y) funksiyasi goklinds gotiirsak, yuxarda
deyilanlars ssason, deformasiyalan bels ifads etmoak olar:
E,=—2 Wy £, =T Wy,
Wy =22 Wy W=V, =0; (II1.3.2)

Kigik deformasiyal tigin gorginliklerls (o) deformasiyalar (g;)
arasinda asilhiqlar asagidaki kimidir [38].

o, =3K - x(&) & +2G- y(u/g)-(ex —£&);

o, =3K - (&) & +2G-y(w0)-(ey —eo);

ty =G W) v, 7, =G 1wd) v,

1, =G Yt} wy; (11.3.3)
Yadda saxlamaq lazimdir ki, orta mistovi iizarinda (z=0)

o, =0 oldugunu gabul etmigik.
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Bu sonuncu ifadslords ([I1.3.2) vo hamginin orta uzanma
deformasiyasimin

£ O, _ o, to,
3K ple) 3K xleo)

oldugunu nazsrs alsaq, yaza bilarik:

o, = “:(62_0,—{[/3)' G- }’(l//g) [th + V(So,l//g)- wyy]' Z;5
Oy = _i__"(jo’_wg)‘c ' }’(l//g)- [wyy +v(€0’”’§)' wxx]' Z5
7, ==2G -yl ) w; (IL3.4)

Bu ifadslords Z(EO) uzadilma funksiyasi, y(wg) isa-siirii;ma
funksiyasidir. Hor iki funksiya (1.1.31 va L1.32) soklinda

gotiirilir. Xotti elastilki nazariyyasinds oldugu kimi, enins

uzanma &, bels bir ifads ilo miiayyan olunur:

Vo

- (e, +¢,) (I.3.5)

Burada (III.3.2) ifadesini nazars alsaq alaniq:

Yo_. .. Aw (IIL3.6)
1—' vO

£, =

Onda orta uzanma (g, ) tictin alinms

£ =';T(£x +£y +£z)
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ifadasi belo gokls diigar:

_11=2v
3 1—v0

60—

z7-Aw (I1.3.7)
Siiriigma deformasiyasimin intensivliyinin kvadrat (wg) bolma
I malum olan (I.1.19) ifadasi bels olar:
2_3 (2+ 2)+ W+ +32]- 2, (I1.3.8)
W0“8V1wxx Wiy JH Vg W +wy, +3w [ 27 3.

Burada

vy = v- Puasson amsalidir

Xoatti elastiklik nazariyyasinds oldugu kimi, burada l6vhanin har

hanst dxdy olgilds elementinin miivazinat gortino baxsag, vahid

uzunluga diison oyici momentlar asafidaki ifadalarla miiayyan

olunarlar:
) +hi2
M, = J.O'x-zdz; M, = I o, -2dz;
~h/2 k{2
+h/2
My=-M,= [z, 2de; (IL3.9)
—h2

Kasici qlivvalar iso bu ifadalarla milayyan olunurlar:

+h/2 +h/2
Q.= [r,d; 0,= [z, dz; (I113.10)
—kf2 ~if2
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Bu hor iki (II1.3.9) va (II1.3.10) ifadalori miivazinat sortlarinds

ao' +f£:0’ arg,+aay _0:
dy dx  dy
nazar? alsaq, alarig
8Q y
—*+—=+4(x,y)=0; 1.3.11
5t ax glx,y)= ( )

Indi, agoar (II1.3.4) ifadalorini (II1.3.9) diisturlaninda yerins yazsaq,
ayici va burucu momentlar (MI,M y,M xy) ficiin belo ifadalor
alang:

M, =—G-—{1§-(A-wn+y-w”);

h3
M,=-M,=-G: < (A~ ﬂ) (I11.3.12)
Burada agagidaki svazlomolar edilib:

+h/2

w9)=33 |

A 1Y 50,‘//0

w(x,y)= 12+hf2 Avilolensi) dz;

Wy, 1- e 2

.22 -dz:

- (II.3.13)

Ogoar (111.3.10) ifadslorini (II1.3.11) miivazinat gortinds nazars
alsaq, alanq:
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2 ’PM,, M

0 Agx -2 =+ 2

ox dxdy ay

Bu tenlikde (III.3.12) ifadolorininazors alsaq, asagidaki

Y +q(x,y)=0. (IIL.3.14)

differensial tonliyi alang:
0 d
A-AAw+24, —(Aw)+24, —(Aw)+
w X ax( ) y ay( W)
g tay ) we v (U, + ) wy + (TL3.15)
6

+24, - p, ) w, =@-4(x,y);
Bu differensial tonlik, lovhoalorin fiziki qeyri xatti qoyulusda
ayilmasinin tanliyidir. Bu tanlikds igtirak edan A(x,y) va wlx,y)

funksiyalanndaki ¥ va v omsallanimi y=A=1 gotiirsak, onda
(IH.3.13) ifadolori sadalagib

1 3K+G 6D
Ax,y)= =2- =—— = const
1-v, 3K+4G Gk
u=—22 = const (IIL3.16)

1-v,
$aklina diiger. Onda (II1.3.15) differensial tanlik xatti goyulusdakt
moasalonin hallindaki differensial tonlikls tist-iisto diigor.
Ogar X va ¥ koordinat sistemi avazina polyar koordinat sistemi
(p,ﬂ) gotiirsak, onda (HI.3.15) differensial tonlik bels gokla

diisar:
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Ewe]_:_ﬁ..ﬁ(ﬂ_m; (IM.3.17)

Bu tanliyin alinmasinda

x=p-cosf; y=p-siné;
o o ¥ 19 1 &
oxr 3y? dp® p op p* 08°

va i.a. kimi ifadslor (yani dekart koordinat sistemindan, polyar

A=

koordiat sistemina kegdikde meydana ¢ixan gevirmo diisturlar)
nozars alimb.

Istor (II1.3.15) differensial tonliyi olsun, istorso ds
(II1.3.17) tanliyi, onlar1 hall etmok riyazi cahatdon gox gatindir
(bozon do miimkiin deyil). Ona gora do, holli sadslogdirmak
mogsadi ilo A(g,) va #lw?) funksiyalarni (1129 - 1.1.32) belo

gotiiriirlar (ilk iki hoddi saxlayaraq).

4(e)=1+ 1, &5 ; 7(W3)=1+72 -l/f(f;
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Bunlan (II1.3.3) yerina qoyub, %, va ¥, amsallarinin qiivvat

listlii sira goklinda gotiiriib, yalmz ikinci daracali giivvat tistlii
hadlari saxlayirlar. Bu iisulla halgavari lovhsnin miintazom
paylanmis q(x, y) yikii tasirinden ayilmosi mosalosi [38] isinda
hall olunmusdur. Bu masslonin xatti qoyulusda halli [53,56]
iglarinda miifassal hall olunmusdur. Fiziki geyri xatti qoyulugda
bu mosslenin hollindan (I6vhs sabast oturduldugu halinda)
agafidaki naticalar alimib.

Aliminum tunc (latun) ii¢iin
K =135-10°kQ/sm? ; G =0,477-10°kQ/sm?;
¥, =-0,04-10°; y, =-38-10%;

g=018k0/sm*; h/R =—516;

2 2
w(l)=h[0,14625—0,29322(%} +0,14889-(%) +}

4 2P
Xotti qoyulugda ayilma w, = % . |:1 - [T;—) } ;

Dairavi biitév 16vhanin markazinds (r = 0), ayilms bu giymatlari
alir:
wy =0,1455- h ; - xatti qoyulugda

w, = 0,14625- h - fiziki geyrixatli qoyulusda
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Bu oayintilara uygun olan gorginliklor tgiin bu giymstlor alinib
(r =0 olan halda)

og) =223,79 kQ/ sm* - geyri xatti qoyulugda

o) =226,45kQ/ sm® - xatti qoyulusda

Alinan naticalor gdstarir ki, syintiler (w) va garginliklar (crp) har
iki halda-istar fiziki geyri-xatt istarsada xatti goyulugda olsun gox
az farglanirlar (2% -qadoar).

Tadgiqatgilar, xatti goyulugda lovhalarin ayilmasinin wo(x, y)
funksiyasim konkret misallarda ifadasini bilarok, qeyri xatti
goyulugda birinci yaxinlagmada bu funksiyamin ifadasini,
homginin  goarginliklorin  birinci  yaxinlasmada giymatlorini

(gostarilon metodla) tayin eda bilarlar.
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Sada handasi cisimlarin
atalat momentlari

Cadval Ne 3.1

Hondosi fiqurlar

Otalat momentlari

Jx

Jy

ircinsli ¢ubuq

2. Diizbucagli 16vha|1.B

25

Mb
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5.Silindr 4 Dairavi 16vha | 3.Elliptik l6vho
LB} t
3]
° - ° o
b
b -
Y ¥ Y
=|x
— IS =
D g !
+ ™ =
x ~
—tde
al: I
— F-a
e x
+ ~ &Ix«: §
= N
——
.w.l-
-4
X 2 5
NIH:M Nl"’n 5
o
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Cadval Ne 3.1

Handasi fiqurlar

Stalat momentlari

J, J, 7.
&
2
B A | () | (R4
= ) 4 4 2
A
D
4
J\?
5]
m ¢ Mp'r ) | Mak) | Mats)
&M y 3 3 3
-
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Cadval Noe 3.1

8. Piramida

a\mmu ¢

20 {4 +da

1
< K«%g« @J

9.Konus

&s\mm &
+R

20 T

IMR
10

10.Kiira

— MR

e MR
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11. Coxbucagh lovhanin atalot momenti
b
y

a

Bir ¢ox texniki moasslolorin hollinds, vahid qalinhgh
dairovi lévhs iglin (bax cadval Ne3.1) disturu ovazinog
asagidak: ifadadon istifade etmok olverish olur. Ogor

M = ynR* nazors alsaq, onda
R? R*

Jo=mX & I
0 =m= }752 (1)

olur.
Bircins maddslor iiglin  sixhq omsah ¥ =const

oldugundan ¢ox hallarda ¥ —nu yazmurlar, sadacs olaraq

Jo=”7 (2

yazilir,
Burada J,- qiitb (polyar) otalot momentidir. (bazan J,
goatirilmis polyar atalst moment ids adlamr).

Diizgiin ¢oxbucaqli 16vhalor digiin polyar otalst
momenti bu diisturla hesablanir [14]:

Jo= (Ig(x" + y? ixdy 3)
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Kompleks dayison funksiyalar nazariyyasino asassn, z
va onun gqosmast z U¢iin
z=x+iy; Z=x-iy, di=dx+idy; dz=dx-idy (4)
yazmag olar.
Bu z vo 7 ifadslorindon x va y tapib, natice etibarilo
yaza bilarik.

dx=—;-(dz+d2), dy:——;—(dz—dz') ‘ )

Qauss-Ostroqradski diisturuna asasan, ikiqat inteqrali birgat
inteqgrala gotirilir.

7= IJ( +y? Jixdy = (x ldy (6

Burada mthral biitév L konturu boyunca elo apanlr
ki, kasik sahasi homisa solda qalsin.
Sonra bu inteqralda:
2=x+iy; Z=x-1iy )]
ifadolorinin kdémoyi ilo + vo ¢ doyisonlorino kegsok, alang
(kontur {izarinds z doyiseni ¢, 7 isa 7 doyigening kegir):

J= l [ (zdr - rdF) (8)
8i;

Burada ¢ vo onun qogmas: 7 baxilan L konturunun ixtiyari
noqtasinin affiksidir.

L konturunun parametrik tonliyi molum oldugda bu
inteqral asaniigla hesablanir,

Diizgiin coxbucaqh kontur iigiin:

t=Ale” + me“i(N'l)a] , f=Ale" +me"(N")g] (9)
Bu ifadslordoki A,m,N komiyystlori (1.1.10) diisturundaki

kimi miloyyen olunur. belslikls, goxbucagh 1vhalar iigiin en
kasik sahasinin polyar stalst momenti agagidaki diisturia
hesablanir [26,53].
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J =%4[1+2m2(2—N)+ m* (1= N)+ me(d— N)+ (4—3N)me]

(10)
E=0,agor N#2;e=102gor N=2
Masalan, diizgiin altibucagh 16vho ligiin (N =6);
4
J=—m;—[l—8m2-5m4] (11)
kvadrat 16vhs {li¢lin (N = 4)
4
J=%[1—4m2—3m4]. (12)

Ogar cismin en kosik sahasi hor hansi L; konturu ils shats

olunan bosluga (desiys) malikdirss, onda polyar otalst
momentinin ifadasi soklinds olar

J= Jz - Jl
Burada J,— xarici L, konturu ilo shato olunan en kasik
sahosinin stalat momentidir J, iso daxili Z; konturu ils shats
olunan boslugun (desiyin) sahassinin atalat momentidir.
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Preface

Physical non-linear problems (non-linear case of relation
between stress and strain components) are considered in the
monograph. The two domain (for finite domains) problems of
elasticity theory (plane problems, torsion and bending problems of
prismatic beams) are solved both in small physical non-linear
statement (Cauchy, Genki, Kawderer’s point of view) and
arbitrary physical non-linear statement (Green, Adgins and
etc.point of view).

As the solutions of many problems of elasticity theory
with the considered domains in physical non-linear statement have
not studied enough and especially, as there are no solutions of the
problems for domains with linear cracks, this book is of great
importance. _

A majority of the problems in physical non-linear
statement considered in the book, were solved by the author
himself.

To save the time of researchers, some needed
mathematical calculations are given in the ready form. Some
advices to future investigations find its place in the book. It should

be specially mentioned that to understand the strong mathematical
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calculations the reader must possess appropriate mathematical
knowledge.

Not all the problems of physical non-linear elasticity
theory have been considered in the book, we have considered
some problems that we are interested in some problems not
considered here may be easily solved by the method mentioned in
this book.

The monograph is the first book in the Azerbaijan
language in the field of physical non-linear elasticity theory.

The book is intended for a wide class of readers, for

students, post graduate students, teachers, researchers and etc.
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INTRODUCTION

Development of science and engineering in the last years
requires to extend classic theories, to reject linearization of some
assumptions and principal equations (dependencies between stress
and strain components) and to solve some important problems that
are not covered by classic elasticity theory. Therefore, solution of
non-linear problems is very urgent in deformable solids
mechanics. This is connected with importance of exact analysis of
stressed states of solids under consideration and with the fact that
these pnysico-mechanical processes can not be explained by the
laws known from the linear elasticity theory.

All what has been said, leads to development of non-linear
elasticity theory, as non-linear problems have a great importance
in physics and up to date engineering.

Rejection of part or all of the assumptions and errors
adopted in elasticity theory gives a rise to new variants of non-
linear elasticity theory (there are different relation forms between
strain tensor and stress components).

In classic elasticity theory, linearization is mainly
conducted in two directions. The first one is geometry of a
deformable body (as deformation is very little, their terms of two

and more power are ignored). The second one is physical
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properties (relation of stress and strain, i.e. the Hooke’s law) of
material of a body under consideration. These two facts were used
in appearance of elasticity theory.

Physical law of deformability, i.e. relation of stress and
strain (in other words, principal determining equations expressing
the state of elastic body) are expressed in two ways:

1. The method based on general functional relation of
stress and strains (between two different power symmetric tensor
components). —a point of view of scientists as O.Cauchy, Genki,
Kauderer and etc.

2. Inclusion of deformation energy function into elasticity
potential. A point of view of such scientists as A. Green, D.
Agins and others.

Determination of real physical expressions between stress
and strain components with regard to the mentioned two points of
view, and solution of some urgent problems of up do date
engineering are important issues of non-linear elasticity theory.

Some actual problems of non-linear elasticity theory were
solved by the known scientists working in this field as N.N.
Goldenblatt, A.N.Guz, K.Z. Halimov, J.S.Erjanov, D.D.Ivlev,
A.A. Lyunlin, A.S.Kosmodaminskii, Yu.l.Coifmann,
D.L.Laurie, H.M.Mushtari, V.V. Novoghilov, Y.S. Postricage,
Y.N.Rabotnov, O.Nemish, H.A.Rahmatullin, L.Z.Sedov, G.N.
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Savin, P. Lukas, S.Lekhuitskii, I.Teregulov, N.S.Sailov,
L.A.Tolokonnikov, G.S.Tarasev, D.P.Khoroshin, I.A.Truspal,
D.Adgins, A.Green, S.Trusdelli, F.Indra, G. Cauderer and
others.

The works done in the field of non-linear elasticity theory
in our Republic is related with the names of such scientists as
A.Mirzajanzadeh, Y.Amenzadeh, M.A, Babayev, A.Z.Isayev,
N.Mamedsadygov, R.Kerimov, N.Guliyev and othes.

In this book, we leave geometrical linearization, violating
the Hooke’s law in considerable degree (assuming that small
deformations change by linear law) we consider the case when the
expressions on relation of stress and strains consists of non-linear
terms (physical non-linear elasticity theory).

The book consists of introduction, three chapters and
references. Plane problem of physical non-linear elasticity
problem is considered in chapter 1. (investigation of stressed state
of finite polygonal doubly connected plates under different
loadings)

In charter I torsion of prismatic beams are researched in
physical non-linear statement.

Bending problems of prismatic beams in physical non-

linear elasticity theory are considered in chapter II (problems of
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absolute bending and concentric lateral bending of a ball under
loading).

As the book is the first book in this field book in this field
in the Azerbaijan language, valuable advices are given in each

chapter for future researchers.
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PART I

PLANE PROBLEMS OF PHYSICAL
NON-LINEAR ELASTICITY THEORY

1. Problem statement. Basic equations of physical

non-linear plane problems.

It is known that classic theory of elasticity is based on
Hooke’s principle* expressed by linear relation between stress and
strains. Here we give only very important expressions for deriving
basic equations of physical non-linear elasticity theory. For wider
information in this field, one <can see references
[21,22,38,63,83,94].

It is known that in physical non-linear elasticity theory, the
equilibrium equations under the action of certain forces are as

follows: [22,38]:

* We think that in order to understand the problems in the book, the reader
sufficiently knows the basic notions of the classic elasticity theory and higher
mathematics. The reader may be acquainted with many books on “Elasticity
theory” written in Russian and English and the first book in this field written in
the Azerbaijan language.
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ox dz
or az'yz 80'),2

xz Z=0 1.1.1
x oy oz (1.1.1)

In these cxpressions 0,.0,.0,, 7,,.7,,7, are stress
components, X,Y,Z are volumetric forces (for example, gravity

and inertia forces)
We can write the equilibrium conditions (1.1) in the
compact form (ignoring the volumetric forces)
o;,;=0 o (1.1.2)
The mean value o, of the normal stresses o,,0, and o,

is mean stress and is determined in the following way:
crozé(crx+0'y+az) (1.1.3)

At arbitrary point of the coordinate system oxyz the stress

tensor T is expressed in the matrix form as follows;

o 0 0
T=0 o, 0] (1.1.4).
0 0 o

Then, the free invariants S;,S5, and S; of the stress tensor
are in the following form: (when o,,0, and o, normal stresses

are basic stresses):
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S=o0,to,to, ; §,=0,-0,+0,0,+0,0,;

$;=0,0,0,; (1.1.5)

x

Tangential stresses intensity 7, is expressed as follows:

o= Lo oo 1o, oo +1o,-au) =

1[ 2,2, .2 ] 2,22
=\/§- o’ +o)+ol-0,0,-0,0,-00,|+1, +7,+7, (LL6)

Strain compatibility conditions
(relations between three longitudinal and three shear strains):
Qe i-ai’xy N 0y 7y |

dxdz dy| dy dx oz |
i -ayry + ayyz _ ayxy |

dxdy dz| dy dx dz |

Zﬁ-:i a_ﬂ._.*.ayyz _ay-!)’ : azyyz =82£y +82£z :
oxdy odz|dy ox 0z Mz 9zF oy’

2 2 2 az 2 az
Ve € ,06 9y 06 95 7

oxdz  ox* ¥ 0z " oxdy ay*  ox*

The relations between strains (Eu) and displacements

(u,v, w) are in the following form:

(ignoring the third and higher order displacements)
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gxx

_ . _Ou dv

ny—gxy—é-;'l'a

}/ =F£ _a_w+_a...l£+
Xz xz ax

ov aw

J/yz=8},z +ay

R
2
|

)
dz \ 9z 0z dz)

%l:
—
+
Fanmma™

Q
le::
[ =]

+
VN
cdEy
S
()

+

ox

dudu  vav wdw |
oxdy oxdy oOxody
dudu dwov dw dw
ox9dz Ox 0z OJx Oz
o Dl 00 90 T,
y 3y32 dy dz dydz

. (11.8)

It should be noted that if we consider the plane problem of

elasticity theory, then the expressions (1.1.7) and (I1.1.8) take the

following form:

Strain compatibility conditions:

-2¢

Exryy T Eypy 1 oy = 0

Exy =Vxy

The relation between strains and displacements

by =L+,
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In these expressions, i and j take the values 1 and 2

respectively.

The signs of coma in the expressions indicate (see. [.1.2,

1.1.10 and etc.) partial derivatives. For example,

£ =€ +8x,y +€y,x te,, =

de, 0d¢, £, OE,
=—24+ L +—=—+— d etc. I.1.11
. +I+ . and etc (1.1.11)

Based on. G. Green’s point of view for isotropic and

homogeneons bodies for relationships between stress components
0, and strain components &, some scientists assume that there is
inner forces potential isan energy function [22]
U =U("13J2;J3)
Here J,,J, and J, are arbitrary changing invariants of the

strain tensor

gxx Xz
D=|¢, £, (1.1.12)
Exz ¥z gzz

So,
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J =%(€n +€, +£a)=%£,.j

_1[
J, =2 EnEpy T €€y T ELE—

2 2 2 l_ 1

&= & £, |
J3 =§ E-‘)' 8”, 8)'?. =§€u8jk€lk (1'1'13)
£, &, £,

The invariant J, is called a volumetric extension. Similar
1o principal stresses (o;,ay,a'z), the &,,£,and £, are said to be
principal elongotions (strains in the direction of the coordinate

oxes x,y and z)
Ex SEy SE,
Called volumetric extension. Similar to principal stressed
(o'x,ay,a'z) the &,,€,, and £, are called
If in the coordinate system oxyz at arbitrary points
paraleld to principal elangations (é‘“,gyy,au) the shears

(ynan, V=€, and y,, =£ﬂ) are zero, then strain tensor and

arbitrary variable invariants take the form: (if in expressions
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(I.1.12) and (1.1.13) we take into account Yo =€ =0,

xy

Yye =€y =0and y,=€,=0)

e, 0 O
D={0 ¢, O (L1.14)
0 0 ¢

zz

and
Ji=g . tE, TE,
Jy=E.E,+EE TEE,

J, =€, E_ & (I.1.15)

- yy©z
According to stress components investigation the mean
clongation &, is defined as follws
1 1
80=§( u+£ﬂ+£a)=§JI (L1.16)

Then the circular tensor D, of the strain is in the form:

g 0 O
D=0 ¢ O (1.1.17)
0 0 g

This means that in the considered case, the chahge of the

volume of the body hoppens becanse the change of its form.
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Therefore , D, is called pure volumetric strain. Difference
of deformation tensor D, and circular tensor (pure volumetric

strain) is called strain deviator and is denoted by DY .

So,
£, — & £, £,
D'=D-D,=| ¢, £,, & £, (1.1.18)
£, £, E,— &

Strain deviator D’ is such a strain that a body gets it
withont of its volume (i.e/ a bady changes only its form).
Similar to tangential stresses, shear strain intensity factor is

determined by the following expression

W=

1.1.19)
2 12 I 2 (
=$J§[€5+5:+53_€x€y_€y£z-Exgz]+§(yxw+7:z+yn)

For pure volumetric strain (for £, =¢, =¢,=0) the

expression (L.1.19) is simplified and takes the form:

2
W, = \15 b2 +72+72) (1.1.20)

According to crystallic structure of body materals, the
relationship between stress and strain components is in different
form (for wider information see Smith and Rivlin [117], Green

and Adgins [22] and other references).
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It is kwoon that in many cases the crystallic structure of
materials of bodies mainly consists of these classes: triklin system
monochedral and pinocoidalic classes, monocline system {dihedral
axisless class, dihedral axis class and prismatic class), rhombic
system (rhombic pyramidal class rhombotetrahedral class,
rthombic dipyramidal class) tetrogonal system. This system
consists of 7 crystal classes:

- tetragonal- tetrahedral class

- tetragonal — pyramidal class

- tetragonal - dipyramidal class

- tetragonal — scalenchedial class

- ditetragonal — pyramidal class

- tetragonal — trapezoidal class

- ditphotrogonal — dipyramidal class
The cube system (cubic symmetry system) is divided info five
crystal classes:

- tritetrohedral class

- didodecahedral class

- hexatetrahedral class

- triactahedral class

- hexoctahedral class
Hexagonal system consists of 12 crystal classes:

- trigonal — pyramidial class
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Finally, we can notice transversal — isotropic symmetry systems

rhombohedral class

ditrigonal - pyramidal

trigonal — trapezoidal class
hexagonal — scalenohednial class
trigonal — dipyramidial class
hexagonal — pyramidal class
hexagonal — dipyramidial class
ditrigonal — dipyramidial class
dihergonal — pyramidial class
hexagonal — trapezohedial class
dihexagonal — dipyramidial class

and isotropic symmetry system.

Below we give some expressions for the existing
symmetry properties of the classic classes (we accept that these

are three directions of body material before strainand g,,2, and

¢, are unique vectors of there directions.

In the triklin system, there are restrictions in the direction of
unique vectors €,2,, €, and there is no restriction on internal

forces potential U/ (energy function) , i.e. this function is

expressed as a polynomial of strain components in the form:

U =U(eﬂ,£yy,£u,£,y,gﬂ,£n)
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For the next coordinate system we can choose any rectangular
cartesian system OXVZ.
For a monocline system, the unique vectors &, and &, make a
rectangle, a unique vector g, becomes perpendicular to the
surface e, e,. In this system, dependeme of the function U on
strains is as follows.

UlE g €yyr£000 601 €050 6 )=

yz*vaz
1.1.22)
U(Eﬁ,ew,au,—exy,a £ ) (

yz* Cxz
For a rhombic system the unique vectors €,,2,, &; are mutually
perpendicular to eachy other.

The origin cartesian coordinate axes (x,y,z) are taken parallel to
the inuque vectors g,,e, and &,.

The intermal force potential U/ function depends on seven

quantities (combination of strains)

_ 2 2 2 e )
U=Ules, 6,828 62 6 e e ) (1123

In tetrogonal case, the unique vectors €,,€, and &, are mutually

perpendicular to cach other.

As in the rhombic system, the coordinate axes are parallel to
unique vectors and the axis z is taken as the main symmetry axis.
In this case, the function U is taken in two forms. For the first

three classe this expressiaon is as follows:
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U (axx , o

. ogxz ):

T g2 2
£ yyrEuzr€ 1€, € ,

E oF

xy

_ 22 e e )
_U(ew,sn,gu,sw,gn,gyz,sw E,z £€_

For the last four classes it is taken as

U(Exx’Eyy’gzz’Exy’gyz’

=V, 8y, 64,6, E

E =
= (1.1.24)

yor €x )

For the cubic system the unique vectors €,e,, e; are mutually

perpendicular. A coordinate system with symmetric axes parallel

to unique vectors is choosen.

In the general case, for the cubic symmetry case, for the first two

classes the function U is taken as follows:
U(an,ew,szz,si,e:z,ei,sxyoe '€R)=

£ €, € )= (11.25)

xy
€ &€ & )
7 n =

i.e. a polynomial expression is used. For the last three classes, the

2
=U(syy,£zz,gn,£yz,€ €

»E

g gw

2
P >4
_ 2 2
_U(gu,en,sw,en,sﬂ
function U
2 2 2 _
U(en,ew,ea,sq,sﬂ,sn,sg €, ez)_
_ 2 2 2 . o )=
_U(en,su,syy,sn,eyz,sxy,exy eyz € (1.1.26)
_ 2 2 L2 e
_U(sa,sn,eyy,eu,sw,sﬂ,exy €. €, )
In the hexagonal system the relation berween the internal forces
g y

potential U function and strain components &; is on many
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variants. For the first two crystal classes this relation is created by
14 quantitis (combinations between strain components), for the
remaininj three classes this relation is created by 9 quantites.

In the transversal isotropic system, for all the crystal
classes the relation between the function U and strain

components &; is afollows (i.e.in the form of a polynominal):

_ 2 2. _ 22 .
U-U(£n+£w,£xy+£ﬁ,ezz£n sw,2£xy,sxz £y,026 _ syz)

Finally in the isotropic system, for all the crystal classes a
polynominal expression for the function U is as follows:
U=U(J1,J5.5) |
Here J,J, and J, are free invariants and are expressed

by the expression (I.1.15).

To investigate the expressions for stresses and strain
components for all the crystal classes mentioned above, is
impossible within this book. Therefore, we consider only the cases
for small cubic symmetry systems (Hooke’s lack for isotropic
materials are widely investigated in elasticity theory books
[2,9,19,26,30,45,67)

For crystal classes of the cubic system the relationship
between the stress and strain components is taken in the following

variants:
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k(s) glea
€ =_3§0‘C’0'5q +i2(%)(%' ‘%'51-,') (L1.27)

This relationship is based on the point of view of O.
Cauchy, A, Genki and G. Cowderer (a point of view based on

general functional relation between £; and o)

n

But this relation is from the point of view of A. Green and others
(a point of view including a strain energy function).

In these expressions K is a volumetric compression

modulus. G is shear modulus, f, is a stress function of the
material. U =U(J,,J,,J;) is a potential of internal forces

potential (energy density function), S;,S, and §; are stress tensor
. . . . 2y .
invariants, k(s,) is a mean stress, ((s,) function, g(to) is

intensity function of tangential stresses (1‘02 ))

o, . :
5q = 3—,‘(’ is the expression for the reduced mean stress,
2

ty =a— is the expression for intensity the reduced tangential

stresses. The functions k(s,) and g(tg) may be taken in the form

of infinite series [38]
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k(sg)=1+k,-sg+ky 52 +ky-5) +...  (11.29)

gi2)=1vgy 2 4g, tttggt+.. (11.30)
Here
ki==2;k =2Z,2—Zz ;
ky==5x+52 2 -, ; and etc. (1.1.31)
The function ¥ in expression (1.1.31) is the elongation function.
This elongation belongs to line size but not to time)
82==72; 84=3V2 Vi (11.32)
¥ is a shear strain function. With the belp of the functions
(o), k(s,) and g(tg) the reduced tangential stress intensity is
expressed as follows [38]:
S0.=00-k(so)s to =wo- Y2 ); (L.1.33)
It should be noted that if in the expressions (1.1.31) we replace the
coefficients x; and k; (i.e. replace one by another), we equalities
remain valid.
If we take onto account the expression (1.1.3) and (L.1.4) in
(I.1.33) use the mean stress tensor
T,=0,-E, (1.1.34)
then after some transformations we can find the stresses by means

of the strains in the following way:
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o, =3K k{sy) £, +2G- y(wo) (e, -¢
o, =3K -k(s;)-£0+2G-Yw2 e, ¢ )
)

o, =3K -k(sy) £ +2G- y(wo (g, -

)- .
7y =G-HWe) 15 7, =G-J/(w§)- Yyoi
7. =G -YW) 7., (11.35)
If we take into account the expressions (I.1.16), (I.1.17), (I.1.18)

and (1.1.33) strain components (s,j) are expressed by the strain

components in the following way: (in these expressions

£, =&, E,=E, are accepted as £, =¢€,).
1 1
€ = 3_K'k(so)'0'o +_G ' 8(‘5)'(0} ~0,)

£, =§-k(so)-cr0 +%og(t§)-(ay ~0,)

g, =—K°k(sO)'Go+%'g(r§)'(Gz-Go): Yy =é-g(t§)-fn:

Yyz =é-g(t§)'1'yz; yxz=é-g(t§)-rm; (11.36)
In the expressions (1.1.35) and (1.1.36) K is a volumetric
compression modulus, G is a shear modules.

A collection of fifteen equations mentioned above — three
equilibrium conditions (I.1.1), six strain compatibility conditions

(I.1.7) and six expressions ([.1.35) on finding stresses by strains
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(or expression (1.1.36) on finding strains by stresses) make the
basic system of equations of non-linear elasticity theory (for small
strains). It should be noted that for plane problems of elasticity
theory (both for a stressed and strained planes) the indicated 15
equations are very simplified.
As in the stressed state the plane is in the form:
0,=0; 7,=0;7,=0

the equations (I.1.1) and (I.1.35) decrease and become 6:
equilibrium conditions

%+%=0;%’9—+—a§1=0; (1.1.37)

Strain compatibility conditions

3%, 9%, 9%,

5 o a0 (1.1.38)
expression of strains by stresses.
6= klso)- 0o+ 2= 8l ) (0 00)
£, =%-k(s0)-ao +—216-g(tg)-(0'y —00)
. = (1; gl2) 7, (1.1.39)

In derivation of these expressions, It was taken into account that

the stresses 0,,0, and 7,, are very small in comparison with
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other dimensions of thickness of plates in the direction of the axis
z and these stresses depend only on the axes x and y.

Similarly, in the strained state of the plate, as in the classic
theory, in nonlinear elasticity theory, the above mentioned
equations are simplified and diminish in number. (it is taken onto

account that the plate is in strained state £, =y,, =¥,,)

We repeatedly notice that all there simplifications and
diminution of the number of equations are true only for small
strains.

When a plane is in stressed state, the reduced mean stress

(s,) and mean intensity of tangential stresses (r,) take the

following values:
1 1 0,
gy==lo.+a,); sp=—=-lo,+0,)]==2
3( )i 9K o:+2,) 3K
2 :wiz.[af +ot-0,0,+3]; (L1.40)

When a plate is in strained state, the stresses oy; in the

expressions (1.1.27) and (I.1.28) as in the classic elasticity theory
satisfy the equilibrium equations in the same way, and is
expressed by Airy stress function (F ) as follows [22, 28].

=F,40;~F (1.1.41)

rif

Here, the coefficients ; are determined by the formula:
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_

» 1.1.42
v 0, ( )

J, is a strain tensor (the first free invariant of strains) and for
plane stress state is determined as

Ji =€y (1.1.43).

According to (I1.1.4 and 1.1.43) we can write for i# j;

5ii=5ﬁ=l;fori=j; 5,.j=0

By the rule of “cube” order stress strain relation we can write

expression (1.1.28) as follows [22].

& =410 ‘5;; + A, Oy +4y _0.2 Oy +

+ 40004, - 6, i +24,, - OOy +

+ 2y O Oy + Ay 0,0y 5y +

+ Ay Oy O Oy - 8 + Aoy - 02, O (L1.44)
Here, the coefficients A4; determine the physical properties of the
considered materials.
Notice that as shown in {99] the expressions (I.1.27) and (1.1.28)

consider with the following values of the coefficients /L-j that are

elasticity constants.

1_ __1 82 .
M=K 6G’ + A= ﬂ’-’_ 27 G,
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A=Ay =4y =0 (11.45)

K (compression modulus) and G (shear modulus) coefficients in
these expressions are found by the E (Young modulus — elasticity
modulus) and v (Poisson ratio ) constants widely met in practice,

in the following way: (and inversely, if G,K are known, then E

and v are found)

LV g g 1K
2 Kv 3 K2
E=2V+I-G=3 v—2_ _ 9KG
v v 3K+G
Y= 2G _ 6 =9. 3K+G; (11.46)

E-2G 3K-E 3K -2G

If we write the expressions (1.1.27) or ( 1.1.28) of relation between
o, and strain components 8:'1’ in expression (I.1.7) of strain

compatibility conditions the solution of plane problem of physical
non-linear elasticity theory is reduced to integration of the
following differential equations:

From O.Cauchy, A. Genki, G. Gawderer and others point of

[t sl o)
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1 {ax-azg("%)m -azg(’3)+2r -M}o (L.1.47)

26 P RS A » " 3xdy
From A. Gereen, D. Adgins, and others point of view:

(ﬂn +’112)'AAF+’121 A[(AF) +
+ 4, -AlA(F,, F., )+ 208FF,, ), L+
+A‘31 -A[A(AF)3]+/1_Q '(F'i‘j F’if F’Im)’kn+

+ A, 60FF, P e A arF =0 (1.1.48)

In these expressions, F(x,y) is the Airy function of stresses:

So, for plane stress state we can write [25,43,67]:

2 2 2
axx=a—§— c ___8_1;‘ T =_8 F (1.1.49)
oy Yoox ¥ Oxdy
A is a Laplace operator:
2 2
A=—a--2—+a—2 (1.1.50)
ox* dy

The commas indicate partial derivatives (it should be
mentioned that in plane stress state, the { and j and also & and
n indices take the values 1 and 2).

If we consider the expressions (1.1.49) and (1.1.50)

in differential equation (I.1.47), we can write:
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i 1 1 | 2*F 9%els?
[ s ]335 258

+82F_328(‘3) 2 &F .azg(tg) =0 (11.51)

—_ .

x? oy’ oxdy Oxdy

It should be noted that in solving some stress

concentration problems it is convenient to use polar coordinates
(0.6).
Using the expressions for the relation of polar

coordinates and cartesian cocrdinates

x=pcos8; y=psing; p=1/x2+y2 ; tg6’=l (1.1.52)

X

for partial derivatives we can write:

d = 0 ap d 96 . i€=§L—)W=£=COSB

dx dpox 06dx ox ox P
i—ia_p ia_e, a_p=l=sin9,
dy dpdy 08 d Iy p
¥
30 ) a(arctg x] _)’_2 _ sinf a8 X cosé
ox ox p* p d P
2 2 2 2
A= d 0 d 1 ¢ 1 9° (L1.53)

= + = -+ — + — }
i’ ¥ 9o pop ptag?
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By means of expresions (I.1.53) we can write differential

equation (1.1.51) as folows:

az a a'Z t‘Z
A{[ﬁ-k(soﬁé-g(tz)]AF}—%[[#ﬁ;.{.%.%} §£0)+
+82F_[ 1 323(t§)+l.ag(t§)]j|_

op* | p* 36> p Op

_2[1 ’F 1 aF]_[lazg(fg)_iag(tf})}:O; (1.1.54)

00038 p*od) | p 08 o 36

As it is seen, the solution of plane problems of physical

non-linear elasticity theory is reduced to the integration of
differential equations (I.1.54) and (1.1.48).

In both differential equations, F(x,y)= F(0.8) is a stress
function.

It should also be noted that if in differential equation

(1.1.54) we accept k{s)=1 and g(tz )=1, and that in differential

equation (I.1.48) except A, the other constants are zero, the both
differential equations are reduced to biharmonic equation
AAF =0 (1.1.55)
(i.e. the considered problem turns into a problem in linear
elasticity theory) known from classaic elasticity theory.
In both cases, (both in solving differential eqaution (I.1.54)
based on O.Cauchy, A. Genki, G.Cawderer and etc. point of
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view and in solving differential equation based on points of view
of A. Green, J. Adgins and others) the boundary conditions are

determined as in classic elasticity theory.
If we take the functions k(s,) and g(tg) contained in

differential equation (1.1.54) in the form of a series as (1.1.29) and
(I.1.30), then the solution of differential equation and satisfaction
of boundary conditions meet many mathematical difficilties.

In many cases, the experiments on materials show thuf one
can take the dependencies between mean stress (s,) and mean
strain (g,) by the expressions close to linear rule. |

Therefore, for small strains, the expression (1.1.29) in
solution of concrete problems is taken as

k(se)=1 (1.1.56)

(small, i.e. little physical non-linear elasticity theory problems).

For the tangential stresses intensity function g(t;‘:) the first two
terms of the series in the expression (1.1.30) is taken

é(t§)=1+gz 12 (L1.57)

In these special cases (I.1.56) and (1.1.57), the solution of

differential equation (I1.1.54) for physical non-linear statement

simplifies.
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Based on existing refecenses on the solution of differential
equations, for the solution of differential equtions (I.1.54) and
(1.1.48) (i.e. for integration), the stress function F (x, y) is taken as
a power series of small parameter.

F=) AF,=Fy+A-F,+2 -F,+... (1.1.58)
n=0

The taken small parameter a is determined as

=,1_—.£'3_2.L2 (1.1.59)
3K+G G
for differential equation (1.1.54), and as
A= _ (1.1.60)
Au+dy

for differential equations (1.1.48).

If we take into account the expression of stress function F in the
form of series (L1.58) in differential equations (1.1.54) and
(I.1.48), and use the condition of equality of the sum of the same
power terms of the small parameter A, each of these differential
equations are reduced to n number of system differential
equations. The first of these equations (the differential equation
made of zero power of the parameter A ) is a linear, homogeneous
equation that corresponts to classic elasticity theory. The
remaining differential equations give corrections to linear

elasticity theory.
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Thus, the system of differential equations obtained in both cases

(i.e. differential equations (I.1.54) and (1.1.48) may be determined
in short by the following expression:

AAF® =0 (L1.61)

AAF®) 4+ [|FO@ FO pb-d—g  @162)

Here, L) is said to be a linear operator and consists of
the functions F©, FO, @ _F-1 gbtained from the solution of
the preceding differential equation of each differential equation
and the expressions of this derivatives.

The function F®) obtained from the solution of each
considered differential equation, make some corrections for
preceding ones.

It is known from the references that in linear elasticity
theory (plane problems), the Airy stress function F® s
determined by two analytic functions @{z) and w(z) by the
following expression [2,9,19,25,26,27,30,43,67] _

FO =RelZ-p(z)+ [w(cht] (L1.63)

Here, the symbol Re shows that the real part of the
expression in brackets should be taken.

Due to finite or infinite form of the considered body {plate,

cylinder, prismatic and etc.) and the number of connection of
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domains, the function @(z) and w(z)are taken as follows (see

some references [2,26,43,67] in elasticity theory field to get more
information).

1. For finite one-connected polygon contour domains,
(this contour may be in the form of circle, ellipse, squre, right

hexagon and etc.), the functions ¢(z) and (z) are found in the

form [2,26,43,671:

o(z)= i (ﬂk Ay wlz)= i B, (i)k (L1.64)

n= '—E— n=k
2.For finite doubly — connected domains, the regular

functions ¢(z) and w(z)are taken as [2,26,43,67]:
o0 o0 k
W(Z)= Zﬂk & +ZB;;(£) ; (1.1.65)
k=l im0 \A

Here & is the inverse function &= y{z) (L) of the mapping
function z=w(¢&,) of the inner contour around the unique circle.
For wide information see [51].

The coefficients A, and B, of analytic functions, are as in

(L1.64)
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A, = z “a, "IE,H.) i By = Z "b, 'aEa"—k (1.1.66)
- n=k

n=k q

The coefficients a'*) contained in expressions (I.1.64) and (I.1.66)
are found for concrete contour and given in the table form in
references [51]". The star * shows the indices inseries (I.1.66)
while passing to the next term increases by g (the number of
symmetry axes- the number of polygon’s sides). We assume that
in doubly connected domains the contours L, and L, are
concentric.

3.The analytic functions for multiply - connected finite

domains are found by the following expressions [2,26,43,67]:

* In our country and post SSSR (now ULS), regular function tp(z) and W(z)
were taken in a very rough form by researdiers. Such scientists exist at our
days, too. In our papers, we take such functions in the forms (1.1.64) and
(1.1.65) based on exact matematical operations. (by the advice of my
supervisor, world known scientist D.I.Sherman (the late)
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Here, the constants z; indicate the coordinates of ony points
interior to the contours L,(i =1,2,..n).
¥; are real constants, 4, are complex constants. The two-fold
series in the expression (1.1.67) indicate the function regular
everywhere outside of i(i =1,2,..n) number L; contours interior to
multipliconnected domain.

4.The analytic functions @(z) and w({z) for infinite one-
connected domains are found as [2,26,43,67]:

A2)=9(£)=Y a,-&*

k=1
w(z)=y()=3 b &+ (1.1.68)
k=1
5. The regular function @(z) and w(z) for infinite doubly -
connected domains are found as follows [2,26,43,67]:

o2)= a,-&*+3 b-&

k=1 n=]

v(@)=3 ¢-&*+3 4, -t (11.69)
n=1

k=1

The variables £ and £, are the inverse functions & = 7,(z) and

&, = ,(z) of the mapping functions z = (&) and z=w(£,) of
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contour L, and L, bounding the infinite domain (S) from
interior.
In the expressions (1.1.64) — (I.1.69), as z is a complex

variable, below we give some transformation formula in order the

reader save time.

So, as z =x+iy and its adjoint z = x—iy, we write

1 LY A
—E(z+z),y— 2(2 z) (1.1.70)

Partial derivatives:
3 _03% 0% 3. 0.

ax azax 07 oOx az+§f_’

9 _00z 9 d_ (i_i_] @LL71)
dy dzoy dz dy \dz &%
Their inverse expressions (derivatives):
0_92:, 0% 13 _3),
9z oxdz ay oz 2lax oy)’
a aax d oy 1({d . d
—_——t— == —ti— 1.1.72
% oxoz 9 o 2[ax+‘ayJ @172

The Laplace operator A is expressed by the complex variable z

as follows:

A= =4 1.1.73
9P owe L7

By what has been said above, any biharmonic eqution
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AAf =0
may be expressed by complex variables as follows:
4 4 4 4
3{+2 32f2+3{=16 zaf 2
ox*  axZoy? oy 0z%-9(z)

Considering the important part of conformal mapping functions in

AAf=

=0 (L1.74)

all problems of elasticity theory, for oftenly met domains in

engineeringwe give the coefficients a,(,"‘) found for z =a)(cf) and

its inverse £ = x(z) and functions and appropiate contours in the

following table form (see table Nel.1 and 1.2)
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§ 1.2. Stress state of a polygonal plate possessing a
central annular hole and two linear cracks in the small

physical non-linear condition.

As it was noticed in § 1.1. if we take into account the
series (I.1.58) of the stress function F with respect to the small
parameter in differential equation (1.1.51), for the first three
approximation (zero, first and second) we get the following

differential equations [38,53]

AAF® =0 d.2.1)
AAFY 4 1 [FO|=0 12.2)
AF® 4+ L |FO), F®|=0 (12.3)

Here LI[F (0)], LZ[F (0),F (2)] are non-linear operators

and defined by the following expressions:

1
LI[F 0)] pppp '[Z(thg) __ngO) -

Yo,

2
_L g0, F(o),,[l F(o)+LF(o)] .
o 6‘9) SO VI

2 L0 )( {0} J 0)
F Fl+— F +
2% op 88
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P

+2(p (°)+p F(") ]+—(F;(,g%;

+{FOY .2 [F(") pF(°) p Fgg>J+

2 (n0) ( © (o))
+=.(F FOL— . FO|-
2 (e (L0

2 (- P (r0)_2 o) 2 (o))
-~ (FO P (FO_Z plo_ 2 p@),
p6 (9966)2 (pp 0 0 o0

20 O .(l. FO, L. Fa(g)J+
o

1 2 2
+FF,§336 [F(O) [ FO . ;Fj°)—?F£)]+

00

P o
+ 20 rl £ -2r0f 2 £ -

_2 FO. F(°)+ -(F o))2+ FO. F(u)]
p

2 2 2
——3F,ss;-F;z%F,szu;-Fsz;.[(F;?zf-;:fgmfszu

2 o 2 2 2
+FF; ).Fgg>-7.(ﬁ,§g>) - F,ggtpgg)}

2 70 2 g0 g, pof 1
+F'Fm'|:—'E'Fm .Fpa +qu3 ?q)(goe)'f";(bg) +
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4 4 '
2 FO. F‘gg),,?. FO. chg)]J,

1 3 2
7@5::))’-;-F,sm-(:v;z))z+—4F,£z>-(F,S°)f—
_;)‘}I (FOF . FQ- p4 F9.(F (o)f,, FO.FO . FO +

o 0O + RO 4 2 7 )+

) T D+ S £

L[F®, F0]= 2[a0® AF0 + 6@ . pAAFD +
3

+200(aF0) £ 260(AF D), + a0® . AFO +

+ 2<1>S)(AF(°))p + 2¢$,°)(AF(°))9]— [Cl’g(%- F+ % - Fé‘)] +

+q,g),(iz.p(0)+1 ()J F(l)[ 2+ 1 q:“’))
p P
+ngg.[L2.¢gsg+ 1 .¢g>ﬂ+
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Here we make the following substitutions:
¥p,0)= £ [Fﬁﬂ’ S
+ F(")( FO 4 2 E )J +3F9. ( FO- 2. F,S")J +
o’ o’ o’ o
e o 2 e,
p
- ~Le9 £+ - FO)

1(2F(°) FO-FO.FQ+ FU . FQ 167 9. },{,))4-

p
53 (F O.FY+FW.FY - 3F§2-F§°)—3F,£2)-F§‘))+
1 (zp(w FY +6FO. p(')}

p

Here F is the stress function in the zero approximation

and is the stress function (Airy function) known from the linear

elasticity theory for the corresponding problem. According to the

papers [2,43,26,53,67] for polygonal doubly connected plates the

function F is determined by the following formula (the plate is

under the inner p,, and external p, equidistributed hydrostatic

pressure (fig.1.1) )

FO =Re[z -9(2)+ fy(2)dz] (1.2.5)
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Considering that in this expression the analytic function

49(2:) and y/(z) are in the form
-5 i (1 5 o 3]
w(z)=3 Hz(v)-(g]v+§ B, -&Jk (1.2.6)

we can write: (passing from variable z to polar coordinate

system ( ;60) and considering that z = pe'? and 7 =pe™)

[ “.g -cos(l+k)g+

Ms

FO(p;6)=

*.—

+b AT pM* g, cos(k 10+ Hy(1)-r-Inp +
+H,(k)-r*-p'™* . &, /(1 k) cos(k —1)0 +

+B, A% pF G cos(k +1 .0]; 12.7
k P 1+ % ( ) ( )
Here we make the following substitutions [26]

Za SEI® B () de Sk

Here, the coefficients %) are found from the condition

Wy, g0 =0

m =1

1 0,
W= 3l gl gle) -5—
1

n =0 -
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el +r?

; e2rand a=1 (1.2.8)
2er

In these expressions, the asterisk * shows that when passing to the
next term in the summation signs the indices of addends change
by two. te is a coordinate of the and points of linear crack of

the inner L‘ contour { r radius circle)

1 if n=0 0 if k#g-1, 2g-1 ;...
&= . &= ]

/2 if n=0 1if k=g-1; 29-1..
. _0 if k21 g+1 ;2g+1...
2701 if k=1 g+L;2g+1..

Here ¢=N is the number of the sides of a polygon

(symmetry axes). In the considered case, in the zero

approximation, the boundary conditions are as follows:
- onthe inner [, contour (r radius circle and two linear

crack arising from it)

1 oF® 1 92F©
WSt =-P
p=tj yo, ap p2 392 -

=1

- onthe external L, contour (right polygon )

1 oF azF(")]
1. =2 | --p 129
{p dp p° 06" |

(0)

Op

&0

p=iz
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For the next approximations (both for the first and second

approximations), the boundary conditions are as follows:

) ':1 oar® azF(l):I
ey | + =
=1

Op

p p o

o

1 oF® 1 32F0)
o=, | -

S S =0 (1210
p dp p A& } R
o=ty

In these denotation, f; and ¢, are the offices of the points of the
contours L; (j=1,2) and etc., respectively. The function FO g
found from the solution of differential equation (I.2.1). The
solution of differential equation (1.2.1) is found in the form of the
sum of general solution AAF =0 of the first differential

equation. (Fg,),) and the special solution (F;glc_) of the mentioned

differential equation.

FO = F® + 0. (L2.11)

It is known that the general solution of the homogeneous

differential equation AAF® =0 is taken in the following way (in

the general case):
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FO =¢ +c,p te, p nptc . Inp+

gen.

sind

tlesp’+eg- 07 4o, p e, plnplits

+3 fewa 0" +en 07 +en o8 (12.12)

m=2
For small deformations, as it is shown in the solutions
[38,53] of small physical classic non-linear problems, in the first

approximation for the considered problem we take the function

F® in the form
FV =¢ Inp+c, - p? (12.13).

gen.

Notice that if in the differential equation (I.1.58) we pass

to polar (pB) coordinates and take appropriate derivatives, we

get the following differential equation [53] for the function F W,
If in differential equation (1.2.2) we take into account the

expression (1.2.7) of the function F' and the operator L [F (0)]

determined by (1.2.4), after some mathematical operations
(obtaining partial derivatives with respect to variables o and &,
adding the some power terms of the variable oin a series form)

the differential equation takes the form:
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AAF(I)zi p"‘.vl(k)+i PAvk) 1214
k=1 k=0

In this equation, the quantities V;(k) and V,{k) is algebraic sum
© same power terms of the variable p (for the fixed & angle).

As the general solution of inhomogeneous differential equation
(L.2.14) is sought as the sum of special solution (special integral)
of the equations (1.2.13) and (1.2.14) being general solutions of

homogeneous equation AAF =9, the special solution F;E,‘)c_ is

found from four —fold integration of the expression (I1.2.14) in the

following way [53]:

FU) = i o™ a -V,(k)+i B0 -v,(k)  12.15)

k=0 k=0
Here
a=[a-kP 2=k 4o +an]’
1

p=lrap-rrrep+p]
o =(4-k)-(2-k)*- [V1 (k)]gg here the index in bracket indicates

two — fold derivative with respect to the index &.

o = [V2 (k)lsme - indicates four — fold derivative.

A=+ 4P+ e B=[alk)se  1216)
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In axi symmetric problems (for instance for concentric circle
domains) a; =a, =8, =5, =0.

Thus, the general solution of differential equation (1.2.14)
is in the form (by (1.2.13) and (1.2.15)):

k=0

gen. spec.
+i P BV, k) +c -Inp+c, o (L2.17)
k=0

The unknown coefficients ¢; and ¢, contained in this

expression are found from the boundary conditions (1.2.10) of the

considered problem (stress strain state of a doubly — connected
polygonal plate subjected to equidistributed inner pressure p, and
external pressure p,) [53].
If in the inner contour L, p=1,: ag) =0
If on the external contour L, p=t,=A;

ol =0 (12.18).
If we take into account the expression (1.2.17) in these conditions
(taking some derivatives we accept p=#, on L, and p=A on
A) after some simple mathematical calculations, for the

coefficients ¢, and ¢, we find the following expressions:
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T e - -t

+ B-Vy(k)-(k +4)- [+ - a4+ (12.19)
It we take into account the found expressions of coefficients, i.e.

(12.19) and (1.2.17), for the considered problem in a first

approximation the stress function F (1)(,0, 9) is determined by the

following expression {53]:

FO(p,0)=3 o+ avk)+Y, o Bv,(k)+
k=1 k=1

S 6-anp- -l -an)

_tl

1

o0 2
+3 (k+4)-ﬂ-v2(k)-[—rr+4—;;—z(rr*‘-A**‘)]}-mm

)L EEe-R oAt

+BVy(k)- e+ ap - 4o o (1220)

293



The coefficient A contained in the expressions (1.2.19)
and (1.2.20) is a parameter characterizing the form of the external

contour L, . This, for the right polygonal contours

a m 1 =a—b
l+m (N-1) a+b

(12.21)

Here N is in number of the sides (the number of
symmetry axes), a is the radius of the circle drawn to the exterior
of the polygon, a is radius of the circle drawn to the anterior of
this polygon. If the considered contour is an ellipse, then a and &
are big and small semi —axes of the ellipse (in this case we take
N=2)

Dividing the value of the stress function found from the second

approximation into F (')(x, y)=F (l)(p,ﬁ), similarly we found the
stress  function F m(x, y)=F (2)(,0,9) for the second
approximation and etc. After founding the expression

F(0,0,2)= F9(0,6)+ AFV(p,0)+ 2 -F?(p,0)+ (ie. if the

functions F (0), F (l), F @ contained in this expression are

known), for the stress components o, and o0, we get the

following expressions in the form of the series:

19F 1 9°F
O,=——+———

or @y g, L), g2, 2)
P 230 p’ g7 o, +A a, +A o+
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r =
The obtained general solution is demonstrated by the numerical

examples.

1.Stress state of a cylinder made of small physical nonlinear
material and possessing an annular hole and twe linear

cracks.

In linear elasticity theory, this problem was solved
completely (within Hooke’s law). Therefore here we give only the
results obtained in [53].

The doubly connected domain of the cylinder is bounded
from exterior by a R radius circle and from interior by r radius
circle and a contour with two linear cracks arising from it (fig.
1.2).

In this case, the analytic functions @(z) and w(z) are taken as:

oo

o-5 a5t +3 Ae(Z]

k=1 =0
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oo o0 B k
p(z)=Y d,-&*+> c;(iJ (12.23).
k=1 k=0 k

The ratio of main measures of the cross section is given in two
variants:

Variant:1 r/R=0,5, ¢=06R; I=01R

VariantII: r/R=07;, e¢=08R; I=0,]1R

The stresses a'g)) and ag’) found from characteristic points of the
section (as tangential stresses T, are small we accept Toe=0)
are given in the following table: (table Nel.4)

At the most dangerous point of the section (at the end points of the

cracks: z=txe), for the stress intensity factor K, we get the

following estimates 10K / p,Jl_

For variant1 7,04

For variant IT 11,68

The following estimates are found for critical value of inner
pressure p, = p. (i.e. destruction of the body minimal stress for
elongation of cracks):

For variant]1 P, =146[c,] For variant P, =0,883(0,]
Technical ultimate strength [o,] (maximum stress of the

material) is given in the table for many materials. (see table Nol.3)
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After finding the functions @(z) and y(z), within the linear

elasticity theory (in zero approximation), the stress function

FOx, y)=F©(p,8) is found by the formula (1.2.7) mentioned

above. Then F (’)(p, 8) is found from the expression (1.2.20) of the

stress function in a first approximation. According to the found

expression of the stress function F(l)(p, 8}, the stress g, found

Admissible stress [crb] kQ/sm?

Table Nel.3
Material Stretch Compression
Cast iron 280-800 1200-1500
Steel 1400-1500
Copper 300-1200
Alloy 700-1400
Bronze 600-1200
Aluminum 300-800
Duralluminium 800-1500
Textolit 300-400
Along fiber 70-100
Along fiber width 15-25
Concrete 1-7 10-90

from the characteristical points of the section by means of

formulae (1.2.22) is given in the table (see table 1.4, fig.1.3).
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Stress intensity ( by 10K,/ Pl and critical value of stress

(P,) (Annular clynder)

Table Nel.5
Pure copper Open heath steel
Variant Pressure A=0255-10"%
p K, | Critical | K, | Critical
pressure load P,,
(Py)

I 1000 | 6958 | 1.48[c,} | 7024 | 1467
riR=05| 200 |6726| 1535 {6999 | Io,]
Iy 500 50151 o] | 6792 1473

2.05(0,] A
1.51[o, ]

I 100 1155 | 0.892 | 11.66 | 0.884

r/IR=07 200 2 [o,] 4 [o,]
500 2217 | o922 | 1161 | (3887

¢/k=08 6 [O'b] 6 [Ub]
8928 1y 1ss | M| o014

ol | Y| o]
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Fig.1.3.
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2. Stress state of a hexagonal plate with annular hole
and two linear cracks in physical non-linear statement.

The solution of this problem in linear elasticity theory is
known from references [26,53].

The stresses ( O)) found at any point of a hexagonal plate

are calculated for different variants (for different values of the
ratio of cross section measures) and is given in the table.
According to the stresses found at the end points of linear cracks,

the stress intensity factor (K;) and critical value p,, of inner

pressure are found and given for each variant at the end of the
table Nel.7. The known expression of the function is taken into
account in differential equation (1.2.14) obtained for the solution
of physical non linear problem and after solving, (we omit
intermediate mathematical calculations) as in the linear problem,

the stcess for different values of inner pressure p,. at the most

dangerous points F (0)(x, y)=F (0)(p,0) of the section are found

and given in the form of a table.
At the vertices of the cracks we get the following
expressions for the stresses.

Variant] r/A=05; ¢/A=0,6; m=0,04; b=1922

ag/p +a0'0)/p 1,68 - 920:p
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VariantII »/A=0,7; ¢/A=0,8; m=0,04; b=137r

o5/ p=0Y) +ao)[p=321-1462-a p*

k
Here a@=A=-—382 ___-07225-10° sm*/kQ®  for pure
BK+G)G? sm*[kQ P

copper.

a=A=0032-10"sm*/kg? for open - hearth steel.

It is seen from numeﬁcal results of both sample problems that in
physical non-linear statement, the maximal values of stresses
obtained from linear statement diminish (peak points of stress
diagrams are smoothened).

We can see it from the given diagrams and

-figures for appropriate problems. (see fig. 1.1).
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Stress concentrain of a hexogonal plate.

Table Nel.6
Variant P Linear Non linear theory
theory Pure copper | Alluminium | Open heath
o,/p A=0,255-107° silver steel
A=0,053-10%| 1=0,032-107°
I 20 1,68 1,679185 1,6659 1,6798984
rfA=05 |50 1,68 1,67494 1,6654 1,6793648
¢/ A=0,6 100 1,68 1,65975 1,6636 1,67746
200 1,68 1,59901 1,6566 1,669835
500 1,68 1,17384 1,607 1,61648
I 20 3.21 3.20874 -2,66588 -2,66593
rfA=07 50 3.21 3.20212 -2,6652 -2,6655
e/A=08 100 3.21 3.168482 -2,6515 -2,6629
' 200 321 3.083928 -2,654 -2,6587
500 3.21 2.52205 -2,591 -2,2106

303




Stress intensity coefficient (10K, / Psﬁ ) and critical value of

load (F,,) (hexagon cylinder)
Table Nel.7
Pure copper Open heath steel
Variant | Pressure A=0255-10"%
p K, | Critical K, | Critical load
pressure By
( Pkr )
I 100 |6.624 | 1.56{c,] | 6.708 | 1.5386]0,]
riR=05| 200 |6.352 6.6792
1.623 .
e/R=06| 500 | 44 o] | aes | L34300]
2.343[0, | 1.595(0, ]
I 100 | 1268 | 0.803[c,] | 12.824 | 0.804[0,]
r/iR=07| 200 |12.24 12.776
: 842 807
ciR-08 | so0 |1roz | 08le] | DLy | 0807lo,]
0.865(0, | 0.829(, ]
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3. Stress state of a thick - walled pipe (Lame problem)

in small physical non - linear statement.

In classic elasticity theory (in problems linear statement),

the following formula is obtained for the stress function F (0)
[26:53].

2
FOp,6)= -2 +d, -rinp; o))

=
When the pipe is under the inner p, and external
hydrostatic pressure p,, the coefficients £, and d, are
determined by the following expressions (see [26;53]):

L_Pl"'z"Pz'Rz. dlzrsz'(Pz‘Pl)

2 R? —r? ’ (Rz—rz)-r ;

b= 2)

Here if we write the stress function F© in formula (1), we

get

rR? (p, - 1 p,-r2=p,-R?

If we this expression in the expression (1.2.20) obtained for

the stress function F('), we get:
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‘R* 1 |R*+r - R+r?
F"’(ﬂ,9)=§(,;7)'(pz—p1)2-{ (Rar R p)-

rszL Rz _ rz
@ Yo - p b n o )

(R +r*Xp, - p) |27 -%(plﬁ ~p2R2)-701—2+

1 1
+Zr2R2(P2_pl)7}; (4)

The obtained expression completely coincides with the
expressions obtained by Truspal L.A [] and Indra F. [124]. The
measures of thick - walled pipes (the ratio of radius r of linear
circle and radius R of internal circle were taken in two variants
(see table Nel.B)

Pure copper, aluminum, bronze and open — heath steel were
chosen for pipe’s materials.

The following expressions are obtained for stress concentration on

the inner circle for the considered problem (Lame problem)
Variant1. o,/p=1,666-4,444-1-p*; p,=p

Variant Il o,/p=4,55-253-4-p*; p,=p

The stresses T, calculated for different values 20< p <500 of

inner pressure (p,) by means of those formulae are given in

graphic form and visually (see fig. 1.4.) in both variants. (see
fig.1.4).
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In the graph, solid line indicates non — linear problem, the
punctured line the problem in linear statement.
It is seen from tables that for the values of inner pressure

p below 100, the stresses 0, for 0,1% (diminish), for the values
p=2100 we see that in linear and non — linear statement, the
difference of stresses o, obtained from the solution of the

problem is great.
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§1.3 Stress state of doubly — connected polygonal

plate in arbitrary physical non-linear statement.

If we take into account the expression (I.1.58) of stress
function F(x,y)= F(p,8) in differential equation (L.1.48) in the
form of series, equate the sums of the summands with respect to
the power of small parameter & to zero, for the first these three
powers {(zero, first and second) we get the following system of

differential equations (here A; = ;)
AAF© =g 13.1)

(afn+a12)-AAF(1)+a21-A[(AF(°))Z] +
+a22[A(Eg? FO)+2(ar®. FO) ] 0 (13.2)

(@ + ) AAF® + 20, - AAF© . AFD) 4
+ appA(FD . FO)+ (AFO) . FO + FO . AFO) |4

A
+a31[AAF(°))°]+a [F®.FO.FO] +

canp(ED - F-aFO) [ar0F 9] -0 (13.3)

In these equations, the coefficients aay (i =12; j= 1;2) are

the constants characterizing the physical properties of the

materials.
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As we have said above, coma (,) denotes a partial

derivative ; all the indices i, j,k,n get the values 1 and 2,

For the considered problem, the stress function F (0) is
known from the linear elasticity theory and is determined by
expression (1.2.7) [26;53].

It we get all necessary derivatives of stress function
F (0)(x, y)=F (0)(p, ) from expression (I.2.2) and write them in
differential equations (1.3.2) and (1.3.3), after some mathematical
calculations (writing together the negative and positive power

terms of the variable o, for the fixed values of &), we get the
following fourth order differential equations.

- filo.0)+

ay)
o+,

—2_[£,(0.6)+2£(0.6)]=0 (L3.4)

a,1+o:1

AAFD 4

+—2[£,(p, 0)+ f5(p, 6)}+

&, +a12

T - - f5 (o, 9) —Z fs(p,9)+

all+a12 o tap;

+—2—[£,(0,6)+ fo(0,6)=0 (13.5)

20 +a12

In these equations we make the following substitutions
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ﬂ(p,g)ﬂ.(ﬁm)) , M(o)+2.[( (o)) P+

+%.Ap(o).(AF( ), +p_ AFO.(AFO) 4

+p— ( (0))12

fz(Pg ( )2+2 pppp p F(O) thp)p"'

+ o AEF 4 P F ¢

+2A[ PO 2 O po, L F(I}ZJ
p P p*

1 0P, 2 o0 g0, 1L (1)2)
+A| = FO 4 = . FO g, g7 |,
(pZ pPe p3 Fo (2] p4 a8

filp.6)=(aF®) . F9)+2.(ar®) FL)+

Pop

+AF®.FO | L 1 _(aF®) .FO_
o’ o o

L AF© .70 2 Ap0. £O) ) . g0
- AFY . FY ZAF +—AF9) .Y+
pa P p‘ p ( )p )

+ L AFO. FO -2 Ar0. 5@ L (sr®) 504
s p o’ ’
23 AF®.F@ 4 L (Ap{o)) FO 4
p o’ %
%.(Ap(o)) FY +ﬁ'(AF(°))ee F9+
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fo(p9)=(AF(O)) 'F(l)+2'(AF( )p an"'

+AF() F(l) +F(0) AF(1)+2 F() ( 1)) +

ooop ™ L pppp

2 0
o)), + 2 Lar0. f) L ar.

L o) op®_ L 20 mJ
+— FOAFO __—_ FO) AR
0 pe pz ] 20
2 [1 !
-2 [; AFO). R =L ar )
+ L FQ.ar0_ L £ 'AF(I)J .
P P .
+L.[1.Apto) FO+ L ar®. 50,
e Lo o’
oL O Ap0 L p@) mJ )
P P’ ,
+L2.[i. ©.p0 4 L AF©@. £,
0* o p
v L0 pp0), L Fég)-AF(')} ,
P o0
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fi(p0,0)= [ FOr v (O)FO)2

4 2
Y IR
P o
+_15.F‘£g).Ff()0)2 +%F‘£0)Fﬂgg).Fg(g)+
P o
1 11 2 1 o o
F(O (0)2} +—-|:—-F‘£0) . Fép)z +_2'F,£p) . Fege) +
"o » P LD P
2 FO . g gl 2 L@, g0
+5F O)ZF = ()F()F()+ps ;)‘Fé)z"'

D
2 4 2
+707‘F;§3)2 .Fég)_?Fég).p‘gg).F$0)+_6.F9(g).pg(0)2 +

3
1@, 1 (o)J 1[ £0). pOF (OF £ (0)
+| —F)'+—"F, +— Fo +—Fy Fg'+
[p £ ® o Ple” P’

2 4 2 o o
+?F£g)2 -F,S")—;;-F;S“)-Ff,g)-FéO)+F-F,§ )-Fé .

2 4 2
+_4.F[Sg)2.pégg)__5,pég) F() Fé) e(g)'Fe(vo)z"'
Y Y o°

p o oo

L 0 1 Y2 pop p_plf g2

—————-—=[=F, -Fug F
+(p 9006 pz 30 | o o Foo "Fg +
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3
4[ Fo_L F(o)) 2 PO,
p P 0
14 ©0). f©. F(o)+ F P9 -2 F;of.péo)_
o o’ P
A PO 0. F0_2 £, F(F]
G o°

po

£(0.6)= A[AF«» . F;g)2]+ A[%M(o) P
P
- AFO.ED). FO) 4 % AFO . FOF ] .

e RSP 2 0 £ L a5 17|
o o

flo(ps 6)= 2- (AF(O))p . Fi)) +
oA o),

+4-AFO.(AF0), FO) 4 (AFOF O

Aoz
Al s ]

+%[%F S'g-(AF("))Z *é FO. (Ap(o))ZL
_%[;FQ(AF(O)Z P;l,z FY-(aF©f R | (13.6)
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To determine the stress function expression F (l)(p, ) ina
first approximation, we can write differential equation (1.3.4) as
follows (if we considerin (I1.2.7) the functions f), f, and f;

contained in (1.3.10) and carry and groupig)

MFO+(B+4) 3 M0)-p7+

v=1

2

+{B+8) N,()-p =0 (L3.7)
v=1
Here
B, = )| . B = ar) :
o+, o, 1oy

N,(v) and N,(v) are considered as summation (algebraic
sum) of all derivatives obtained from the stress function
F “’"(p, 6) contained in the functions f,, f,, f; (sum of the same
power terms of variable 0). As it is said in §1.2, the solution of

differential equation (I1.3.7) is sough in the form: (see the solution
of equation (1.2.14))

FO=fFW 4 (13.8)

gen. spec.

Here FY is a general solution of the homogeneous equation

gen.

AAFY =0 corresponding to equation (1.3.7) and is expressed as
the expression (1.2.13)
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FO =¢’-Inp+c - p? (13.9)

gen,
The integral constants ¢; and ¢ are found subject to the
satisfaction of stress function Fg(:,), of stress determined by

expression (1.3.9) differential equation (1.3.7). Boundary

conditions are as (1.2.10). So, on the inner contour L,

= + —_—
o p dp pt 96°
On the external contour L,

_1 9F0 1 2Rl

(1)
o) +—
pety p op p ag?

o

=0 (13.10)

The special solution F{

spec.

of differential equation (1.3.7) is

found in the form:

Fsgzc_ZN 4"“ ﬂl+52)

v=2

+Z N, ()0 (B + By Jes +
11

+(8,+ BN, {llnp-——)-pf’ (13.11)

6 36

Here

g ={@-v)2-v)-{G-vp -1J}"
£ = {(4+ v)2+v)- [(3+ v} - 1]}' (13.12)
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So, by the expressions (1.3.8)- (1.3.12) the general solution

of differential equation (1.3.7) is found as follows:

F(l)( ,9)=c:‘ -p2+c: Inp+i o (ﬂl +162)-N1(v)-(:‘1 +

v=2

+Z o (ﬁl +ﬁz)'Nz(V)'€z +
v=1

+(B + BN, (v)-(%ln Pl —%] 0 (13.13)
In the similar way, in a second approximation, we can get
the following expression for the stress function F m(p, 6) (if in
differential equation (I.3.3) we consider the expression (1.2.7)
obtained for F®, and the expression (L3.13) obtained
forF (l)(p, 6?) .
At first we can write differential equation (1.3.3) also in the

following form:

AAFD + (28, + B, + B, + B, +ﬂ5)-§1 o~ W (k)+

@B+ Bt B+ Bt i) T 0" Wlk)=0  (13.14)
Here the quantities £, and f, are determined as in (1.3.7).

(1.3.15)

B, = A p .n__ Y
i y 3
tyy + &, o, + 0, 04y + 0,
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W,(k) and W,(k) are the quantities that combine the

functions F©® and FO their necessary derivatives and express

the sum of the same order terms of variable 0.
When defining the function F (2)(;0,9), we use boundary

conditions (1.3.10) used in finding the functions F m(p, 8).

We solution of differential equation (1.3.14), as in equation

(1.3.8) is found in the following form:

F®p,6)=F3) + Fy2),
The function F2) is taken as a general solution (13.9) of
differential equation (1.3.14)

FPp,0)=c,-Inp+c,-p* (13.16)

Ren.

The coefficients ¢; and ¢, are found as the constants ¢,

and c,. Here the boundary conditions are same with boundary

conditions (1.3.10)
In the similar way, the special solution of differential
equation (I.3.14), as in a first approximation, is defined as

follows:
F) -Z Pt 0 k)-8-6+3 p*-0,(k)-8 ¢, +
k=l

+8-0,(1) (;1 p——%} P’ (13.17)
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So, we find general solution of differential equation
(1.3.14)
FO=FD 4y F® _clmptc,p+

gen. spec.

+kz=2: p (k)6 +kz=1: o0, k)68, +

1 11
+5-Q1(1)-(—6—1np—¥}p3; (13.18)

Here, we make substitution §=28+8,+8,+ 8, +F;.
The coefficients £, and &, are determined by the expression

(1.3.12).

Here we are satified with three approximations. It is clear
that for the 4-th and 5-th approximation we can find the stress
function F ("'l)(p, 6).

The obtained solution is demonstrated by one numerical
example. Now, we solve the stress state of the thick — walled pipe
in §1.2 (i.e. Lame problem known from references) in the
arbitrary physical non — linear statement (we do it to demonstrate
the difference of the solution in small physical linear statement
from the arbitrary physical non - linear statement).

If we take into account the expression (1.2.7) of the stress

function F®(p,8) known from the elasticity theory in
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differential equation (1.3.7), we can get the following differential
equation for the stress function F)(,8) in a first approximation.
AAFY =64.b, A - B, - p™* -3247 B, p™° (13.19)

In this equation we make the substitutions

b :l‘Pz"z‘Ple A =’"2R2'(P2_Pt)
T2 R2_2 ! R:-?
ﬂz=__a]2

an ta,

In the way mentioned above, we solve differential equation
(13.19) and for the stress function F (')( ,6) in a first
approximation we get the expression

FO = p0) 4 g0

gen. spec.

FO =ct+cl-np; FY =In’p-D,+D, p? (13.20).

spec.

Here we make the substitutions:
1
D, =8hApB,; D,= ——EAfﬁz ; (13.21)

According to boundary conditions (1.3.10) the constants ¢;
and c; take the following values:

1

C, =
=
R% -2

4
[ 2ﬁ2 ~164,b,5,(R*Inr -7 ]nR):|
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‘—
G =-

— 1_ = [SblA, B, 1n§ - %Afﬂz %] (13.22)
If we take into account the expression (1.3.20) obtained for
the stress functions F (”(p,B) in differential expression (1.3.5), in
a second approximation for the stress functions F m(p, 6) we can
get the following differential equation:
AAF®) +ﬂ1[51* ot -8 -p'6]+ﬂ2[§; PO+ pT
8 - p ¥+ 8 1np° —6;lnp-p‘4]+ﬁ4[5§ =68 pt -
-3 ‘P-a]"' Bs [51‘1 P -8 '9_4]=0 (13.23)
By the method above (i.e. by the method used in definition
of the functions F (')) we solve this equation and get the stress
function F©
FO=f@ L@ _, p +c,Inp+

gon. + Foper
+,81[——1n 06 +— Jgp‘z]

+B -6 p-£ + 816} I p-8lep” -

~& I ptel-8e ™+

+ﬁ4[ & 0€ '+5'£;1n2p+60£5p“‘]+

+ B 82072 + 8,6 2 p=0; (13.24)
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We found the constants ¢, and ¢, by the boundary conditions
(1.3.10). In the expression (1.3.24), we make the following

substitutions.

8" =512- B, -blA; 5, =256 B, -b A’
8, =44.¢,-1956- B, b, Af;a‘;=376-ﬂ2-A,3
8, =1152- 8, - Bl A —40-Ac —32:b-cy;
8, =1088-6, b A]; &, =512-B,-bA ; &, =88-b, AZ;

J, =40- blA 8, =904%; & =144.b A,

R 1 R . r’-r?

1 rP-R* 1 InR .InR

InR_1 IR

— . +_
128 ¢ F2R? 64 ¢ R: 64 5 p?
4 _ p4 ~R?
+ 1 -5;1" R J_I_ﬁ“(i(s;i.k%.]nﬁ_

288 r*R* 64 & pIR? r
1 r* - Rr* 1 . -R* 1 ... R
T288 1 R J+ﬁ5[a‘5:'W+§'5121“7J;
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r’ 1 11
" 1 1
+ﬂ2(—254£llnR+§-5: lnR+25;£2?—

1 1 1 InR 1 1
- =+ —+—-5"-—)+
64 ¢R* 32 S R? 144 S R4

1 1 1 1 1
+ﬂ4(§5;.p+45. lﬂR—l 5:0?)-?

1 1 1
+ﬁs(—32 (5“ —Rz +Z'512 IDRJ]—

R? 1 1 1
_R2-r2[ﬁ_[1'5"1m"§5'5;r_2j+

+ﬂ2(—25:€,lnr+%-5;lnr+

+25‘32i--1—-5'i+i-6"m—r+—-§'i4)+

3%, 64 St 32 6,2 144 Sy

1 1 1 1 1
+ﬁ4(§§;?+zé§-lnr——l— 51.‘0FJ+
1 1 1
+ﬂs(§ u?+z' lzlnrj];

While solving the numerical example, the ratio of the cross

section sizes is taken in two variants:

VariantI: R/r=2 Variant II: R/r=1,25

Here r is a radius of inner circle, R is a radius of external

circle. As the cylinder (thick walled pipe) is only under the inner
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pressure p, = p, for the stress components o, at the points on
the inner contour, the expressions obtained at zero and first
approximation are as follows:

VariantI:  0,/p=0+0l) =1666-4,6. 5, p*

Variant II:

0y/p =00+l =4,556~2358. 8, - p?(13.25)

According these expressions, the stresses 0, found for
different materials at different values of inner pressure are given
in the following table and is graphically structured. (see figure
L.5).

From the solutions of the some problem (Lame problem)
by two methods (small physical nonlinear and physical non -
linear statements) we conclude that if we violate the linear law

(Hooke’s law), the peak of stresses (maximum) values

significantly diminishes (i.e. is smoothened).
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From the practical point of view the first two
approximations (zero and first approximation) may be sufficient.
From the tables and structured graphs, according to the obtained
values of the stresses we can conclude that the stress
concentration mainly depends on materials, acting load and in
arbitrary physical non — linear statement, the solution of the
problem characterizes more exactly the stress distribution in
bodies. When the coefficient reflecting physical characteristics of

the material is £, >0, the stress distribution is more regularized.

The contrary effect is obtained for £, <0.
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PART 11
TORSION OF PRISMATIC BEAMS IN PHYSICAL
NONLINEAR STATEMENT.

§2.1, Problem statement. Choice of stress function.

The problem on torsion of prismatic beams with two —
connected domain cross — section in linear statement has found its
solution by different methods and in different variants in the
references [2,19,25,53, 67,101]. In all these problems, it is
accepted that

0,=0,=0,=7,=0; X=Y=Z=0

T. =T, (%y); 7, =7,(xy) (IL.1.1)
Under these conditions, equilibrium conditions (I.1.1) are

reduced to the following expression:

dr, OT
—xZ 4 R I.1.2
dx i ay ( )

It is clear from the first two conditions of equilibrium

conditions (12.1) that 7, =7,_(x,¥); ryz=ryz(x, y) ie. the

tangential stresses are independent of variable z. According two
(IL1.1) and & =¢,=¢,= ¥y =0 conditions, the expression

(L1.7) of deformation compatibility conditions is in the from:
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alay, or oloy, Oor
O1e el . 9NWe Tl g (113
ax|: dy ox } ay[ dy ox 0 )

In the last expression, as the terms in square brackets are

same, it is equipotential with the following equality

3
%’f _ _gﬁ = ¢ = const (IL1.4)
X

In physical non — linear statement, the displacement
parameters 1, v and w are taken as in linear elasticity theory in
the following way:

W=7-y-Z,0=-7-X"2; w=w(x,y)
Here 7 is a torsion angle per a unit length.
As it has been said, according to the last expression,

prolongation deformations are in the form

=0, =
*ox Y oy

and this satisfies the conditions (II.1.1).

:0; £ =—=O;

We can show that retaining the conditions (IL.1.1) and

(I.1.3) one can choose the stresses. 7,,(x, y) and Ty, (x,y) so that

conditions (L.1.1) and (1.1.2) hold true in physical non — linear
clasticity theory as well.
If we take tangential stresses as
od(x, y) o®(x,y)
T, =—t T, =——", (II.1.5)
= oy ” Oy
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condition (II.1.2) is satisfied. Here ®(x,y) is a tangential stress
function.

If we show the derivatives of the function to ®(x,y) with
respect to the variables x and y, the expression (1.1.3) of the
reduced mean stresses and expression (I1.1.6) of the reduced
tangential stresses intensity square (tg ) are simplified and take

the following form:

2 |(az.V (97, V| 2
SR CRNER

According to what has been said above, the strains are in
the following form (considering expressions 1.1.36):

For displacements ¢, =¢,=¢, =y, =0

For shears

Ye=05 Ve =ég(t§)-rx,, s Vye =ég(t§)-rﬂ. (1.1.7)

If we consider the expression (IL.1.7) in equation (I1.1.3)

we write:
3 ) e 2 edee  aus
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If in this equation we take into account expression (II.1.5),

we can write
2 i) ol Lo, l-e s

After obtaining desired derivatives from the last
expression, we write the followings. The solution of this equation
is taken corresponding to the form (I.1.57) of special case of

tangential stress intensity coefficient:
g(tg ) AF +
+ %- o0, +20,0 0 +d20 k(Z)-c=0 (w1.10)

Here we make substitutions

to)]=—gldland A= —+—

3(0) dtgg(O) FROFY
If we consider

ow Ju ov  ow

Yee == ; =+

= V=
ox oz Ve dz dy
for shear deformations ¥, and ¥, , we arrive at the following

resuet according to expressions (I1.1.7):

Yy =%;v-+r-x=—é-g(t§)-(b
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From these expressions we can see that the wrappings

(distortion of the form of a plane, violation of right plane case)

function w(x, y) should simultaneously satisfy the following two

conditions
ow 1
?‘a§=“58(‘3)""x”““
dw 1 2
e = —e gl | D — Ty
ox Gg(O) Y Y

It is possible in the case when from the first one we get
derivative with respect to x, from the second one with respect to
y and equate the right hand sides

Lzl) e 2k)o, ) -
or by expression (I1.1.9), there must be the ratio ¢ =-2G71
between the constant and torsion angle per a unit length. It is seen
from expression (II.1.10) that from the use of conditions (II.1.1)
in physical nonlinear elasticity theory, we can obtain second order
partial differential equation for tangential stress function (i.e.
conditions (II.1.1) are true also in non — linear statement).

It should be noted that on the considered two — connected

contours L J,-( j= 1;2) the function CD(x, y) gets a constant quantity

Cj.
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®(x,y)=f=c;;0n Lj; j=12 (I.1.11)

As within the Hooke’s law (in linear elasticity theory)
differential equation (II.1.10) is g(t§)= 1, it turns into differential
equation APy, =Ad=c (i.e. it turns into a known equality in
linear elasticity theory).

The solution of the equations A®, = AP =c¢ was solved in
linear statemend [2,19,25,67].

Similar to the solution of plane problem in physical non -
linear statement, the solution of equation (II.1.10) with respect to
small parameter A is sought in the form of such a polynomial:

O = D, + A0, + D, +...+ 4D, (I1.1.12)

We take the small parameter A as in part I in the form
A=g,K/BK +G)G?.

Here, ®,(x,y) is a tensional stress function in linear
statement (zero approximation),

@,(x,y); @y, ¥)
and other function are tensional stress functions in next
approximations (first, second and etc.).

If we substitute expression (II.1.12} in differential equation

(II.1.10) and equate to zero the algebraic sum of same power

terms with respect to the small parameter A =g,, we can get n
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number system of differential equations (n =O;1;...oo). In a first

approximation when, (/1 =g, and n= 1) equation (II.1.10) takes

the following form:

2 ob, 0 2 2 0P, 9 2 2
a0, + 220 ek +@h i T (oot + @0
—6'3(;_2[(¢0)i+(¢0)i]=0 (H'1‘13)

It is known from the linear elasticity theory that the stress

function ®,(x,y) is found by means of a complex variable F(z)

regular in cross section area of torsional prismatic bar in the
following form [2,19,25,53,67]:

@(xy)=04(z,2)= 3 [F)+ FEl-522 @119

The cross section of a prismatic bar consists of two-

connected § domain and is bounded from interior by a contour

L, (r radius circle and two linear cracks arising from it) and
from exterior by a contour L, .

In this domain there is a regular analytic function F{z)

and it is found in the following way [25,53,101]:

o0

F(z)=) a.-&* +Z b, - ( Jk (IL1.15)

k=0

Here
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= Z *ﬂn ) al(i—)k
n=k g

All o, and B, coefficients are found for an appropriate

(concrete) cross section in the solution of the problem in linear

statement, and are given in the form of a table (see reference

£25,53D. The coefficients a,(,") are determined by means of the
coefficients (see recurrent formula of coefficients g(")m (1.1.82))

known for each concrete L, contour (see table Nel. and 1.2).
In the expression (II.1.14) the * sign shows that passing to

the next term, the index of sum changes by ¢ (the number of
symmetry axes of a polygonal).

To replace the variable & of analytic function F(z) in,
expression (II.1.14) by a complex variable z=x+iy we use a
mapping function z = w(é') of L, contour into a unit circle and its

inverse function fl = Z(Z)

z=r.§l .Z yn—l . 1_"
n

& =22) =fZ 5. ( ) (I.1.16)

The coefficients y, ; and &, are known from the references

{25, 33] (see formulae (3.15, 3.17) in [51]).
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So, by formula (II.1.15), we can write expression (II.1.14) (after

some transformations) in the following way:
oo rY & z k
=Y a,-|—| +2, b,,(—) (I1.1.17)
; [ Z) k=0 A
Here
a,= Z A l-ﬂ
k=0

All the coefficients I*) are found by the expressions (L.1.82) {511,

i.e. these coefficients are found from the condition

18 4 Z byws 45 =0 (11.1.18)

=1
Allowing for expressioﬁ (I.1.17) in formula (II.1.14) (for

“tangential stress functions in zero approximation) we can write:

cbg(zlz)%[g a, [ﬂ +§ . [ﬂk )

+§ av-(é)v+§ bk-(%)k]—%z-f (IL.1.19)

From this expression we get derivatives with respect to the

variables Z and 7 and know that

Differential equation (II. 1.13) takes the following form:
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8 16
80, + ¢35 (®0), (@), 457 (@) (o), +

#(@0) - (@0); +2®0),-(@0), (@), J=0  (m120)
Here by z=pe® and Z=pe™, in the polar coordinate system,

for (®,), - (®,); and other expressions we get the formulae:

sl k
(), - (@,); = {'12'2 [u%-e"”("”) +

k=1 P

k=1
+bk'k-i—k-e‘5("")]—

| | a -v-r et
- L _a, s
2“ } {2; |: pv+l
v-1
+bv-v.‘;_v_e—f8(v-l)}_%aw} L1

We can write this expression in a simple form as follows:

(@), (@), =3 Vil)}- o7+ 3 ln)-p"  @122)

n=1 n=1
If we make such operations for other terms contained in
expression (I1.1.20) as well in the similar way, as a resued, the
indicated differential equation will be reduced to the following

form (if the same power terms of variable O is taken as a sum):

-]

AD, = i M(k)-p7™* +> M,(k)-p* (I1.1.23)

k=1 k=1
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Here, the coefficients M (k) and M,{k) denote the sum of
expressions Vi(k), V,(k) and etc.

In expression (I1.1.22) we make the following substitutions:
Vi(k) = N, (n)+ Ny(k)+ Ny, (k) + Ns(k);
2

V,(k)= No{k)+ Ng(k + 1)+ N, (k +1)+ Nﬁ(k)+%-f:l

Ny(n)=-n-a, 1" o) Ny(n)=nb A™" e,

N3(n) =-n: anrn R eia(ﬂ+1) : N4(n) =n .bn . A—n \ eiﬂ(n—]);

Ns(n)=%nanr (M” me); Nc(n)=_%nb,,A'"(e"""+e"'"0);
1
Nv(")=—z Ny(n)- Ny(n-v+1)-g

Ny(n) =33 (M) Ny —n+1)-2, + N, W),y + e

100

Ng(n)=—zg Ni(n-v+1)-N (v +3)
Ny(n il N,(v)-N,(n-v +2)
Ny(n =_—Z (N3 =1)- Ny(v =1 +1)- &, + N3 (v)- Ny (v + 1), )

Naln)==33 Nolv=n+1)-Nolv+3);
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{0 if n>2 {o if n=1
g = £, =

1 if n<g2 N if n#l
0 if n#l
=1 o " (IL.1.24)
1 if n=1

As usually, we loock for the solution of differential

equation (II.1.23) in the form:

®,(z.2)=®,(p.6)= (‘Dl)n, + (‘I’l)m
So, the special solution of equation (II.1.27) will be as

follows:

(@) e =2 P72 M ()77 +
k=1

(I.1.25).

+3, P M, ()7
k=1
Here
K=l h=be 2
It is known that general solution of equation A®, =0
homogeneous with differential equation (I1.1.23) is found in the

form:

(®,) e, =C1° NP+, 0" cos(n8) (I1.1.26)
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Thus, in a first approximation, for the function ®,(z,7)=®,(0.8)

we get the following expression:

<I>1(p,9)=k§;l P M (k) v +,§‘1 oM (k) 73

+¢-Inp+c, - p"-cos(nd);

+
(11.1.27)

The coefficients ¢, and ¢, are found from the following
boundary conditions:
- When on internal contour L,
P, =c; p=tle'i9

- When on the external contour L,

®,=0; p=te’ (I1.1.28)
Or when 7, =—-1—-%%=0; p=t (on L)

When r&=%=0 ; p=18 (on L,).

By these conditions, the coefficients ¢; and ¢, take the values:
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- - 1 had 1
n ==Y B2EM k) v — = ML k) v, —-
5] kzzl 1 l( ) h Ing, gl 1 2_( ) V2 Int,

1 cosnf
In,A" -cosn@-In A-1 cosnf

& « Inz
+ 3 1My (k) y; —F -
k=1 Ing,

-5 - r-§ r%”Mz(k)-ys};

o 9 « Int
- > n M)y
k=1 ntl

Intl — 2k * 1nt2
= . o MIk)y —=+
“ t;cosn@-Int, —Int, -4 cosné [é k)7, Int,
— * l f — - *
o3 )RS i) -

k=1 04 o
ISIORE WSRO

k=1 k=1

(I1.1.29)
Knowing the formulae (II.1.19) and (II.1.27) of

expressions of stress functions ®y(0,8) and @®,(p,0) (e

knowing the expression of stress function in a at first
approximation),in the similar way we find the expression for the

stress function ®,(0,8) in a second approximation, and etc. So,
the function ®_(0,8) may be found for any approximation. The

difference is only in bulky form of expressions of mathematical

operations.
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By the expressions (II.1.19) and (II1.1.27) of the stress

function we find the tangential stresses 7,, and 7,, at the most

characteristic points of the cross section (also at the vertices of
linear cracks) of a prismatic bar by the formulae known in

references:

T . =T == T :f&:-

1 30 3P
e R = (W130)

Allowing for expression (II.1.12) of stress function in
these expressions, we can write (retaining the first two terms in
formula (I1.1.12):

_ ) @ _100 1 00 _ 1 _ 130
Toz sz+g sz_paﬁ p82 08 =T gzp 26
o od oD,
T _r(0)+g27(1)—“a?0+gla—‘; é)+g2 ap, (II131)

Here rg’g and ff,‘? are tangential stresses (i.e. tangential

stresses in zero approximation) known from torsion of the
prismatic bar within linear elasticity theory.
The general case indicated above, is illustrated by a numerical

example.
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1. Torsion of a central annular hole and two linear
cracks quadratic beam in non-linear statement.

This problem has found its solution within linear elasticity
theory [25,53]. The ratio between cross section dimensions of the

beam is given in two variants (figure 2.1).

VariantI r/b=05; e=0,6b; mz—é; A=25r;

Variant Il r/b=0,5; e=0,7b; m=——;-; A=25r;

By expressions (I1.1.19) for the stress function ®,(z;7)

we get the following formula (we retain the first two terms in the

analytic function F(z), as the other values of the coefficients &

and £, are infinitely small)
N 38 4
F(z)=a4-(—'J +a8-[—') +b, a{")+[£) -+
Z b4 ty
4 8
+b8'|:a£8)+al(8)(ij +[3‘-J }; (I1.1.32)
I I
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Fig.2.1

In this expression, for passing from one variable #, to the other

variable #,, mapping functions of L, and L, contours are used

(see. table Ne 1.2 in part I).
The coefficients contained in this expression were calculated for

cach variant and given in a table form (see. table 2.1)
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Table 2.1.

Coefficients Variants
variant [ variant 1T
a, 0,013379 0,0524
0,011487 0,04407
-0,003939 -0,0168
by -0,001927 -0,00255
bs

Tangential stresses found in torsion of a beam (with

quadratic cross section) considered in linear elasticity problem is

given in the table 2.2.

Knowing the analytic function F (z) by means of
expression (I1.1.19) we find the function ®,(2;Z) in zero

approximation. Then in a first approximation we get the stress

function ®,(z;Z) from the following differential equation (if we

consider expression 11.1.32 in 11.1.19 and I1.1.20):
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AD, +B,-pB+B, - p*+B, . p+B,.p®
+Bs- 0 +B- 0¥ +B, - p P+ B - p7 P+ By p +
+By-0 %+B, 0 +B,-p 2+ E - pP +E, - p'*+ (I11.33):
+E-p+E - pP +E - p +Eg pP + E, - p% +
+Eg p*+Ey-pP+E" =0
In this equation we make the following substitutions :
h=a, 1 h=ag-t5 A =a£")-b4 +a§8)-b8;
=60, +a® . *bg; A =1 - by;
B, =11524;-5-¢7'%%; B, =14724,- 25 -5,
By =320£ - 4,8-¢7%% + 28822 - 4,65 - 1%
B, =2881.5-¢7'% —161.5 ;
By =804 -5-¢%° — 11522 - 4,6 - % +1922 - 4,5 -7¥9;
B=224-4A,-8 ¢4 -164, - A, -¢*% .5,

B, =—408- A 4,4, - 5740 —115245 - A5 - 5 -2 +
+448- 45 - A - 8- €% + 964, Ay Ay - 85

BS 40.- ,‘{]’2 —10:9 4/125

By=—4- 4,6 - 16042 4,8 €74 —17924, A, 45 - . 5 +
+184,8-¢7'% + 4812 1,6 - €¥C + 8964, A, A5 - &'

BIO = 1612&45' e—lzie + 4822114 . 6‘ e_6t85—144ﬂ,2j,4 . 6 .6_6'.6;
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B, =2/ e85 +54 €0 .5 -3208:6-¢"* +
+964,4; - €706 + 11242465 - €59,
B, =844,0- e 7% 4+ 24,46 e 160 4 844,09 - e 20 _
—641,48 - 747,

£ = 644125 €% +7684,4,48 - €740 —896 4,4, A6 -

E, =8961£5-¢%%; E, =10884,L5 - ¥
E, =-16136 - 224425 - "¢,
E, =192248 ¢ + 2242245 - 49
E; = ~16A,A8 - ¢4 —1604,45 - €'
Eg=446-¢%% - 1284, 4% 6750 .6 - 2445 - €% + 745+ 8- %7,
E, =448 -244;6 -5
Ey =31,8-€"° +1284 4,4 6 ' - 4484, 4, A8 - ™7 ~
— 6402, 2% - 8- &7 + 24,847

6 . e—l2i6 .

L4

Ey =32206 €% + 1644 - 8¢ -i
The solution of differential equation (I1.1.33) is as follows.
q)l = ((DI )spec. + ((DI )gen.

Here,
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(@, )Wl =Bep*+B,e, 02 +Bep ™+

+ B0+ Be,p™ + Be,p? + Be,p7% +

+ Bye, 0 + Bye, 07 + Be 070 +

+ B e,07> +Be,In* p —%spz + Ee,p” + E,e,p"* +

+Ee,0"° + Eje,0" + Ese 0 + e,E0"° + E,e,0° +

+ Ege0° + Eye, 0*

(@), =ciInp+c, (11.1.34)

¢, and ¢, are found from the known boundary condition (I1.1.28).
Thus, the expressions for the constants ¢; and ¢, will be as

follows:

__ 1
Int, ~Inb

+ B3e3(b“|8 —tl—18)+ B‘,‘e“(b'16 - tl_16)+ B.e; (b—l4 _ t]-14)+
+ Bﬁeﬁ(b‘” _‘1-12)+ Be, (b—m —1‘1_10)+
' Bsea(b-s -tl_s)+ Bgeg(b_G _t:_6)+ BIOeIO(b_4 —1:4)+

€ [B,e, (b'z'5 —tl_%)-i- B,e, (b‘22 —t1'22)+

+ By, (b2 —172)+ By, (In? b —In? t])—i—e‘(bz -12)+
+ By (6% —12)4 Eyes (b - 1% )+ Eye, (b6 - £16)+
+ Ees (b“‘ - t:4)+ Eeq (b” —tiz)+ E.e, (b“’ —t:0)+

+ E”es(bs ‘t?)‘*' "'58‘39(”6 _tf)"' }-;:9‘310(!’4 _’?)“L C] ;
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“ =—;—' o= Beb +£70 ) By 412) -

- Bye,p7" +‘_18) Bye b +t'16) Byes(b7* +t.-l4)*
~ Beeglb™ +1712)- Byey (6710 +119)-

_Bges(b +1] ) B“,.e._,(b-6 +;l-6)_ B:oelo(b_4+f,_4)-
+Bue,1(b-2 +ti‘2)+ szeu(ln"bﬂnz t‘)+%€*(b2 +t12)_
~Eer (bzz + ‘122)" Eye; (bls + ’is)— E3e4(b16 +t:6)_

— By 4 14)- Egeglb™ +112)— Ege, (610 +11°)-
—E7e8(b3 Hs) ESeS’(bG +t6) 'E9"’1o(b4 —f:)] -

_Iny+Inb 1

Inz; —Inb 2[B' 1(5—26—t26)+ Bzez(b_zz"t:n)+

R ATy D Sy
+ Bgeg\b ( —12)+ B-,e-,( -10 _ )+ Bses( t18)+
( )+ Bwelo( - )+ B“l“( t12)+

+Blze12(ln b+In t1)+[_%g (bz—t )+E1€2(b22—t12)+

+ Byey b

+E2e3( -1, )+E3e4(b6—tf )+E4e5(b"* 14)+
+ Egeg (b - '2)+ Eqe, (b =11°)+ Eeg6° +1°)-
- 839( 1) Eoem( ) l

1 1 1 { .

€1 =—‘6"5€, 82 - 484 ’ e3 324 » e4 = 256 . es = 196 ;
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As in the solution of this problem within linear elasticity
theory, here (i.e. in non-linear statement) in numerical
calculations, the sizes of cross section are is taken in two variants.

Knowing the tangential functions (®, and ®,) in zero and
first approximation, the tangential stresses are calculated
according to the expressions (II.1.31) and given in the following
tables (see table Ne2.2) (at the most characteristic points of cross

section and for different materials).
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2. Torsion of a circular cylinder weakened by an annular
hole space and two linear cracks in physical non-linear
statement.

This problem has found its solution in the books [25,53].
The results obtained from the solution of this problem are given in
the following table (figure 2.2, table 2.3). Here we miss

intermediate calculations and give only the obtained results.

Y

Ay

Fig.2.2

354



1L6°0- 680°1- gt =z j«(» uiod 80=y/2
1£6°0- 65°0- 41 =2 «Q» uiod
8IT'1 L1 q =2 «g» juod Lo=y/s4
£98°0 L60 2=2Z «y»qutod 11
ZL8°0" 86°0- g1 =z «(I» 1og Lo=y/?
89¥°0- 50 41 = Z «O» JUoJ
1960 80°1 g =2 «g»urog co=y/4
LYL0 £8°0 2 =2Z «y»utod 11
€98 '0- 6 0- gt =z (» mod 90=¥/2
% ard i 6v0- Al =Z «O» Ja10d
2061 70°1 g =z «g» juod so=Yy/4
8L9°0 29L°0 2 = Z «y» Uog I

01-552°0= 8 12ddo)

9- q10 \A 20 hv =,
JuaESs [e5*st] Z
JeauI[-uou [edIsAyJ JUSTUSJE)S TRJUT] urog SJUBLIRA

€TN ?IQEL

355



3. Torsion of a circular cylinder weakened by square hole in
physical non-linear statement.

This problem was solved by D.I. Sherman [25] within
linear elasticity theory. The results obtained in physical non-linear
statement are given in table Ne2.4.

The obtained numerical results show that the tangential
stresses in the vertex points of cracks and at the points =0,
z = o = b in physical non-linear statement solution differ 10-15 %
from the solution in linear statement i.e. maximum value

decreases and the stress curve smoothens. As the remaining points

(especially at the points on internal contours), the stresses 7, and
7,, change very little, i.e. in torsion problems accordance of

materials to physical non-linear rule doesn’t give the expensed

effect.
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3. Torsion of a circular cylinder weakened by square hole in
physical non-linear statement

Fig.2.3
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PART III.

STRESS STATE OF BENDING OF PRISMATIC BEAMS
IN PHYSICAL NON-LINEAR STATEMENT.

§3.1 Pure bending of prismatic beams.
A prismatic beam of two-connected area cross section is
subjected to the action of bending moment M applied to its base

(i.e. a beam is subjected to pure bending). The cross section is
bounded by a right polygonal ( L, contour) from exterior, and by a
r radius circle and two linear cracks (L, contour) from interior.
The origin of coordinates is on the center of the section, the axis
z is on the symmetry axis (fig.3.1).

As we have solved this problem in linear elasticity theory,
we should briefly notice that it is known that within the linear

elasticity theory, the tangential stresses 7,, and 7, are identically

zero and that the normal stress &, along the axis of the beam is

independent on the axis z.
It is known that all the equations of physical non-linear

elasticity theory are satisfied when in addition to conditions of

* For that you can see the references[25,26]
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linear statement we accept the creation of stresses o,(x,y),
O'y(x, y) and rxy(x, y) as well [38,53]. Not all of these stresses

depend on the variable (axis) z .
Under these conditions, the basic equations (I.1.1) and
(1.1.7) of nonlinear elasticity theory are reduced to the following
expressions:
- equilibrium (balance) equations:
do, 07, oz, 00

x —0; I2,9% I.1.1).
x  dy x | 9y (1.1

- strain compatibility conditions:
2 2
o’e, +a £, =23 £,
dy?  ox? oxdy
2 2 2
J %~ J % =0, 9f g (IL1.2)
ox dy dxay

From different points of view, the expressions (1.1.27) and

(1.1.28) between the stresses (0',}-) and strains may be simplified

more under the above accepted conditions.
- From Cauchy, Genki, Cawderer and etc. point of

view

ei(03) =3 s kol + ol
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- Adgins, Green and etc. point of view:
&; =alé' + 00y + 0500 i k=123, (11I.14)
For the materials subjected to “cubic” rule of stress-strain
relation, the last relation is in the following form:
Ej = €100y + €120 i+ 010505 + €0y +
205,040y + 33040 +¢3,050; + C320n0 im0y +
+ €330 O un OOy + 0330'&0' + €340 O i +
+3340nC O 0 (m.1.5)
The coefficients ¢; (=1-3; j=1-4) are the constants defining
the physical properties of the material.

In obtaining these expression we made the following

substitutions:

a =cyd) + C'211'*12 +2¢y,15 + 03|TlB +2¢55TNT, + 3,15
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2
) =y + 20Ty + 20T + o1y a3 =cp t 03T,

1 1

In these expressions 7, are stress tensor invariants,

For the function (stress function) satisfying the equilibrium

conditions (III.1.1) we take the expressions:

_3*F _J'F

0.=2L. & 7, =-2E.
x ay2’ y axz’ xy axay’

On a lateral side of a prismatic beam, the stress function

(I.1.7)

F (x, y) should satisfy the following boundary conditions:

oF _ const ; OF = const (II1.1.8)

ay ox

These constants may be accepted as zero.

In non-linear statement problems, the quantities &, and F
are taken in the following series form (worth respect to small
parameter A ) [38,53]:

o,=00+ 10V + 2o+ ..
F=FO4 704 2F0 ¢ @am19)

In these expressions, the quantities crz(o) and F© (the

values in zero approximation) take the following values for a

linear elasticity problem:
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FO=9; o0 = —%x (II1.1.10)

Here M is a bending moment, J is inertia moment of
Cross section area.
In the general form, the inertia moment is calculated by the

formula:

J = ([Pdxdy s J=Jy-1; (IIL1.11).
M

Jy is an inertia moment of an area (hole) bounded by L, contour,
J, is an inertia moment of an area (polygon) bounded by L,
contour. Inertia moments of cross section areas of some simple
geometric bodies are given in the form of table Ne3.1
It we take into account the expression (II1.1.9) of the stress
function (F) in the formula (II.1.3) and (IIL.1.5) in tum, then by
the conditions (I11.1.10) , (III.1.7) we get.

- From Cauchy, Genki, Cawderer and etc. point of view

(in a first approximation):

8a°>

AFO == 4
3G(3K +4G)

(II1.1.12).

Here, a=—%; G is a shear modulus, K is a volume

compression modulus. In obtaining expression (I1I.1.12), the mean

stress function is taken as k(sy)=1 and of tangential stresses
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intensity is taken function in the form g(t§)= 1+ gztg. (see 1.1.28
and 1.1.20)

-From Green, Adgins and etc. point of view (i.e. at any

physical nonlinear statement):

e [AAF +Aa |+ ¢, AAF + ¢, lA(Fj‘ +Fl+o° )]+

teplAlFZ + F2 +2F20? |+ 20, {;y—i (aF +0,)F, ]+
2 2

+-éi—2[(AF +c'Z)FH]+£a;[(AF +crz)ny]}+

+c23{ai—22(Fy§, + Ivjfy)+~iciz(Fxfr + Fxl;)+

+a—ig;[Fway +E,F, ]} teyla(F2+F2 4 0% )|+

+c32{§yi2 [(ny +2F. +F +o? )FW]+

+§-:7[(F2 +2F} +F2 +03)Fn]+

yy
+%(F§+2F;+F2-03)Fﬂ]}+

+ c33A[(AF +0,) (Fy"‘; +2F) +F? +o? )]+
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ool Solrz e g vot) g e Tkt o g ot
2
+?ay[(Fi +F} +J:)F”]}+C34{§F[(AF+UJ'(F; +F§)]+

+ é% [(AF +0, )(fo +F} )]+ %[(AF +0, )(FHELy +
+F, F )| } ey AlF2 + F2 + 07 +3F, F2 +3F, F2|=0.
(II1.1.13).
It is seen from strain compatibility conditions (II1.1.2) that there is
a linear dependence between normal stress o, and variables x,
y.
e (AF +7,)+cp0, + cm(th +F)+ crf)+
+enlF2 + F2 +2F2 +02)+ 20y, -0, (AF +0,)+ 150"
+6y, [ij +F2 + aﬁ]+ 0, (Fj,r +Fl+o7 + 2F§)+
+c33(AF+az)(in +F) +2F] +0'z2)+
+ 330, (in +F> + af)+ 0 (AF +0,)+
+ 3034(in +F) +0} +
+3F F2+3F, -F2)= Ax+By+c (IL.1.14)
If we considere expressions (III.1.9) in differential
equations (T11.1.13) and (IM1.1.14), a differential equation obtained

in a first approximation will be as follows:
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2
AAFO 4 graf (242 ) 2

M3
+(6ﬂz+6ﬁ;‘+18ﬁg)-?x=0 (IL.1.15)
2
FO 4 gar® (1+3,«6‘2 +,63) ﬂj—x +

3
+(/B:+2ﬂs'+4ﬂg+ﬁ;")ﬂj—3x3—-A1x+Bly+c; (IM.1.16)

Here we make the following substitutions:

C
Br=—21 . gl g=, gr=51,

i teyp Cn Cy Cat
ﬂs*zcﬁ. ﬂ;’:cﬁ. ﬂ;zﬁ‘l_. f(l)=a'(1)
> 3 b4 4
tn n €3

If to differential equation (IIl.1.16) we apply the operator

? 9 : a) - ,
A=—++-— and remove the function Af‘” in expression

ox®  dy
(II.1.15) (make a substitution) we get the following differential
equation:

AMFO=H +H, -x (IML.1.17).

Here

1

_ M’
_1_ ;. ] J?

7 (2+68; +28,)8; -2-28;
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_ 1
-4

* . " M3
-6 - 655 —184, ]"}‘3—

H, leg; +68; +128; +248 )8 -

Thus, in physical non-linear statement, in pure bending of
prismatic beams, by both point of views, the solution of the
problem is reduced to the solution of differential equations as
(II.1.12) and (II1.1.2) and (II1.1.17) (for finding stress function
F in a first approximation). All first we solve the differential

equation (II1.1.12). We look for the solution of this equation in the
form F®=F% +FY Equation (II.1.12), in polar coordinates

spec.

(p, 9) is written in the form:
AAFW = px = bp cos 8 (IIL.1.18)

Special solution F,Sjc_ is found in the form:
FY =ip5 cosé (II1.1.19)
spec, 225

General solution FU (general solution of the homogeneous

gen

equation AAF W= 0) as we noted in part I and II is found in the
form:

Fll =¢Inp+ p’c, (I11.1.20).

As a resuet, the solution of equation (II1.1.18) is in the form:

367



FU=fW +F")=2i25pscosu9+cl mp+c,e* (M.1.21)

spec. gen

By boundary conditions (III.1.18), the constants ¢; and ¢,

take the values:

(I1.1.22).

o = boost n-t 2 2. _bcosft; —t;
T e T

13—t
In these expressions #, and ¢, are affices of internal L,
and external L, contours, respectively.
After finding the stress function F®, the function
0'9) = f,(x, y) is found by the following expression: (we take £,
deformation II1.1.3, in the expression in the form of

£, =04+ eV=Dy g (a-x+p-y+7)

equate the right hand sides, find the function fl(')(x, )

(. y)= 36K [L_LJ.MU)_
=376 [ 26 3K

——%3—a3x3+3(a-x+,8-y+y)]; (II.1.23)
9G
&, B and y constants are found from the boundary conditions

[[ oWaxdy = [[ £(x, y)axdy =0
M s

H fl(l)(x, y)xdxdy =M
s
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[] A9, y)- yaxdy =0 (IL.1.24)

S
at the lateral side of the beam.

When a cross section of a prismatic beam is symmetric,
B=y=0. So, for the function o®=£U(x,y) we get the

following expression:

£0(x,y) =K -G {(_I__LJ.AF(U_

“3k+6G |\26 3K

—%cf p’cos’ B+3a-p -cos9]; (Im.1.25)

The coefficient a is found from the expression

H f,(l)(x, y)xdxdy=M . By means of the Green formula we
s

replace the two-fold integral by a one-fold integral
ﬂ £, y Yrddy = faxiy - _[ edy =M (IIL.1.26).
L L

5

Here, since ?}_¢= fl(l)(x,y)-x, it is determined that
X

p= I f,(l)(x,y)xdx. As integration is with respect to dp, the

function ¢(x,y) is found from the last expression and by in

equality (II.1.25),
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+-%—d ¢ cos29+a-d4£’3—cos2 6 (IL1.27)

If we consider this expression in equation (II1.1.26) we

can write dy =dpsiné and p=r, (on an external contour L))

[%(dl —d,)cos® 01 +%d.’2 -¢, 13 cos’ @+

1 . 1
+Ea-d4coszag]sm6—[§6(dl —d,)cos’ 615 +
+%d2 ‘c, -t?coszﬁ+éd4a-tf‘ cos’ 9:|sint9=M

Hence we get:

oo 12M -
d, cossinAlef -1} )
2§ -1t )+ 20233 -)

=) (IL.1.29)

1
In these expressions, we make the following substitutions:

= K0 (L L) beosor 4= 2O (L L),
3K+G\2G 3K )9 3K+G\2G 3K

3KG %a3cos39; d,= G 3cos’ 8 (II1.1.30)
3K+G9G 3K+G
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Thus, the functions £,"(x,y) and @(x,y) are completely
defined. Then by means of expressions (II.1.9) we find the stress

components:
25:1)
o, =cr£0) +gm£l) =apcosf+gp(p.0); o, =_aaF2
/e
Q1) {1) @)
O_p_iza 1’?2 10F = d [10FY . (LL31)
p7 98" p o 9 \p 06

Depending on the parameters A,N,m, the obtained
general solution may be demonstrated by many concrete
examples.

1. For A=R, m=0 the external contour L, takes the
form of a circle. In this case we get a problem on
bending of a cylindric beam.

In this case, for e =r, the intermal contour L, becomes an r

radius circle. i.e. the cross section of a cylindric beam consists of

concentric circles (concentric circles of radii R and r).
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2. for N=12; m=a_b; r=0;l=e-r=0 we get a
a+b

problem in bending of an whole elliptic beam with
semi-axes a and b. The resuets obtained in both

cases are same as in the paper [22] (the value of the
stress function in a first approximation F W and
expression of the function @{x,y)).
Similarly we can find the expressions of the functions F(x,y) and
¢(x,y) in (the next the values in the second and etc).

approximations. Investigators in the future may continue this work

and consider numerical results.
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§3.2. Bending of prismatic beams under point

concentrate load in physical nonlinear statement.

We use the method used in pure bending of a prismatic
beam in §1, in a problem on bending under the point load. As it
was said in §1, a crass section of a prismatic beam consists of
two-connected domain {contour L,) and is bounded from exterior
by a right polygon and from interior by a r radius circle and a
contour [, possessing two linear crcks outgoing from this circle.
The vertex point of cracks of cracks are denoted by tie (fig.3.2).
Total length of the beam is point load L is denoted by P (the

point load is applied on the base z =L of the beam along the axis

x).
P

/]

/

/l— AT — e— S— \—-—..Z P

T x
/)

L y
fig.3.2
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Unlike the pure bending, when under the action of poinf
load, the stresses are in the form (ax,ay,az,rly,rxz,ryz) all the
equations of nonlinear elasticity theory are satisfied. And the
stresses 0,0, and 7, are independent on the axis z.

It is known from the first part that when there are no

volume forces, the equilibrium equations are written in the form
(sce .1.1.,1.1.7 and 1.1.36)

do, +af,‘y 9% _0: 97, +aa,, +arﬂ o
ox dy 0z o dy oz
dr, 97, do
oy Ry 2=, n1.2.1
ox i ay ¥ oz ( )

Strain compatibility conditions

azwyz_azg 9, y, 9

Z+—2 =—*+

Bor o ot dwox o 02

x Yy .
oxdy oy:  a?
0%, _3( Wy u, o
ddz ox\ ox 9y oz )




Expression of strains by stresses

1 1
& =5 kls0)- 00 + 5868 ) (0. - 0y);

£, =§k(so)-0'0 +%g(t§)-(a'y —0‘0);

1 1 1
& =5 kl)-00 45288 )- (0.~ 00wy == 8(2) 7,5

2

¥y =ég(t0 )'Tyz; Ve =ég(g)fxz (II1.2.3)

+0, "‘0}) are mean stresses. How we can

Here o, =%(0'1
take the stresses.o,,0,,0,,7,,,7,, and 7,, that they satisfy all

the equations (conditions) given above. As in pure bending if we

take the stresses 0,,0, and 7,, by the stress function F(x,y) as

3F 9’F 9’F
J“:?; O'y——ax—z; Txy=_ﬁ; ([[[24),

then the first two equilibrium conditions are satisfied this stress

function F(x,y) should satisfy the conditions

oF _ const and oF = const (II1.2.5)
X

in the lateral side of the prismatic beam. Here we can take

constants as a zero (this doesn’t affect on stresses). The last

376



expression of equilibrium conditions (II1.2.1) is satisfied when the

normal stress o,
o,=00+ 4. f(x2) (IIL.2.6)
and also tangential stresses 7,, and 7, are taken in the form

dg dop P
=2¢. =¥ _ L wv-A-f - m.2.
T, (. 3 7 xy oy |« 7

In these expressions, is a point load actingon P, and J is
an interia moment of cross section of the beam with respect to
neutral axis. It is known that the inertia moment is defined by the

following expression.

J = [| Pdxdy (I1.2.8)
5 .

As it was said above, by means of Ostogradskii-Green
formula, the two-fold integral is reduced to one-fold ontegral (sece
formula HI.1.11). Inertia moments of some simple geometric
bodies are given in table Ne3.1.

Is we arbitrarily take the mean stress function (k(s,)) and

intensity function g(tg) of tangential stresses, then as it was said

in parts I and II, the solution of the problem and satisfaction of
boundary conditions meet many mathematical difficulties. For

simplifying the solution of the problem, in expressions k(so) and
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g(tg) (in expressions 1.1.29 and 1.1.30), and (1.1.57) we are
restricted By a special case and take the form:
k(so)=1; gle2)=1+g, 72 (HL.2.9)
i.e. we are restricted in a first approximation of the functions
k(sy) and g(tg) {(zero approximation gives the solution in the
linear statement). At the same time, if in the expressions (I1.2.7)
we take the function ¢(x,y) in the form:
0=99+ 4, oV (II1.2.10),
and consider it in that formulae, for the tangential stresses 7,

and 7, we canget:

(0) (1)
rxz:a¢ +32'a¢
dy dy
P ooV p
7, =- ?x ~A. ;’; -Sxy=A-fy (W20,

If we take into account the intensity function g(tg) of tangential
stresses in the expression (1.1.6) of part I (1I1.1.11); (II1.2.9) and
(II1.2.11) and ignore the square of coefficient g(r2) and its higher

degrees, we can write:
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2
g()32G02[0'+0'+0' -0,0,-0,0,-0,0,+

+302, 4372 +3z'n]—? g,-lo? +30) (IL2.12)

Here

= 3(@59)2 +3(¢§,°))2 +6¢ (0) T3y J2 2y%;

Then, by the expressions (II[.2.3), for displacement strain

(e‘x,é'y,é‘z)ahd shear strain (ny"//xzs’/’yx) components we can

write the followings:
0 1
E, =m0, +mg,f tng, AF+—g,F, —

G ¢
- nzgz(0£°)3 +o” ‘CI’);

1
€y ="10'£0)+”182f +m8, 'AF‘*'Engn -
_’1282(0';(;0)3 +o -CDJ;
Ez="3o'£0)+"3'gz'f+"1'32'AF+
1
s ) e09-0] vy Lo,

1
V= G(¢ + 2,00+ 9633(¢ O J
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Wy =— G[ ©0) 1 g,pl) + 22 +ngzy)—

J

(2;3 g2 00 4000+

yoP P POy cb] (m.2.13)
J J
Here we mode the following substitutions:
1 1 1 1
—_——— n,=———; n =—+—, 1.2.14
"ok 6 M mg ™ok T A
a2 82
A=——+—=is a Laplace operator.
ox* oy’

The first, second and the sixth of strain compatibility

conditions (II1.2.12) are reduced to the following one condition.

%, ?
:ZZ [ axi” " aay?] =0 (IL.2.15)

If we write the expressions (II1.2.14) in this last formula,

we get.

PAL—2

mf,=6n-g, x;orasm=p(L—z),

we can write:

fu=622g, M, (IIL.2.16)
n o J
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It we twice integrate the last expression with respect to the

variable x, we get:
3

flxz)= n4%+c1x+c2 (IL.2.17).
M3
n,=6—=g, 7

c, and ¢, are integral constants. If we accept one of them as
¢, =0 (this will not affect on the solution of the problem and
stress state of the beam), we can find the other ¢, constant from

the satisfaction of the function f the condition

[[£-x-dxdy=m (II1.2.18).
M

(because a set of stresses acting in any cross section of the beam is

equivalent to the bending moment M ).
By means of Green formula, this two-fold integral is

reduced to one-fold ontegral:

([ x-dedy= [fi-dy-[fi-dy=M  (@@2.19).
1) L

s

Integration is conducted along the contours L, and L,.

o _

Here we make substitution — = f - x.

ox
Then f, = [frdx+c; .
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It in the last expression we take into account equality

(II1.2.17) and write it in (I11.2.19), we get:

3
Ifldy Ifldy— j [n4%+ c,x?+c3]dy—

Ll Ly
e
- j' n4 --+ ¢ ]dy M (m.2.20)
To conduct complete integration we must make relations between

the variables x and y.

It we pass to complex variables (here z is not a symmetry
axis along the beam’s axis, i.e. along the beam).
As

I=x+iy, Z=x-iy,

then
:%(Hg) y =_%(Z—z) (I.2.21)

- The function mapping the contour L, (right polygon)
exterior to a unit circle [51] is as follows:

2= Al +mey V), z=Al +ml7); @m222).

The function mapping the contour L, (r radius circle and

two linear cracks outgoing from it) exterior to a unit circle is as
follows [51]
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2= ) Yo G Z=r70 Y Yeger (112.23)
n=0 n=0

In the last expressions (II1.2.22) and (I11.2.23), the variable
7 is an affix of the points on a unit circle ¥ (recall that on a unit
circle, 7=¢'? and 7-7 =1).

As it was said in section I and Il the quantities A,m,N are
the coefficients defining the cross section of the beam (see
expressions 1.2.21 and Nel.l).

The coefficients y,_; are found by [51] (see expressions
I1.1.16). As it is seen, to calculate the integrals in the expression
(II1.2.20), we should known the expressions of at least the fifth
order power of variables z and Z; therefore, below we give the
expression for any power of expressions (I11.2.22) and (III.2.23)
(we do this for simplifying the calculations of future researchers).

At first we consider the expression z 7.

By (II1.2.22) (i.e. for aright angle N )

Z=Ame" +7V e A(4m?)  (m224)

By (II1.2.23) (i.e. a circle with two linear cracks)

Z=rtY p Yyt =Y T Y T ()
n=0 n=0 v=0 v=1
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Z YotVnov1s Tov) Z YocrVusve (M12.25)

n=v

By the expression (I11.2.22)

z)" [A('z'-+-mz'l N)] =i )+i T_"T4(v)

v=0 v=0
k-v  k-v k- u
Z"A"C Nom N T, (v) Z’“‘A"Ck N (II1.2.26)
v=0 v+E
k=N_1+£

k=23;..,v=012....
By (I11.2.23)

- ["TZ:(:J yn_lz""} = %r”Ts (v)+2 T, (v)
( ) Z* ka1gk v () Z* k}’klghv;

k=v k=v
Z g"l gn -n ’ gn g.&l) = yn 1
nl—O -1
k=23....; n=0172,..; (ITL.2.27).

In these expressions, the stars * and ** indicate the change
of indices of the sums by 2 and N, while passing to the next
term.

After some mathematical operations, differential equation
(I11.2.20) takes the following form (if we take into account
expressions I11.2.21, I11.2.22, 111.2.23, 111.2.26 and II1.2.27).
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+rgl+mr;’“f N+ml-N)Y +
et -k e (), e
+7y +mry )3[1+'r2 +m(l- N7V -
-m(N -1 év‘z]+ 03(— %J[l+m(1——N)rz'N +
+z"2—m(N-1)'r”‘2]- dr, — j ngr’ (_EJ Yy T+
2 2 2 3032\ 2 VT2
oo s oo
+S ot -[Zn-l(l—n)rf"-Zn-n(n—l)f{"z]dm
n=0 #=0 n=0
r3 ir s 1-n - n-1 ? - -n
+c1£ Y 2 nafl "+ 2 YT | X (=) -
n=( n=0 n=0
-Srdn e o e, (-2 S - -
Zn-. n~1)g" ]}dr, (I11.2.28)

In calculation of all integrals contained in this expression,
only the terms possessing 7 power terms of the variable (— 1) are

not zero, the others are zero (all these integrals are Cauchy type

integrals).
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ieasr=e% and 771=1.7" LId—=
;] T

Because

| d: Ingf3 =n(1e® )2 =In1+In{te?2* =
=1n1+i61§”=0+2m‘

The other integrals are identity zeros. For example,

dt ) 1 |22
—= dr=-=- =
if = J rhdr=—37 |0
=—%ei9 g” =—%(cos9—isin913” =0
or
2
I ﬂ:i'r:Ez—‘g” =%e‘29\3” =%em(cos+isin913" =
= —cos 29‘ 7y z sin 29‘ - (]]].2.29)
and etc.

According to what has been said, if we calculate the

integrals in the equaﬁon (II1.2.26), we get the following result:
MG m4 mﬁ 72?‘4
n, 4_80nl + 76‘11_12 =Ny m ' H3 —-ny ?cl]_[4 =M (HI.2_30)

From this expression we find the constant ¢,
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M_ﬂ'n4nl_A6_7z'n4 6
¢, =— 480 480 (IL2.31)
A Tr
= .n,-=l..q,
24 8

Here, the quantities IT,,I1,,II, and II, are the
coefficients obtained from integration (the coefficients dependent
on the parameters m,N, ¥,_,).

Thus, we find the expression of the function f(x,z) in a
first approximation,

If the function f(x,z) is known, in the third of strain
compatibility conditions (II1.2.2), by formula (III.2.14) being an

expression of deformations (ex,ey,y/n), for the function F(x,y)

we can get the following expression:

2 1.\
AAF-(nl +2—1;—)=n2 .0'50).(1))3, +6'12.0'£0).P_..(.l_z)_..

J2

iy 0.~ f (1.2.32)

2 —
_2n2¢x—--—P g Z)

The function ® contained in this expression is defined by
formula (II1.2.13). Within linear elasticity theory, the function
qo(o)(x, y) contained in expression (II.2.13) is defined by the

following expression
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N _
@O(x,y)=0Nz,7)=—=B, 2+ (zf +

2
i 5 P e b _\
+—B,-2°—-—By-z2"-T+=B,| -7 -z +
6 72 P! 3% & g 4[32 4 (Z)il
k
| z _
+—BSZ [ak(—) + ,6‘,‘51"} (m.2.33)
2 e A

The coefficients a; and S contained in this expression is
known from the solution linear statement of the problem. The
variable & is the inverse function of mapping function (II1.2.23)
of the interal L, contour (see formula Nel.1).

In the last expression we made the following substitutions:

P 3p
B =-——(1+24); By =———L-P
! s(1+u)-J( *2u); B, 8(L+v)-J
2P P 4P
B = — __;B =——;B - —-— oty .
PTUg+v) s T T B(+v)d (234

It we substitute expression (II1.2.33) in formula (I11.2.13),
the function ®(x, y} is defined as follows.

At first, by (I1.2.16) we can write the last term in

expression (I11.2.32) as follows:
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21k
Z By 1_'t =i ﬂkliiz'an—l(z) J =
k=1 k=1 T n=0 z

-5 (L) 86} 86)-3 Aol @239)
n=0 \Z k=0
Here (%} shows that while passing to the next term the indices

change by two. All the coefficients L(:) are found from this

condition [51]:

L(*Mi 1 g =o; gg)=5n-1
" m=0 o 5—1

Thus, we obtain:
<I>=zf3-n'+z3-2r5+fz-zz-r5+z4-71+f‘-rs'+

+ir S ey a2~k B -+
k=1

+iyy . [ka A2 —k-Blk)- z'k'l‘22]+
k=1

+iy;i[kak A . *.7-k-B ™t “] (M.2.36)

k=1

Here, we make the substitutions:

3 9
, =—6Bl -=B,B, ——B/B,;
Y2 e A

. 3 3 3 3,
¥, =6B, B, +3B,B, —5332 +EBZB‘+ZB3B“ +5 B4
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« 3 3 9 15 3
Y3 =ZBl B, +ZBzB4_ZB3B4 ——2—B|B3 +ZB};

. 3 3 3 3
Ya =1—B2B3 -23234 +ZB3B4 ——S-Bf;
. 3 3 . 3 3
Ys =—ZBl B, —EB,E; Ye =_ZB3BS +ZB4BS;
3

£ * 3

Passing to polar coordinates (0,8) in expression (II1.2.36),

we make same derivations, write the obtained result in differential
equation (I1£.2.32) and get:

o

AAF=i o~ (k) Z k)+p'-v,(1) (m2.38).
k=1 k=2

Here

Vi(k)= (— Zﬁ]%f—[Zy,‘ e g 42y e g +
n,

+2y1¢ 6 + 2y5¢ %, — 4y ~ dyse g,
rid®EDOE 4 fl2Rp L ep |

v, (k)= (~ 2:—2]% e E, 4 ie %90 E_ 16 . E ],
3

E =y Rk(k-2)a, A |: E, = pk(k -1a, - A7

E, =y [a A - ka, A |- yik(k + 1)a, - 47F;
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E, =7 2k(k +2)B(k)- r*; E = pk(k +)B(k)- r*;

E, = . [k2B(k)- r* + B(k)- r* |- vik{k - 1)B(K)- r*;
0 k#3;
£ = (111.2.39).
1 k=3;
As it was said in parts I and II, the solution of differential
equation (II1.2.38) is taken as follows (as a sum of special and

general solution).

F=F, +F, Fpu=p-cl+c;-Inp

spec. gen?
e =3 P V04T 085 Va(k)+
k=1 =2
+v,01 [%ln 0 —l—p ] .8 (II1.2.40)
Here Inp =1 L if
o =Int if ;<p.
C3

In p’ =% if ¢, > p.
8 =[(k+4)’(2+k)"r; 6;=[(4—k)2(2—k)2]”;

1
« |3 11 had 2
= =V,0)-—| ; = _—
5 =[2n0- 4] w0-5, 24

So, the stress function F(x,y) is defined by the following
expression

391



F=F, +F,, Z Pt -8 Vik)+Y ptt 8 vy (k)+

k=] k=2
+V,(1)-8;-p* +¢; - p* +¢; - Inp;
11
5 =J. Inp —— 1I1.2.41
[ ng 36] (m.2.41)

In this expression, we find the coefficients c: and c; by

boundary conditions (II1.2.5)
a—FCOSG—lSl a- a—F=0 anm9+—1-cos9 a—F—O
ap Je) 06 o0 o d

By expression (II1.2.41) we write

{i (k49028 Ulk)+ 5 -8 Vile) v

k=1 k=2

+3V,(1)-8; - p* + 2t,¢, +%c;}sin3+

icosa{z A0 k) 5 8 k)

I k=1 k=2
+V,(1)-8; -1 }=O; if p=¢t,, 1ein L,
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(k + )5 v (k )+i (94— k)-8 -3V, (k) +

bl
Il
—

[

+V,(1)-8; -2 +2t,c, + c2 sin@ +

oo o

—cosé’z 056 V) + D 54 8y -V (k) +

k=1 k=2
+V4(1)-54-tf' }=0; if p=y, (IL.2.42)
Here
3 00 ¢ FY)

From formula (II1.2.42) the following expressions are

found for the coefficients ¢’ and c; .
{Z [tk+4 k+4}55 +Z [t2k+4 1k+4]56-
* 1
+(‘§—‘13 )57 }ﬁ

h-h

i K455 +Z 1,548, +136; +13 i ("*4—t,*+“)§ +
k=1 k=2 k=1
k4 «] 1
[ I e R
k=2 tz -t
8 =[(k +4), -V, (k)-sin 8 + 3V, (k )cos 8]

& =[(4—k)-sin6- 2, -V, (k) + 3, -V, {k)cos ]
8 = [3sin@-V,{1)+V,(1)- cos 6}, (I11.2.43)
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After obtaining (defining) the function F, the stress

components are found by the expressions (111.2.4).

o g | LOE LOF) _ OF
Iy 2 p2392 pap_’ a g2ap2’
3 {10F)
pr =_82$(;a_9 ; (I11.2.44)

Now, get expressions for tangential stresses (7, and 7,,)

in bending by the function FU). For that, we can write together

the fourth and fifth of strain compatibility conditions as follows:

0? {ay/u _awﬂ]+ 0’ [awn _y,,

= I11.2.45).
ax*| ady ox dy?| dy ax} 0 ( 2

In this equation, allowing for expressions (II1.2.13) of

shear strains y,, and ¥, , we can write:
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oV, _
dy

+ ¢(0) d+ w(o) . (I))')_

b4

[% + 8,0 (1)],, ((o) oOF 4
aw_ﬂ_
o

1
=5[ O+ g, ¢(1)+Py

Pl -
[0 507 _ gl0). 0% PU=2)

To67 &
+¢9. @+ g% _+ 50" I;y +Be-

~ol Pl—z) Pxy L. d)x]; (11.2.46)
J J J

It we take into account the expression (II1.2.46) in equation

(II1.2.45), we can get such a differential equation:

aZ aZ
aaptl= (ax2 * asz'{( 962][0(0) ap

+@-00% + g% @, +¢(0).q> -

_.ago).(p)(;o).i(’_f_)w(o f;y P

_ o P-2) Pry Poy ]_ [M1.2.47
o'z J J J x fxzy ( e )

Here, passing from the variables x and y to the complex

variable (z =x+ iy), we get:
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2 3
9G* 0207
+200 . @, +20, - ® 24 (2 +2Np® + 0)-

(22 + 22+ 22 0@ + 20 - @ +

AA¢(1) -

p
i
2(Z Z)J

oo o) A=)+ -2 | (w2
Here

8 P 1 P21 -2V P(1-zf
(=2f ) IPA=af em PU=)

2, 4 J? n, I

Thus, for AAw(l) we get the following expression (if we

take into account the known expressions of the functions ¢(°), f

and & contained in this equation in [I1.2.33, IIL. 2.36, I11.2.17)

AA¢(I)——FJ1[—!ZCZS—IZ“9]" /7-1[ 70y —izoy +

+Y 5k)- 27+ lk)- 22
k=1 k=1
——922 {7234, +iz22A, +icz? A +i2° 2 + 2% -m,(a)+
k=1

+27°28 my(a)+ ey (a)+ 272 @)+

+3 [ )22 2y (b)+ 2o (b)+
k=1
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+7 22 o)zt o vi i T i T

+3 [z agla) + 2t - agla)+ 22 )+
k=1 ’

3 [ e 0)+ 2 p)+ 2 )

+203 7% Np(k)+ 2:'2 a -le(k)}rﬂ‘-/?q z-
k=1

k=0

—i'/iq'Z'l'i%Hl'Z—%f'Hl (HI.2.49)

Or we can write this equation in a compact form as

follows:

o -]

M@V =Y pF T (E)+Y p7™* - To(k)  (WL2.50).

k=1 k=1
Here we made the following substitutions:

. . 32 . 32 4
Tl(k)zzﬁxﬁ-as-ss-eaﬂﬁﬂl-ag-e e+

+ 7% g 4 9122 /11(“10 e - ‘eia)"‘:s -
—98(;2 (e + 4, -+ 2+ 4-") £, +

+ny(a) € +1,(a)- ¥ +17,(a)- £ +

+n,(a)- " +a i £, +ic, € £, +

+ie -, &, +iea, - &, + a,(a) €** . (a) ™ +
+a, e L 2N (k)€™ +id, e £, —iA, e e +

i, i i
+5e'9 -H, - &, _EHI e e
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. 16 . = . =i
Tz (k)z_ﬁ[’ll -yg(k)-e 4 Vlo(k)‘e (k+2)9'€6]'_
5ot T b)-e £ 1y6)- e g (p). D0

+774(6)- P 1 g (). K2 4 g (p)e O 4
+a, () LN, (k). 7 )

oy = 2B, +233+:21-B4; a3 =4B,+B, +B,;
@ =4B,+B;+B,; ) =B +2B;+B,;

P. _P. P . » «+P P .
j'3=57}’1 "‘2—7’3‘27)’5; As=274—4}’27_277’33

J
9 «.P +P 9 P « P
MmO T
P 0, P 9P (P
25—6}/3J 2}’1j+272j 6?’5J’
1 .P -
ha)==3 7 Tk +1)-0, A7
A B)==27s 2 (k- 1)(e)
2°°J
1 .P -k
=~y —k-(k-1)a, - A7*;
As(a) 271 ( Ja,



« P 1 .P _
/110('5):‘77 jk‘B(k)"’k; /111(“)=EV37k'ak A k;
1 P P _
ﬂu(b)=—5n 7k-B(k)-r"; Az(a)=1'772k-(k—l)ak AT

+ P P -
'112("’):2?’7 jk‘(k*‘l)‘B(k)"’k; ’713(0)=}’s 7"2 a - A o

Ab)= 15 20 Bk)- 5 Ala) =77 2=V 475

« P . P _
/114(”):“277 7"‘(k+1)3(k)"'k; ;"15(‘1):_78 7]‘2 - A o

ﬂqs(b)':—?’;‘}}kz'B(k)-rk;

1 .P %
’llﬁ(a)=5‘}’17k‘(k_l)'(k_z)ak‘A ;

"o

Vo k #(k—1)a, - AT

Aqla)= 7

1

4

Alb)= 51 k- (k+1)- (e + 2BK)-
Ay (b)= _% Y5 ‘I_;‘kz (ke +1)Bk)-r*;

1 .P iy
'113(“)=‘5Y7 jk'(k-l)-(k—2)ak CATY
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hola)=- Vs?kz Ak -1)a, - A7*;

A6 =73 ek +1)-( + 2)B(R)-

As(b) =i}f€§k2 (k-1)B(k)-r*;
TRRC

jﬁo(b);;;ﬁ?k-(k +1)B(k)- r*;

1 .P i
’721(0)=—‘5}’7 Tk'(k_l)ak CATR:

1 .P « P -
jal(b)'_"“gl";?k'(k“l)B(k)"'k; /122(“)=Yk}‘k‘ak’A “

An (b)——77_k Blk)-r*; Ayla )=—%yg§k2-(k+l)ak-A"‘;

As6)= 26 22 (-1)-Bk)- 74
j%(a)=_%7;§k-(k—l)-(k—2)ak AT
In8)=2 13 2 (1) (4 28(0)-

Tob)= 315 (k-4 )Bk)
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1 .P _
/125(“)=‘2“J’87k2'(k_1)ak AT

(@)= A (a)+ A (a)+ As(a)+ Ay; (@)+ Ay la)+ Ay (a);
@)= Ag(a)+ A(a)+ Ag(a)+ Ay, (a)+ Ags (a);
14(a) = Ag(a)+ Ao(a )+ Az la)+ As(a)+ A (a)+ Aps(a);

Ma(a)=Aig(a)+ Aua(a) 14(b)= A15(6)+ Ay (B);
76} =25 (b)+ A4 (b)+ Ay (6)+ A1y (B) + A (b)+ A, (b))
72(b)= A4 (b} + A1y (b)+ Aug () + A1 (6)+ Ays (b);
13(b0)= A (b)+ Ao (b)+ Ay (b)+ A5 (b)+ A (b) + 423 (b);
@, =—33B,y, —60B,y; —15y,B, + 247: B, ;

@, =—-18y,B; —48y,B, - 12y,B, + 8y, B, + 21 B, ;
. * 33 . * 9 .
a; =—-30y; B, — 66y, B, __2"}’234 +18y, B, +571 B,;

o, = =36y, B, —24y,B; - 97, B, ;
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as(a)=8y;Bska, A* +14y, Bk*a A +
+%y;B4k2akA”" +107; B,k(k —1)a, A% +
+4B,yek” (k—a, A™ + 13 Bk (k—1)a, A™ +

+ 7, Bsk(k —1)k —2)a, A™* + 6y, Bska, A +

+6¥; Bsk(k ~1)a, A~;
og(a)=3y;B; k-a,-A™* +6B, ¥ k-(k+1)-a, -A* +
+%yg-B4-k-(k+1)-ak A +4B, -y k-a, AT -
F By kg A =27 By ke~ D A +

+4}’8*-B3.k2.ak.A_k__]'2__},;_34_k_(k_1)ak.A—k+

+2V2-Brk2'(k+1)ak-A“‘+%y£-34-k2-(k+1)ak-A-*+

+%Ba'}’§'k2'(k—1)ak-A"‘ +27; - Bs-k-(k—l)a,-A™* +

+4}/3*BS .k.ak .A_k;
a,(a)=12¢% B, -k-(k—1)a, - A™* + 675 B, -k-(k-1)a, - A™* -
~677-B-k-(k~1)-(k—2)a, - A™ +12y; - By -k -(k-1)a, - A™* +

+%Y;'B4'k‘(k—1)-(k—2)ak LA
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os(b)=-8y; - B, -k-B(k)-r* +14B, -7, - k*-B(k)-r +
+7y; B -k*-B(k)-r* +10y; - By -k - (k +1)B(k)- r* -

=77 By k(k+1)-(k—2)B(k)-r* - ;- B, - 2B(fc) -
—4y, -B,-k*-(k +1)B(k)- r* — 6y - By - k- B(k)- r*
+6y, - Bs - k(k +1)B(k)- r*;

og(b)=-3y; - By -k -B(k)-r* +4y; - B, - k*B{k)-r +

+68, 75 k- (k- 1B(k) r +3y; B, -k-(k-1)B(k)- r* +
+4y; - B, -k-Blk)-r* +; -B4-k-B(k)-r" -

-2y, -B, k- (k+1)B(k)- r* —%y; -B, -k-(k+1)B(k)- r* +
+2¥; - B, -k* - (k-1)B{k) - rt —%y; B, -kK*(k -1)B(k)-r* -

-%yg By k*-(k-1)B(k) r* +25; - Bs k- (k +1)B(k)-r* —

-4y, - Bs-k-B(k)-r*;
o, (b)=12y; - B, -k -(k+1)B(k)- r* +6y; - B, - k{k + 1)B(k)- r -
-6y, B, -k(k +1)-(k + 2)B(k)- r* -

—%y; By -k +1)-(k + 2)B(k)- r* +127 - By -k - (k + DB(K)- r*;

. 1 * 1
79(")=§Bs k-(k—1)a, - A k;J’w(k)=535'k'(k"'l)B(k)'rk;

Ny(k)=y; - Bs-k-(k—1)a,-A™*

Ny (k)= Bs -y k- (k+1)Bk)-r*;
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Ny(k)=2k-a,-A™; N (k)=2k-B(k)-r*;

N (k)=i Ny(n—k+1)-N,(3-n)e,;

k+3

ZN, -Ny(k—n+4);

N, (k)= Z [Ny(n—2)- Ny(n—k+1)e, +

+Ny{n—k+1)- N3(3-2k +n)e, ]

No(k)=3 Ny (n—k+1)N;(n+4);

Nok)=3 [Ny(n—2) Ny(n—k +D)e, +

+Ny(n—k+1} Ny(n—2k +3)&,]

Nm(k)=i Ny(n—k+1)- N,(n+4);

Ny (k-4) ZN2 Ny (k—4-n+1),

Ny (k)= Ng(k)+ + N, (k)+ Ny (k) + Ny, (k —4);
Nys(k)= No(k)+ Ng(k)+ Nyo(k);
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N 0 if k=>2 . = 0 if k<2
"N if k<2 27N i k>2

{0 if k>2;
& =

1 if k<2
3 0 if k<4 . = 0 if k#1;
T i k>4 STif k=1
[0 if k=12 .o 0 if k=#3;
6T if k#£L2; T Oif k=3

We take the solution of differential equation (II1.2.50), as

if was said above, in the form:
( R () (l)

gen spcc
Here
40?2,,. =c; - p"cosn@+cg - p° (I1.2.51)
is a general solution of the homogeneous equation AA¢:(1) =0

¢)£p)ec is a special solution of differential equation (IIL.2.50). So,

we can take this solution in the form:
%—Zp -3, T (k

+Z pt3, T (k)+T (1), 0° (Im.2.52)
k=2
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(if we four-fold integrate the right hand side of expression
(II1.2.50));
Thus, as a result, differential equation (II1.2.50) is in the

form:
PV =3 pF+ts, Z P, Tk
k=1 In
+T,(1)35 p° +csp" cosné + cgp%; (Im.2.53)

these expressions, we made the following substitutions:

3 ={(k + 4f(— k- 2)+ 20k + 3¥k + 2)+ (k + 3k + 2)k + V],

5,={4- k) - 2)+ 23- k)2 - k)+ (3- kX2 - kN1 - &)';

1 1173 1177 = 2
33=[Elnﬂ"§}[5‘/u(0)—j[] IRAVEDY k-1
k=1

The constants c; and c; are found from the conditions
7., -cos(, x)+ Ty cos(7,y)=0 (II1.2.54)

At lateral points of the beam.
As is known [38,53], these conditions are reduced to

satisfaction of these two conditions.

[J Waxdy=0; [f 2Waxdy=0
M M

By means of Ostrogradskiy-Green formula, the two-fold

integrals are reduced to a one-fold integral
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Hfl)dxdy‘ Iﬂ(x,y)-dy— Iﬂ(x,y)~dy=0

Hf(ld"dy" I%xy -dy - I%xy -dy=0 (II1.2.55).

In these expressions

a 0 g =[x aﬂ T, 0= jr(‘dx (IIL.2.56).

In polar coordinates (pﬁ) the stresses r() and z'gz),

) = Gl sing+ <28 99"
op p 00
¢ ) sin@ a¢(‘)
7l = —Bp c059+7%-— . (I1.2.57)

f is found by means of expression (II1.2.27). Thus, the first of

expressions (II1.2.55) is reduced to the following form

k=t k=2
+ Hye,pt + Hycyp" + Hep™s (IL.2.58)

Then we can write:
II rg)dxdy = I(ﬂldy - j¢ldy = i ( kS k+s) +
s L A k=1
+ Hs(f; -'t")_ Hs(tg_k —tls"* )+ H4(l'2 -t k:i +

+He (" -)=0; (I1L.2.59)
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For the function ¢, we can obtain such an expression (if
we take into account I11.2.57 in I11.2.56).
2:(p.0)=F P H; + 5 pHH 4 1 Gt
k=1 k=1
+Hy-c,p" +H) - pP+H, - 0 (IM.2.60)

Then, the second of conditions (II1.2.55) takes the

following form:
i ri'z)dxdy = [pdy- [p,dy=H, (t§+5 —t1k+5)+
s L I

+H8(t§”‘ —115‘*)+ Hg(:; - )c; +H,, '(tﬁ'“ T )c4 +
+Hu(t§ —z{‘)+H12 (zg —tf’)=0; (m.2.61)

In obtaining these expressions, as x = pcosg, y=psing@, it was
taken into account that dx=cosfdp- psinf-dé and
dy =sin@-dp + pcosdé.

All the coefficients H, (k =2_1—§) depend on parameters
N,m, A taking into account the cross section of the beam. Each
concretely considered ¢; and ¢ is found depending on cross
section sizes of the beam. So, from equations (III.2.54) and

(II1.2.56) we find ¢} and c;
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c;={i H3(t§"‘—t,5"‘)—i H (t§+5 "*5) HG( ——t{‘)+

H,-H, [ ] . (ke _ghts
+ -H,-

+(H|1 ~Hy g—"‘J(t; -t,‘)— Hy,-H, &]i (:;-* —t,H)+

After finding the function ¢1 (stress function in bending)

(i.e. after completely defining the expression II1.2.53), we find the
expressions for tangential stresses Tg) and Ti? in a first

approximation as follows (by polar coordinates 0,8 )

(1) (1) (0) m
m=ia¢ +;L_laqo ; TBZ:_aga _A‘aqp _
p 98 p 08 op ap
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P-p2

-sinfcosf-A- f,-p-sin@ (mm.2.63)

In obtaining these expressions, we take into account

T, = g’z)+/1-rgz) and 7,, =r§°3+/1-r§,‘3

fed
The general solution mentioned above may be considered
many concrete numerical examples. depending on different

variants of parameters A,m,N e defining the cross section of

the prismatic beam Let’s consider some numerical examples.

1. Bending of on entire circular cylinder (fig.3.3)
This problem was solved in the frames of linear elasticity theory

in references. Stress function in bending is expressed as follows
(67, 95]

Inertia moment for a circle J = —2—

Is a poisson ratio P is an acting bending force. Any cross section

of the cylinder is on a plane oxy. At the center of the section 0,

(y=0), the tangential stress 79 in linear theory is

Xz

70 = 1,38% ;
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A is an area of cross section. At the points A and B (y = R)

70 = 1,23%

In the physical linear statement, as a result of solution of
this problem in a first approximation, at the indicated points the
stress components 7, =70+ Azl) take the following values
(A=0,255-10"° sm*/kQ?). For copper material at the point
o(y=0)

., =7+ A7 =138 -0,03386 =1,341sm*/kQ

At the points A and B (y= R)

. =79+ Al =1,23-0,03075 = 1,199 sm*[kQ

At the points A and B
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2. Bending of an elliptic beam possessing annular
cylindrical hole, under point load (fig.3.4).

In linear elasticity theory, this problem was solved by prof. D.Z.

Shermann [102]). The expression for stress function in bending

(in linear statement, i.e. in zero approximation) is taken as

follows:
2 6
0 _ _;. 42| _#2 P _
6 2 6 2
il i | g3 | T
o - p -1 o -1 b4
A=—+a*-b* = a+h.
b _b’

¢ =—"fp:1.(3p4+2p2+3)—v-£2;;41-(p4+3p2+1);

p -1

120"

C3 =

2_
-(3p4+2p2+3)+v-%;

The ratio of the semi axis b and radius R of a hole (circle) is

taken in three variants: 0,95; 0,9 and 0,3. For tangential stresses
7,, the following estimates for copper material (/1 =0,255- 10‘6)

are obtained at the points z=ib and z=IR, respectively (a first

approximation at nonlinear statement).
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Point Linear Physical non-
R/b statement linear statement
(ibi) (P—bz)
J J
z=1ib 9,95 | 53,702 52,09
0,9 26,91 25, 89
0,3 3,67 3,58
z=ir 0,95 |55,27 54,28
0,9 28, 627 27,57
03" 6,50 6,3

3. Bending of a quandratic beam weakened by an
annular hole under point (fig.3.5)
This problem also has found its solution at linear statement [3].

For a stress function in bending we have obtained such an

5 r r 5
+bl'_+b5'["'] ;
Z

expression.

¢(°)(Z)=H15+Hs(ij
2 r Z

Z "o "
H, =[;] 5 oft,

4
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The stresses found at the points A, B, and C of the section take

the following values, respectively (for pure copper material

A=0,255-10" sm*/kQ?)

2 2
z=ib, 9= 21565—‘?— m=1—52)+,1r,(;)=3,98£j"’—.
2 2
z=ir; 9= 2256% =704+ A7) = 2188%
2 2
z=ib;”; 79 = 2176% 7, =10+ Arl) = 2111-}%

4.Bending of an annular cylinder weakened by a circular

hole and two linear crack under point load. (fig.3.6)

For a stress function (a(o) (z) in bending we get the following

expression

)=3 a; (—] +3 B, ( J

t2 n=0

@, (0. 18]

The quantities &_,, l,(f) are determined by [51].

I
I
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p— , c— g, — oy m— , m y E——

NSNS

At the most dangerous (typical points) of the cross section the
stress 7, gets the following values. (in two variants of ratio e/R)
At the point z=1.0lie.

VariantI: e=0,6R; r/R=0,

0 ) PR’
T, =T + ATy =26,78+(-1071)= 25,71—~

{1
xZ

Variant: I§ ¢e=0,7R; e=0,5R;

2
7, =2892+(-11,568)= 27,7628
J

At the point z =iR.
Variant: I

2
7. =11,26+(-03378)=1092°
J

Variant: II
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. : 2
7, =14,65+(-0,5320)= 14,0778
J

The solution of all these considered problems show that the
solution of bending problems in non-linear statement differs
2:10% from the solutions in the linear statement. This depends
on the sizes of cross-section sizel of a beam and materials.

We can continue these numerical examples. Bud we leave it to
future investigators. For example, using the known solutions of
prismatic beams with whole square, ellipse, hexagon cross-
section, one can consider the bending problems in physical non-
linear statement. On the other hand, one can study bending of two-
connected domain beams in non-linear statement and etc. Idon’t
speak on the fact that the solution of prismatic beams with linear
cracks cross section is not enongh both in linear and physical non-
linear statement. So, there are many problems to be solved for the

future investigators.
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§3.3. Bending of plates in physical nonlinear statement.
The problems on bending of finite and infinite isotropic
plates were considered in many references and in [26] that is the
first book in the Azerbaijan language. Therefore, we give the
obtaining of many expressions, derivation of equation for finding
the bending function w(x,y) of the plates and expressions on
satisfaction of boundary conditions in ready form.! Here we
mainly consider stress-strain state of a finite two-connected
polygonal plate under different loadings. The thickness of the
plate h is smaller than the other sizes (sizes for wiath and length)
of the plate. From exterior the plate is bounded by a right polygon
(L, contour). The coordinates of vertex points are denoted by te
(fig.3.7). As in linear elasticity theory, the following conditions
(assumptions) are also accepted in physical non-linear statement.
L. The lines perpendicular to the median surface of
the plate, even after deformation become
perpendicular to the curved median surface and
retain their sizes (an assumption on non-
deformability of normal lines).
2. As the median surface of plates undegoes infinite

small deformation, we ignore it i.e. while

¥ For wide information on these problems the reader-researcher may see
references [9, 26 43].
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bending the plate, the median surface dosen’t
undergo some extension (or compression) as a
neutral layer.

3. As the normal stress o, perpendicular to the
median surface is smaller than the other stress
components, they are not taken into account in
dependencies between stress and strains. Within
these indicated conditions, bending equation of

the plate (Sophi Jermen equation) is as follows:
AAw = -‘2%—”—) (IL3.1)

Here

D= EX 1 3K+G

— . . 3
C120-v?) 3 3K+4G Gh

is a cylindericity condition of the plate.
It is known that the general solution of this differential equation
depends on the methods of strengthening the sides of the plate. It
is known from the references that plate is strengtened by three
mehods.

- the plate is rigidly supported.
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In these case the boundary conditions are as follows:

w=0; QE:O ;o w=0; §£=0; %=0
on ox ay
- the plate is hinge supperted. Then the boundary
conditions are as follows:
w=0; M,=0;voya w=0,

o*w ‘w o, 2
v-Aw+(1—v{-—-cosza+3yT-sm2a'+

x>

oxady

n normal of the contour makes an angle a with the axis ox.

ld -sin 26{];

- the plate is simply supported. In this case the
boundary conditions are as follows:
M,=0;H,=0;0,=0;
In many cases, combining the last two conditions of

these third boundary conditions we can get :

oH _
ds

There exists a combination of these conditions (mixed

Q,+ 0

boundary conditions) as well.
9% 92 0°

7 + ay2 =4 = is a Laplace operator.

A=

cylindricity condition of the plate g(x,y)is a distributed load

acting in plate’s surface (perpendicular to the mean surface).
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Applied to the upper base of the plate (to z =—-g— surface) the

normal o, =—q.

If the upper and lower bases of the plate are not under any

action, then ¢, =0.

In deriving equations of bending of the plate in physical
nonlinear statement, the restrictions (conditions) in the linear
statement are used [9,26,38]. Thus, if we take the bending of the
plate along the axis z, in the form of the function w{x, y) by what
has been said above, we can express deformations as follows:

Ey == Wy} &,=-7-W,;
Vo =—22-Wy, W,=V¥,=0; (111.3.2)
For small strains, the dependencies between stresses (0',--) and

strains (g, ) are as follows [38].
0, =3K - &) £+ 26 - Yw2)- (e, - £,);
0,=3K- &) & +2G -y, )¢, - &);
Ty =G i) v, 7,=G-vlwi)w,;

2. =G 7 ) v (II.3.3)
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Recall that we have accepted o, =0 on the median surface
(z=0). In these last expressions (I[1.3.2), allowing for mean

prolongation deformation

O, _ O'I-{'-O'y

03K 2{es) 3K 2160

we can write

2

o= -W'G ‘ 7(’1’3)' [er +V(€o’wg)' Wyy]' zs
o, = —:;(fm)z—)»G . y(u/g)- [wyy + v(&‘o,wg)- wn]- Z,

z,, =-2G-Ywi) w,; (WL.3.4)
In these expressions, y(£,) is a prolongation function, y(ufg) is
a shear function. Both functions are taken in the form (1.1.31)
and (I.1.32). As in the linear elasticity theory, lateral prolongation
&, is determined by this expression:

£, = lr"vo '(Ex + Ey) (IL3.5)

Here, allowing for expression (II1.3.2), we can get:

£ =0 .7 Aw (11L3.6)
l_vO
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. 1 .
The expression & = g(Ex +E,+ ez) obtained for mean

prolongation (&) takes the form:

1
= vz A 11.3.7

EO ==
Shear strain intensity square (y/g) known from part I is as follows:

we = %[v‘ (w;r + wf,y)+1u2 W Wy, + 3w§y]- %, (II1.3.8)

Vp = V- is a Poisson ratio.
As in the linear elasticity thery, if we consider equilibrium
condition of dxdy size element of the plate, bendig moments per a

unit lenth are determined by the following expressions:

+hf2 +hf2
M, = Iax-zdz; M, = Iay-zdz;
~h/2 ~hf2
+h/2
My=-M,= |1, 2dz; (IL.3.9)
k2

Cutting forces are determined as follows:
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+hi2 +h2
0= [7,d; Q= |7, -dz; (II1.3.10)
~hf2 —hf2

Allowing for expressions (IIL.3.9) and (II1.3.10) in the

equalibrium conditions

Jo Xy o7 ao
X 0, Ay Y =0’
ox +ay ox ¥ dy
we get
%+aa%+q(x,y)=0; (m3.11)

Now, if we substitute expressions (II1.3.4) in formulae (IIL.3.9),
for bending and torsional moments (Mx,M M xy) we get the

expressions

Mx=—G--}36-i-(/1-wn+ﬂ-w”);

3
M, =-G Lh—-—-()u-w +u-w )
13
My=-M,=-G-—- {(A-p)wy;  (ML3.12)

Here we make the following substitutions:

+h/2
X,y _[ 2% - de;
v 80,'//0
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+h/ 2

uey)=33 | roi). (£°’°”°)-z2-dz; (OL.3.13)
h A2 1- v(eo,yio

Considering  expressions (II1.3.10) in equilibrium

conditions (II1.8.11), we get

M, M, a M
£-_2 2 ,y)=0.

(I11.3.14)

If in this equation we take into account expressions

(II1.3.12), we get the following differential equation:

d
A+ A+ 24, = (8w)+24, ay( W)+
+(/1xx+yw)-wu+(ﬂw+yn)- w,, +
+ 2(,1” _ﬂry). ny = -é% q(x, y); (]I[.315)

This differential equation is an equation for bending of
plates in physical nonlinear statement. If we take the
coefficients  and v in the function A(x,y) u(x,y) participating
in this equation as y=A=1, then expressions (I[l.3.13) are
simplified and take the following form:

1 3JK+G _6-D

Alx,y)= =2 = = const
(x:7) 1-v, ~ 3K+4G Gw
H= Yo - const (II1.3.16)
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Then differential equation (III.3.15) coincide with
differential equation in the solution of the problem in linear
statement.

It instead of a coordinate system Xx and y we take a polar
coordinate system (p,8), differential equation (IIL3.15) takes the
following form:

8 2 ad 1
A-AAW+24, — ap +p2 35 (w)+(,1pp+;yp+

+L-,u J-w (1/1 +i-i +u J(lw +
0 60 p P p? %" e |\ 5P

1 2 1
"'?' WMJ+_p'_2[/T'p9 —Hpo “‘;(ﬁa —ﬂe)}(wra

P 9) 6 g(‘:f), (m.3.17)

In obtaing this equation, the expressions
x=p-cos8; y=p-sin@;
2 2 2 2
A:az+a2 a +l.__a_+L. az
ox2 oyl dp® p dp p* 06

and others (i.e. transformation formulae occuring in passing from

cartesian coordinate system to polar coodinate system) are taken
into account.
Both differential equation (II1.3.15) and equation (II1.3.17)

are very difficult to solve from mathematcal point of view
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(sometimes it is impossible). Therefore, to simplity the solution,
the functions A4(g,) and y(x/fg) (L129 - 11.32) are taken

(retaining the first two terms) as follows:

wle)=1+ 1,62 Plwl)=1+7, v2:

Substituting them in (II1.3.3), taking the coefficients %, and ¥, in
power sertes form, retain the second order power terms. A
problem on bending of an annular plate under the action of
regularly distributed load g(x,y) has been solved by this method
in [38]). The solution of this problem in linear statement was
solved in [53;56]. The following results were obtained from the
solution (when a plate is simply supported) of this problem in
physical linear statement.

For aliminium bronze (brass)

K =135-10°kQ/sm* ; G =0477-10°kQ/sm?;
¥y =-0,04-10%; %, =-38-10%;

1
=0,18kQ/sm®; h/R=—;
q 0/ /R==

2 2
wt) = h[0,14625 - 0,29322(%) +0,14889 - (%] + :l

2
2
Bending in linear statement w, =%-[l —(‘—;-] ] :
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The bending at the center of a whole plate (v =0), takes the
estimates:

wy =0,1455-k in linear statement:

w,; =0,14625-h in physical nonlinear statement.

For stresses due to these bendings, the following estimates are

obtained: (when r=0).

GS) =22379 kQ/ sm? in nonlinear statement.

0'5,0) = 226,45 kQ/ sm* in linear statement.
‘The obtained results show that bendings (w) and stresses
(O'p) differ very litlle in both cases, i.e. in physical nonlinear
statement and linear statement.
Knowing the expressions of the function wo(x,y) of

plate’s bending in linear statement in concrete examples, the
investigators may determine the expression of this function in a
first approximation and also the estimates (by the indicated

method) of stresses in a first approximation.
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Inertia moments

of simple geometric bodies

Table Ne 3.1
. Inertia mome
Geometric figures nts
Jx Jy J;
.w z
s R MR®
2 — — 3
o 2
m - 4 Ma® 2
=11 = sin a
< 3
=
=}
o
p—
o
= ¥y
= 4 g
k Mp’ Ma® M@+ b)
= - N o la+ b
o] ~y 3 3 3
m X
2
A
oy
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5.Cylinder | 4.Annular plate | 3.Elliptic plate
= ] L]
(2} P U < 5 ‘;‘
'\
L ko] I
il | Y
:_li AI—-
1% =I5, S
B n
e
=l -
wln
1= 15, 5
x N
e
«hI-—-
X
“E oI5, S
S
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Table Ne 3.1

. Inertia moments
Geometric figures
Ji Jj J;
&0
A=
o
g e |l o) ()
m x 4 4 2
O
[
.eo.
m 2 2 2
m ol c S M+ nw Mfa+ nw Ma+ uw
~ y 3 3 3
~
25
S x
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Table Ne 3.1

10.Circle

¥4

=
g k\uxu a\&% Y .
W y[20 (e ¥ o3 I%_ S Marb)
m ss\hm Al R
Q w\s R 10
(@)

2Rt | 2omr
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11. Inertia moment of a polygonal plate.

P4

a

In the solution of some technical problems, it is convenient
to write the following expression instead of the formula (see table

Ne3.1) for a unique thickness annular plate. If we take into

account M = y7R?, then

R? R*
Jo=m—=yr— 1
0 > I 2 (1)
Since for homogeneous materials the density coefficient
Y = const , in many cases ¥ 1s not written, simply
Jo=m— 2
T2 @
is written.

Here, J, is a polar inertia moment. (Sometimes J, is called a

reduced polar inertia moment).
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For rectangle plates, the polar inertia moment is calculated

by this formula [14]:

Jo= Jfl 4 b o)

By the variable function theory, for z and its adjoins Z
we can write
z=x+iy; ZT=x-iy, dz=dx+idy; dZ=dx-idy (4)

From the expressions of z and z we find x, y and write
l,, 1
dx=5(dz+d2), dy=—5(dz—dz‘) (5)

By Ganss-Ostrogradskiy formula, the two fold integral is

reduced to one fold integral
1
-l k=3 2 sty ©
(s

Here the integral along the contour L is conducted so
that the section area remains in the left.
Then if this integral, by means of the expressions
z=x+iy; T=x-iy M
we pass to the variables ¢ and 7 (one the contour, the variable z

passes to variable ¢ and Z passesto variable £ ), we get

_ Yt tia i
J=g tht(tdt tdf ) ®)
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Here ¢ and its adjoint 7 is an affix of any point of the
considered L contour.
When parametric equation of contour L is known, this integral is
easily calculated.

For a right polygonal contour

[= A[eia + me_i(N_I)‘g] , I= A[e"a + mef(N_l)a] )]
The quantities A,m, N in this expression are defined as in

formula (1.1.10). so, polar inertia moment of cross section area

for polygonal plates is calculated as follows []:

J =£;i[1+2m2(2—N)+ m* (1= N)+me(d - N)+(4-3N)m’e]

(10)
e=0,if N£2;¢e=1if N=2
For example, for a right hexagonal plate (N = 6)
4
J=—’”;—[1—8m2—5m4] an
For a square plate (N =4)
4
=%[1-4m2 ~3m*. (12)

If the cross section area of the body has a hole bounded by

L, contour, then the polar inertia moment is as follows:

J=J2—J|
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Here J, is an inertia moment of the cross section bounded
by the external L, contour. J, is an inertia moment of a hole

bounded by internal L, contour.
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KULIYEV SABIR ALI oglu
Dr. of Techn. Sci. prof. of the chair
"Theoretical mechanics”
Azerbaijan Architectural
Civil Engineering University

Kuliyev Sabir Ali oglu was born in 1940 in Kalbajor district of
Azerbaijan Republic (from 1993 up to now this territory is under invasion of
Armenia).

In 1957 he finished the secondary school with a medal and joined
Azerbaijan Polytechnical Institute {(now Azerbaijan Technical University) and
graduated from it in 1962 (by the speciality mechanical engineer engineering
industry technologies). Bending from 1963 up to day he works at the Higher
school (to 1975 at Azerbaijan Polytechnical Institute, from 1975 at Azerbaijan
Architectural civil Enjineering University) as a teacher.

In 1966 S.A.Kuliyev joined the post-graduate courses of the Institute of
Mathematics and Mechanics of the Academy of Sciences of Azerbaijan (by
the speciality Theory of elasticity and plasticity ).

In 1971 he earned in Moscow his Ph.D (in the field of the mechanics of
solids).

From 1975 S.A.Kuliyev carried out his scientific activity under the
guidance of the world-known scientist prof D.1.Sherman (Institute of
“Problems of Mechanics” of the Academy of Sciences of the USSR, now
Academy of Sciences of Russian Federation),

In 1988 S.A.Kuliyev earned his doctor’s degree on the theme
“Determination of a sirees-state of doubly-connected bodies with complicated
geomelry”.

Working already 40 years in the field of mechanics of solids S.A.Kuliyev
published more than 100 scientific papers and 13 books.

Many of these papers have been published in the known academic
scientific journals of Russia (“Mechanics of solids”, “Applied mathematics
and mechanics”), Ukraine {(“Applied mechanics”), Azerbaijan (Doklady AN,
Izvestiya AN and etc.}, and also in the known scientific journals of the USA,
England, Canada, Japan and others.

In 1991 5.A.Kuliyev’s first monograph “Two-dimensional problems of
elasticity theory " was published in Moscow (in Russian).
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In 1998 prof. 5.A.Kuliyev for the first time in Azerbaijan published the
monograph “"Theory of Elasticity” (torsion and bending of prismatic beams) in
azerb. language.

In 2001 also in azeri the book of prof. S.A.Kuliyev “Some problems of
the theory of elasticity” (plane problems and bending of polygonal plates) was
published.

In 2002 prof. S.A.Kuliyev publishes a new monograph “The stress state
of anisotropic plates” (in azeri).

In 2004 S.A.Kuliyev's new monograph “Conformally mapping
Junctions of complex domains” appears (in Russian and English).

In 2005 prof S.A. Kuliyev (in collaboration with A.F. Mamedov)
published a new educational book titled "Calculation of flat and spatial
farms”.

Alongside with these ones, prof. S.A.Kulivev has published 5
educational books and 1 text book “Short course of theoretical mechanics”
{with dos.E.V.Eyvazov) on all parts of theoretical mechanics (statics,
kinematics, dynamics)

In all these papers and books, also first in the scientific world, namely a
great number of conformalily mapping functions (composite geometry domains:
a circle and contours outgoing from it and possessing some linear cracks,
square and hexagonal contours possessing different cracks and etc. )found by
5.A.Kuliyev, and constructive suggestions and recommendations for choosing
and using the known Kolosov-Muskheleshovili potentials for multi-connected
geometry domain are given.

Prof. S.A.Kuliyev  extended and developed the famous auxiliary
Junctions method of his supervisor and teacher D.I1.Sherman.

It should be also noticed that both in our country and abroad, the solu-
tion of static and dynamic problems of polygonal plates possessing different
linear and curvilinear cracks and also the solution of torsion and bending
problems of prismatic beams were first given namely by prof. Kuliyev S.A.
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