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Preface

The importance of path-integral methods in theoretical physics can hardly be disputed. Their applications
in most branches of modern physics have proved to be extremely fruitful not only for solving already
existing problems but also as a guide for the formulation and development of essentially new ideas and
approaches in the description of physical phenomena.

This book expounds the fundamentals of path integrals, of both the Wiener and Feynman type, and
their numerous applications in different fields of physics. The book has emerged as a result of many
courses given by the authors for students in physics and mathematics, as well as for researchers, over
more than 25 years and is based on the experience obtained from their lectures.

The mathematical foundations of path integrals are summarized in a number of books. But many
results, especially those concerning physical applications, are scattered in a variety of original papers and
reviews, often rather difficult for a first reading. In writing this book, the authors’ aim was twofold: first,
to outline the basic ideas underlying the concept, construction and methods for calculating the Wiener,
Feynman and phase-space quantum-mechanical path integrals; and second, to acquaint the reader with
different aspects concerning the technique and applications of path integrals.

It is necessary to note that, despite having almost an 80-year history, the theory and applications of
path integrals are still a vigorously developing area. In this book we have selected for presentation the
more or less traditional and commonly accepted material. At the same time, we have tried to include
some major achievements in this area of recent years. However, we are well aware of the fact that many
important topics have been either left out or are only briefly mentioned. We hope that this is partially
compensated by references in our book to the original papers and appropriate reviews.

The book is intended for those who are familiar with basic facts from classical and quantum
mechanics as well as from statistical physics. We would like to stress that the book is not just a linearly
ordered set of facts about path integrals and their applications, but the reader may find more effective ways
to learn a desired topic. Each chapter is self-contained and can be considered as an independent textbook:
it contains general physical background, the concepts of the path-integral approach used, followed by most
of the typical and important applications presented in detail. In writing this book, we have endeavored to
make it as comprehensive as possible and to avoid statements such as ‘it can be shown’ or ‘it is left as an
exercise for the reader’, as much as it could be done.

A beginner can start with any of the first two chapters in volume I (which contain the basic concepts
of path integrals in the theory of stochastic processes and quantum mechanics together with essential
examples considered in full detail) and then switch to his/her field of interest. A more educated user,
however, can start directly with his/her preferred field in more advanced areas of quantum field theory and
statistical physics (volume II), and eventually return to the early chapters if necessary.

For the reader’s convenience, each chapter of the book is preceded by a short introductory section
containing some background knowledge of the field. Some sections of the book require also a knowledge
of the elements of group theory and differential (mainly Riemann) geometry. To make the reading
easier, we have added to the text a few supplements containing some basic concepts and facts from these
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X Preface

mathematical subjects. We have tried to use a minimum of mathematical tools. Thus, the proofs of a
number of theorems and details of applications are either briefly sketched or omitted, adequate references
being given to enable the interested reader to fully grasp the subject. An integral part of the presentation
of the material is the problems and their solutions which follow each topic discussed in the book. We do
hope that their study will be helpful for self-education, for researchers and teachers supervising exercise
sessions for students.

During the preparation of both volumes of this book the authors have benefited from discussions
on various physical and mathematical aspects related to path integrals with many of their colleagues.
We thank all of them for useful discussions and for their advice. Especially, it is a pleasure to express
our gratitude to Alexander Beilinson, Alan Carey, Wen-Feng Chen, Vladimir Fainberg, Dmitri Gitman,
Anthony Green, John van der Hoek, Mikhail Ioffe, Petr Kulish, Wolfgang Kummer, Antti Kupiainen,
Jorma Louko, the late Mikhail Marinov, Kazuhiko Nishijima, Matti Pitkanen, Dmitri Polyakov, Adam
Schwimmer, Konstantin Selivanov and the late Euan Squires, and to acknowledge their stimulating
discussions, suggestions and criticism. Over the years, many students have provided us with useful
remarks and suggestions concerning the presentation of the material of the book. We thank all of them,
in particular Jari Heikkinen and Aleksi Vuorinen. We are deeply grateful to Claus Montonen, Peter
Presnajder and Anca Tureanu for their invaluable contributions and improvements throughout the book.
It is also a great pleasure for us to express our gratitude to Jim Revill, Senior Academic Publisher of IOP,
for his fruitful cooperation and for his patience.

The financial support of the Academy of Finland under Project No 163394 is greatly acknowledged.

Masud Chaichian, Andrei Demichev
Helsinki, Moscow
December 2000



Introduction

The aim of this book is to present and explain the concept of the path integral which is intensively used
nowadays in almost all the branches of theoretical physics.

The notion of path integral (sometimes also called functional integral or integral over trajectories or
integral over histories or continuous integral) was introduced, for the first time, in the 1920s by Norbert
Wiener (1921, 1923, 1924, 1930) as a method to solve problems in the theory of diffusion and Brownian
motion. This integral, which is now also called the Wiener integral, has played a central role in the further
development of the subject of path integration.

It was reinvented in a different form by Richard Feynman (1942, 1948) in 1942, for the reformulation
of quantum mechanics (the so-called ‘third formulation of quantum mechanics’ besides the Schrodinger
and Heisenberg ones). The Feynman approach was inspired by Dirac’s paper (1933) on the role of the
Lagrangian and the least-action principle in quantum mechanics. This eventually led Feynman to represent
the propagator of the Schrodinger equation by the complex-valued path integral which now bears his
name. At the end of the 1940s Feynman (1950, 1951) worked out, on the basis of the path integrals,
a new formulation of quantum electrodynamics and developed the well-known diagram technique for
perturbation theory.

In the 1950s, path integrals were studied intensively for solving functional equations in quantum
field theory (Schwinger equations). The functional formulation of quantum field theory was considered
in the works of Bogoliubov (1954), Gelfand and Minlos (1954), Khalatnikov (1952, 1955), Mathews and
Salam (1954), Edwards and Peierls (1954), Symanzik (1954), Fradkin (1954) and others. Other areas of
applications of path integrals in theoretical physics discovered in this decade were the study of Brownian
motion in an absorbing medium (see Kac (1959), Wiegel (1975, 1986) and references therein) and the
development of the theory of superfluidity (Feynman 1953, 1954, ter Haar 1954, Kikuchi 1954, 1955).
Starting from these pioneering works, many important applications of path integrals have been found in
statistical physics: in the theory of phase transitions, superfluidity, superconductivity, the Ising model,
quantum optics, plasma physics. In 1955, Feynman used the path-integral technique for investigating
the polaron problem (Feynman 1955) and invented his variational principle for quantum mechanics. This
work had an important impact on further applications of path integrals in statistical and solid state physics,
as well as in quantum field theory, in general.

At the same time, attempts were initiated to widen the class of exactly solvable path integrals, i.e. to
expand it beyond the class of Gaussian-like integrals. In the early 1950s, Ozaki (in unpublished lecture
notes, Kyushu University (1955)) started with a short-time action for a free particle written in Cartesian
coordinates and transformed it into the polar form. Later, Peak and Inomata (1969) calculated explicitly
the radial path integral for the harmonic oscillator. This opened the way for an essential broadening of
the class of path-integrable models. Further important steps in this direction were studies of systems on
multiply connected spaces (in particular, on Lie group manifolds) (Schulman 1968, Dowker 1972) and
the treatment of the quantum-mechanical Coulomb problem by Duru and Kleinert (1979), who applied
the so-called Kustaanheimo-Stiefel spacetime transformation to the path integral.
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In the 1960s, a new field of path-integral applications appeared, namely the quantization of gauge
fields, examples of which are the electromagnetic, gravitational and Yang—Mills fields. The specific
properties of the action functionals for gauge fields (their invariance with respect to gauge transformations)
should be taken into account when quantizing, otherwise wrong results emerge. This was first noticed by
Feynman (1963) using the example of Yang—Mills and gravitational fields. He showed that quantization by
straightforward use of the Fermi method, in analogy with quantum electrodynamics, violates the unitarity
condition. Later, as a result of works by De Witt (1967), Faddeev and Popov (1967), Mandelstam (1968),
Fradkin and Tyutin (1969) and 't Hooft (1971), the problem was solved and the path-integral method
turned out to be the most suitable one for this aim. In addition, in the mid-1960s, Berezin (1966) took
a crucial step which allowed the comprehensive use of path integration: he introduced integration over
Grassmann variables to describe fermions. Although this may be considered to be a formal trick, it opened
the way for a unified treatment of bosons and fermions in the path-integral approach.

In the 1970s, Wilson (1974) formulated the field theory of quarks and gluons (i.e. quantum
chromodynamics) on a Euclidean spacetime lattice. This may be considered as the discrete form of
the field theoretical path integral. The lattice serves as both an ultraviolet and infrared cut-off which
makes the theory well defined. At low energies, it is the most fruitful method to treat the theory of strong
interactions (for example, making use of computer simulations). A few years later, Fujikawa (1979)
showed how the quantum anomalies emerge from the path integral. He realized that it is the ‘measure’ in
the path integral which is not invariant under a certain class of symmetry transformations and this makes
the latter anomalous.

All these achievements led to the fact that the path-integral methods have become an indispensable
part of any construction and study of field theoretical models, including the realistic theories of unified
electromagnetic and weak interactions (Glashow 1961, Weinberg 1967, Salam 1968) and quantum
chromodynamics (the theory of strong interactions) (Gross and Wilczek 1973, Politzer 1973). Among
other applications of path integrals in quantum field theory and elementary particle physics, it is
worth mentioning the derivation of asymptotic formulas for infrared and ultraviolet behaviour of Green
functions, the semiclassical approximation, rearrangement and partial summation of perturbation series,
calculations in the presence of topologically non-trivial field configurations and extended objects (solitons
and instantons), the study of cosmological models and black holes and such an advanced application
as the formulation of the first-quantized theory of (super)strings and branes. In addition, the path-
integral technique finds newer and newer applications in statistical physics and non-relativistic quantum
mechanics, in particular, in solid body physics and the description of critical phenomena (phase
transitions), polymer physics and quantum optics, and in many other branches of physics. During the
two last decades of the millennium, most works in theoretical and mathematical physics contained some
elements of the path-integral technique. We shall, therefore, not pursue the history of the subject past
the 1970s, even briefly. Functional integration has proved to be especially useful for the description
of collective excitations (for example, quantum vortices), in the theory of critical phenomena, and for
systems on topologically non-trivial spaces. In some cases, this technique allows us to provide solid
foundations for the results obtained by other methods, to clarify the limits of their applicability and
indicate the way of calculating the corrections. If an exact solution is possible, then the path-integral
technique gives a simple way to obtain it. In the case of physically realistic problems, which normally
are far from being exactly solvable, the use of path integrals helps to build up the qualitative picture
of the corresponding phenomenon and to develop approximate methods of calculation. They represent
a sufficiently flexible mathematical apparatus which can be suitably adjusted for the extraction of the
essential ingredients of a complicated model for its further physical analysis, also suggesting the method
for a concrete realization of such an analysis. One can justly say that path integration is an integral calculus
adjusted to the needs of contemporary physics.
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Universality of the path-integral formalism

The most captivating feature of the path-integral technique is that it provides a unified approach to solving
problems in different branches of theoretical physics, such as the theory of stochastic processes, quantum
mechanics, quantum field theory, the theory of superstrings and statistical (both classical and quantum)
mechanics.

Indeed, the general form of the basic object, namely the transition probability W (x 7, tr|xo, fo), in
the theory of stochastic processes, reads

1
W(xp. trlxo.to) ~ Y exp {—EF[x(r)]} 0.0.1)

all trajectories
from xq to x

where xo denotes the set of coordinates of the stochastic system under consideration at the initial time #
and W (x, tr|xo, fo) gives the probability of the system to have the coordinates x s at the final time 7.
The explicit form of the functional F[x(7)], fp < T < ty, as well as the value and physical meaning of
the constant D, depend on the specific properties of the system and surrounding medium (see chapter 1).
The summation sign symbolically denotes summation over all trajectories of the system. Of course, this
operation requires further clarification and this is one of the goals of this book.

In quantum mechanics, the basic object is the transition amplitude K (x 7, ¢ |x9, fo), not a probability,
but the path-integral expression for it has a form which is quite similar to (0.0.1):

K(xy,trlxo, 1o) ~ Z exp {%S[x (r)]} (0.0.2)

all trajectories
from xo to x

or, in a more general case,

i
K(xyg,trlxo, t0) ~ Z exp {;LS[x(t), p(r)]} . (0.0.3)

all trajectories
in phase space
with fixed xo and xy

Here, S[x(7)] is the action of the system in terms of the configuration space variables, while S[x(7), p(7)]
is the action in terms of the phase-space variables (coordinates and momenta). Though now we have
purely imaginary exponents in contrast with the case of stochastic processes, the general formal structure
of expressions (0.0.1)-(0.0.3) is totally analogous. Moreover, as we shall see later, the path integrals
(0.0.2), (0.0.3) can be converted into the form (0.0.1) (i.e. with a purely real exponent) by a transition to
purely imaginary time variables: ¢ — —it and, in many cases, this transformation can be mathematically
justified.

In the case of systems with an infinite number of degrees of freedom, it was also realized, even in
the 1960s, that an essential similarity between quantum field theory and (classical or quantum) statistical
physics exists. In particular, the vacuum expectations (Green functions) in quantum field theory are given
by expressions of the type:

- i
OIA@I0) ~ > A(@)exp {ﬁsm} (0.0.4)
all field
configurations
where, on the left-hand side, A\ (¢) is an operator made of the field operators ¢ and on the right-hand
side A(gp) is the corresponding classical quantity. After the transition to purely imaginary time ¢t — —irt
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(corresponding to the so-called Euclidean quantum field theory), the vacuum expectation takes the form:

—~ 1
OA@I0)~ Y Aw@exp {—ﬁsm} (0.0.5)

all field
configurations

while in classical statistical mechanics, thermal expectation values are computed as

1
(A(@))clst. ~ %: A(p) exp {_kB—TE[(p]} (0.0.6)

configurations

(kp is the Boltzmann constant and 7 is the temperature). The similarity of the two last expressions is
obvious.

It is worth noting that historically quantum field theory is intimately linked with the classical field
theory of electromagnetism and with particle physics. Experimentally, it is intimately connected to high-
energy physics experiments at accelerators. The origins of statistical mechanics are different. Historically,
statistical mechanics is linked to the theory of heat, irreversibility and the kinetic theory of gases.
Experimentally, it is intimately connected with calorimetry, specific heats, magnetic order parameters,
phase transitions and diffusion. However, since equations (0.0.5) and (0.0.6) are formally the same,
we can mathematically treat and calculate them in the same way, extending the methods developed in
statistical physics to quantum field theory and vice versa.

It is necessary to stress the fact that both statistical mechanics and field theory deal with systems in
an infinite volume and hence with an infinite number of degrees of freedom. A major consequence of this
is that the formal definitions (0.0.4)—(0.0.6) by themselves have no meaning at all because they, at best,
lead to 25. There is always a further definition needed to make sense of these expressions. In the case
of statistical mechanics, that definition is embodied in the thermodynamical limit which first evaluates
(0.0.6) in a finite volume and then takes the limit as the size of the box goes to infinity. In the case of
quantum field theory, the expressions (0.0.4), (0.0.5) need an additional definition which is provided by
a ‘renormalization scheme’ that usually involves a short-distance cut-off as well as a finite box. Thus,
in statistical mechanics, the (infrared) thermodynamical limit is treated explicitly, whereas in quantum
field theory, it is the short-distance (ultraviolet) cut-off that is discussed extensively. The difference in
focus on infrared cut-offs versus ultraviolet cut-offs is often one of the major barriers of communication
between the two fields and seems to constitute a major reason why they are traditionally considered to be
completely different subjects.

Thus, path-integral techniques provide a unified approach to different areas of contemporary physics
and thereby allow us to extend methods developed for some specific class of problems to other fields.
Though different problems require, in general, the use of different types of path integral—Wiener (real),
Feynman (complex) or phase space—this does not break down the unified approach due to the well-
established relations between different types of path integral. We present a general pattern for different
ways of constructing and applying path integrals in a condensed graphical form in appendix A. The
reader may use it for a preliminary orientation in the subject and for visualizing the links which exist
among various topics discussed in this monograph.

The basic difference between path integrals and multiple finite-dimensional integrals: why the
former is not a straightforward generalization of the latter

From the mathematical point of view the phrase ‘path integral’ simply refers to the generalization of
integral calculus to functionals. The general approach for handling a problem which involves functionals
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was developed by Volterra early in the last century (see in Volterra 1965). Roughly speaking, he
considered a functional as a function of infinitely many variables and suggested a recipe consisting of
three steps:

(i) replace the functional by a function of a finite number of N variables;
(ii) perform all calculations with this function;
(iii) take the limit in which N tends to infinity.

However, the first attempts to integrate a functional over a space of functions were not very
successful. The historical reasons for these failures and the early history of Wiener’s works which made
it possible to give a mathematically correct definition of path integrals can be found in Kac (1959) and
Papadopoulos (1978).

To have an idea why the straightforward generalization of the usual integral calculus to functional
spaces does not work, let us remember that the basic object of the integral calculus on R" is the
Lebesgue measure (see, e.g., Shilov and Gurevich (1966)) and the basic notion for the axiomatic definition
of this measure is a Borel set: a set obtained by a countable sequence of unions, intersections and
complementations of subsets B of points x = (x, ..., x,) € R" of the form

B={x|la; <x1 <bi,...,ay, <x, <b,}.

The Lebesgue measure u (i.e. a rule ascribing to any subset a number which is equal, loosely speaking,
to its “‘volume’) is uniquely defined, up to a constant factor, by the conditions:

(i) it takes finite values on bounded Borel sets and is positive on non-empty open sets;
(i) it is invariant with respect to translations in R".

A natural question now appears: Does the Lebesgue measure exist for infinite-dimensional spaces? The
answer is negative. Indeed, consider the space R>®. Let {eq, 3, ...} be some orthonormal basis in R>,
By the sphere of radius % with its centre at e; and B the sphere of radius 2 with its centre at the origin
(see in figure 0.1 a part of this construction related to a three-dimensional subspace of R°). Then, from
the property (i) of the Lebesgue measure, we have

0 < u(B1) = u(By) = u(B3) =--- < 00.

Note that the spheres By have no intersections and, hence, the additivity of any measure gives the
inequality u(B) > >, u(Bx) = oo, which contradicts condition (i) for a Lebesgue measure.

Thus the problem of the construction of path integrals can be posed and considered from a purely
mathematical point of view as an abstract problem of a self-consistent generalization of the notion of
an integral to the case of infinite-dimensional spaces. Investigations along this line represent indeed an
important field of mathematical research: see, e.g., Kac (1959), Gelfand and Yaglom (1960), Kuo (1975),
Simon (1979), De Witt-Morette et al (1979), Berezin (1981), Elliott (1982), Glimm and Jaffe (1987) and
references therein. We shall follow, however, another line of exposition, having in mind a corresponding
physical problem in all cases where path integrals are utilized. The deep mathematical questions we
shall discuss on a rather intuitive level, with the understanding that mathematical rigour can be supplied
whenever necessary and that the answers obtained do not differ, in any case, from those obtained after a
sound mathematical derivation. However, we do try to provide a flavour of the mathematical elegance in
discussing, e.g., the celebrated Wiener theorem, the Bohr—Sommerfeld quantization condition, properties
of the spectra of Hamiltonians derived from the path integrals etc.

It is necessary to note that the available level of mathematical rigour is different for different types of
path integral. While the (probabilistic) Wiener path integral is based on a well-established mathematical



6 Introduction

Bi+1

Bi+2
By

Figure 0.1. A three-dimensional part of the construction in the finite-dimensional space R, which proves the
impossibility of the direct generalization of the Lebesgue measure to the infinite-dimensional case.

background, the complex oscillatory Feynman and phase-space path integrals still meet some analytical
difficulties in attempts of rigorous mathematical definition and justification, in spite of the progress
achieved in works by Mizrahi (1976), Albeverio and Hgegh-Krohn (1976), Albeverio et al (1979), De
Witt-Morette et al (1979) and others. Roughly speaking, the Wiener integral is based on a well-defined
functional integral (Gaussian) measure, while the Feynman and phase-space path integrals do not admit
any strictly defined measure and should be understood as more or less mathematically justified limits of
their finite-dimensional approximation. The absence of a measure in the case of the Feynman or phase-
space quantum-mechanical path integrals is not merely a technicality: it means that these in fact are not
integrals; instead, they are linear functionals. In a profound mathematical analysis this difference might
be significant, since some analytical tools appropriate for integrals are not applicable to linear functionals.

‘What this book is about and what it contains

Different aspects concerning path integrals are considered in a number of books, such as those by Kac
(1959), Feynman and Hibbs (1965), Simon (1979), Schulman (1981), Langouche et al (1982), Popov
(1983), Wiegel (1986), Glimm and Jaffe (1987), Rivers (1987), Ranfagni et al (1990), Dittrich and Reuter
(1992), Mensky (1993), Das (1993), Kleinert (1995), Roepstorff (1996), Grosche (1996), Grosche and
Steiner (1998) and Tomé (1998). Among some of the main review articles are those by Feynman (1948),
Gelfand and Yaglom (1960), Brush (1961), Garrod (1966), Wiegel (1975, 1983), Neveu (1977), DeWitt-
Morette et al (1979) and Khandekar and Lawande (1986).

In contrast to many other monographs, in this book the concept of path integral is introduced in
a deductive way, starting from the original derivation by Wiener for the motion of a Brownian particle.
Besides the fact that the Wiener measure is one whose existence is rigorously proven, the Brownian motion
is a transparent way to understand the concept of a path integral as the way by which the Brownian particle
moves in space and time. Thus, the representation in terms of Wiener’s treatment of Brownian motion will
serve as a prototype, whenever we use path integrals in other fields, such as quantum mechanics, quantum
field theory and statistical physics.

Approximation methods, such as the semiclassical approximation, are considered in detail and in
the subsequent chapters they are used in quantum mechanics and quantum field theory. Special attention
is devoted to the change of variables in path integrals; this also provides a necessary experience when
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dealing with analogous problems in other fields. Some important aspects, like the gauge conditions in
quantum field theory, can similarly be met in the case of the Brownian motion of a particle with inertia
which involves path integrals with constraints. Several typical examples of how to evaluate such integrals
are given.

With the background obtained in chapter 1, chapter 2 continues to the cases of quantum mechanics.
We essentially use the similarity between Wiener and Feynman path integrals in the first section of
chapter 2 reducing, in fact, some quantum-mechanical problems to consideration of the corresponding
Wiener integral. On the other hand, there exists an essential difference between the two types (Wiener
and Feynman) of path integral. The origin of this distinction is the appearance of a new fundamental
object in quantum mechanics, namely, the probability amplitude. Moreover, functional integrals derived
from the basic principles of quantum mechanics prove to be over paths in the phase space of the system
and only in relatively simple (though quite important and realistic) cases can be reduced to Feynman path
integrals over trajectories in the configuration space. We discuss this topic in sections 2.2 and 2.3. A
specific case in which we are strongly confined to work in the framework of phase-space path integrals
(or, at least, to start from them) is the study of systems with curved phase spaces. The actuality of such a
study is confirmed, e.g., by the fact that the important Coulomb problem (in fact, any quantum-mechanical
description of atoms) can be solved via the path-integral approach only within a formalism including the
phase space with curvilinear coordinates (section 2.5).

A natural application of path integrals in quantum mechanics, also considered in chapter 2, is the
study of systems with topological constraints, e.g., a particle moving in some restricted domain of the
entire space RY or with non-trivial, say periodic, boundary conditions (e.g., a particle on a circle or torus).
Although this kind of problem can, in principle, be considered by operator methods, the path-integral
approach makes the solution simpler and much more transparent. The last section of chapter 2 is devoted
to the generalization of the path-integral construction to the case of particles described by operators with
anticommutative (fermionic) or even more general defining relations (instead of the canonical Heisenberg
commutation relations).

In chapter 2 we also present and discuss important technical tools for the construction and calculation
of path integrals: operator symbol calculus, stochastic Ito calculus, coherent states, the semiclassical
(WKB) approximation, the perturbation expansion, the localization technique and path integration on
group manifolds. This chapter also contains some selected applications of path integrals serving to
illustrate the diversity and fruitfulness of the path-integral techniques.

In chapter 3 we proceed to discuss systems with an infinite number of degrees of freedom, that is,
to consider quantum field theory in the framework of the path-integral approach. Of course, quantum
field theory can be considered as the limit of quantum mechanics for systems with an infinite number
of degrees of freedom and with an arbitrary or non-conserved number of excitations (particles or
quasiparticles). Therefore, the starting point will be the quantum-mechanical phase-space path integrals
studied in chapter 2 which we suitably generalize for the quantization of the simplest field theories,
at first, including scalar and spinor fields. We derive the path-integral expression for the generating
functional of Green functions and develop the perturbation theory for their calculation. In most practical
applications in quantum field theory, these path integrals can be reduced to the Feynman path integrals
over the corresponding configuration spaces by integrating over momenta. This is especially important
for relativistic theories where this transition allows us to keep explicitly the relativistic invariance of all
expressions.

Apparently, the most important result of path-integral applications in quantum field theory is the
formulation of the celebrated Feynman rules and the invention of the Feynman diagram technique for
the perturbation expansion in the case of field theories with constraints, i.e. in the case of gauge-field
theories which describe all the realistic fundamental interactions of elementary particles. This is one of the
central topics of chapter 3. For pedagogical reasons, we start from an introduction to the quantization of



8 Introduction

quantum-mechanical systems with constraints and then proceed to the path-integral description of gauge
theories. We derive the covariant generating functional and covariant perturbation expansion for Yang—
Mills theories with exact and spontaneously broken gauge symmetry, including the realistic standard
model of electroweak interactions and quantum chromodynamics, which is the gauge theory of the strong
interactions.

However, important applications of path integrals in quantum field theory go far beyond just
a convenient derivation of the perturbation theory rules. We consider various non-perturbative
approximations for calculations in field theoretical models, variational methods (including the Feynman
variational method in the non-relativistic field theory of the polaron), the description of topologically
non-trivial field configurations, semiclassical, in particular instanton, calculations, the quantization of
extended objects (solitons) and calculation of quantum anomalies.

The last section of chapter 3 contains some advanced applications of the path-integral technique in
the theory of quantum gravity, cosmology, black holes and in string theory, which is believed to be the
most plausible candidate (or, at least, a basic ingredient) for a ‘theory of everything’.

As we have previously pointed out, the universality of the path-integral approach allows us to apply
it without crucial modification to statistical (both classical and quantum) systems. We discuss how to
incorporate statistical properties into the path-integral formalism for the study of many-particle systems
in chapter 4. At first, we present, for its easier calculation, a convenient path-integral representation of the
so-called configuration integral entering the classical partition function. In the next section, we pass to
quantum systems and, in order to establish a ‘bridge’ to what we considered in chapter 2, we introduce a
path-integral representation for an arbitrary but fixed number of indistinguishable particles obeying Bose
or Fermi statistics. We also discuss the generalization to the case of particles with parastatistics.

The next step is the transition to the case of an arbitrary number of particles which requires the
use of second quantization, and hence, field theoretical methods. Consideration of path-integral methods
in quantum field theory in chapter 3 proves to be highly useful in the derivation of the path-integral
representation for the partition functions of statistical systems with an arbitrary number of particles. We
present some of the most fruitful applications of the path-integral techniques to the study of fundamental
problems of quantum statistical physics, such as the analysis of critical phenomena (phase transitions),
calculations in field theory at finite (non-zero) temperature or at finite (fixed) energy, as well as the
study of non-equilibrium systems and the phenomena of superfluidity and superconductivity. One section
is devoted to the presentation of basic elements of the method of stochastic quantization, which non-
trivially combines ideas borrowed from the theory of stochastic processes (chapter 1), quantum mechanics
(chapter 2) and quantum field theory (chapter 3), as well as methods of non-equilibrium statistical
mechanics. The last section of this chapter (and the whole book) is devoted to systems defined on lattices.
Of course, there are no continuous trajectories on a lattice and, hence, no true path integrals in this case.
But since in quantum mechanics as well as in quantum field theory the precise definition of a path integral
is heavily based on the discrete approximation, discrete-time or spacetime approximations prove to be the
most reliable method of calculations. Then the aim is to pass to the corresponding continuum limit which
just leads to what is called a ‘path integral’. However, in many cases there are strong reasons for direct
investigation of the discrete approximations of the path integrals and their calculation, without going to
the continuum limit. Such calculations become extremely important and fruitful in situations when there
are simply no other suitable exact or approximate ways to reach physical results. This is true, in particular,
for the gauge theory of strong interactions. We also consider physically discrete systems (in particular,
the Ising model) which do not require transition to the continuous limit at all, but which can be analyzed
by methods borrowed from the path-integral technique.

For the reader’s convenience, each chapter starts with a short review of basic concepts in the
corresponding subject. The reader who is familiar with the basic concepts of stochastic processes,
quantum mechanics, field theory and statistical physics can skip, without loss, these parts (printed with
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a specific type in order to distinguish them) and use them in case of necessity, only for clarification
of our notation. A few supplements at the end of the book serve basically a similar aim. They contain
short information about some mathematical and physical objects necessary for understanding parts of the
text, as well as tables of useful ordinary and path integrals. Besides, each section is supplemented by a set
of problems (together with more or less detailed hints for their solution), which are integral parts of the
presentation of the material. In a few appendixes we have collected mathematical details of the proofs of
statements discussed in the main text, which can be skipped for a first reading without essential harm for
understanding.

An obvious problem in writing a book devoted to a wide field is that, while trying to describe the
diversity of possible ways of calculation, tricks and applications, the book does not become ponderous.
For this purpose and for a better orientation of the reader, we have separated the text in the subsections
into shorter topics (marked with the sign <) and have given each one an appropriate title. We have
tried to present the technical methods discussed in the book, whenever possible, accompanied by non-
trivial physical applications. Necessarily, these examples, to be tractable in a single book, contain
oversimplifications but the reader will find references to the appropriate literature for further details. The
present monograph can also be considered as a preparatory course for these original or review articles and
specialized books. The diversity of applications of path integrals also explains some non-homogeneity of
the text with respect to detailing the presentation and requirements with respect to prior knowledge of the
reader. In particular, chapters 1 and 2 include all details, are completely self-contained and require only a
very basic knowledge of mathematical analysis and non-relativistic quantum mechanics. For a successful
reading of the main part of chapter 3, it is helpful to have some acquaintance with a standard course of
quantum field theory, at least at a very elementary level. The last section of this chapter contains advanced
and currently developing topics. Correspondingly, the presentation of this part is more fragmentary and
without much detail. Therefore, their complete understanding requires rather advanced knowledge in the
theory of gravitation and differential geometry and can be achieved only by rather experienced readers.
However, even those readers who do not feel fully ready for reading this part are invited to go through it
(without trying to absorb all the details), in order to get an idea about this modern and fascinating area
of applications of path integrals. Chapter 4, which contains a discussion of path-integral applications for
solving various problems in statistical physics, is also necessarily written in a more fragmentary style in
comparison with chapters 1 and 2. Nevertheless, all crucial points are covered and though some prior
familiarity with the theory of critical phenomena is useful for reading this chapter, we have tried to make
the text as self-contained as possible.

Notational conventions

Some general notation:

Z integers

Zy positive integers

R real numbers

C complex numbers

déf definition

A operator

M matrix

I identity operator or matrix

x vector

c* complex conjugation of c € C
AT Hermitian conjugation of the operator A
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M" matrix transposition
: . L : def ¢
ft, x) time derivation: f (¢, x) = %
def
f(t, x) derivation with respect to a space variable x: f'(t, x) = %
O(e) a quantity of the order of ¢
A={a|F} subset A of elements a (belonging to some larger set) which satisty the
condition F
P{A} probability of the event A
D(X) dispersion of a random quantity X
dwx(t) Wiener functional integration measure
dpx(t) Feynman functional integration ‘measure’
Do(x) general notation for a functional integration ‘measure’

Cixy. t1; %2, 10}
C{xy,11; [AB], 1o}

Cixy, 11; 12}
Clxy, 115 x2, 15 X3, 13}

set of trajectories starting at x(¢;) = x| and having the endpoint x (1) =
X2

set of trajectories with the starting point x; = x(#;) and ending in the
interval [AB] € R at the time #,

set of trajectories with an arbitrary endpoint

set of trajectories having the starting and endpoint at x; and x3,

respectively, and passing through the point x, at the time 7,
transition probability in the theory of stochastic processes
transition amplitude (propagator) in quantum mechanics
field theoretical Green functions

Wi(x, tlxg, 10)
K (x, t|xq, tp)
G(x—y),D(x—y),S(x—y)

General comments:

Some introductory parts of chapters or sections in the book contain preliminaries (basic concepts,
facts, etc) on a field where path integrals find applications to be discussed later in the main part of the
corresponding chapters or sections. The text of these preliminaries is distinguished by the present
specific print.

The symbol of averaging (mean value) (- - -) acquires quite different physical and even mathematical
meaning in different parts of this book (e.g., in the sense of stochastic processes, quantum-mechanical
or statistical (classical or quantum) averaging). In many cases we stress its concrete meaning by an
appropriate subscript. But essentially, all the averages (A) are achieved by path integration of the
quantity A with a corresponding functional integral measure.

We assume the usual summation convention for repeated indices unless the opposite is indicated
explicitly; in ambiguous cases, we use the explicit sign of summation.

Operators are denoted by a ‘hat’: A, B, 7%, P, ... with the only exception that the time-ordering
operator (an operator acting on other operators) is denoted by T; for example:

T(@(xD@(x2)).

Normally, vectors in R” and C* are marked by bold type: x. However, in some cases, when it
cannot cause confusion as well as for an easier perception of cumbersome formulas, we use the
ordinary print for vectors in spaces of arbitrary dimension. As is customary, four-dimensional

vectors of the relativistic spacetime are always denoted by the usual type x = {x°, x!, x%, x*} and

the corresponding scalar product reads: xy dg guvxty”, where g, = diag{l, —1, —1, —1} is the
Minkowski metric. An expression of the type A,ZL is the shorthand form for g,, A*A". If the vector
indices u, v, ... take in some expression with only spacelike values 1, 2, 3, we shall denote them by
Latin letters /, k, . . . and use the following shorthand notation: A;B; = Z?:l A; By, where A;, B; are
the spacelike components of some four-dimensional vectors A, = {Ag, A;}, B, = {Bo, B} in the
Minkowski spacetime.
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Throughout the book we use the same notation for probability densities in the case of random
variables having continuous values and for probability distributions when random variables have
discrete sets of values. We also take the liberty to use the term probability density in cases when the
type of value (discrete or continuous) is not specified.

List of abbreviations:

BRST  Becchi-Rouet—Stora—Tyutin (symmetry)

CCR canonical commutation relations

ESKC Einstein—Smoluchowski—Kolmogorov—Chapman (relation)
OPIL one-particle irreducible (diagram, Green function)
PI path integral

QFT quantum field theory

QCD quantum chromodynamics

QED quantum electrodynamics

SUSY  supersymmetry

WKB  Wentzel-Kramers—Brillouin (approximation)

YM Yang-Mills (theory, fields)



Chapter 1

Path integrals in classical theory

The aim of this chapter is to present and to discuss the general concept and mathematical structure of
path integrals, introduced for the first time by N Wiener (1921, 1923, 1924, 1930), as a tool for solving
problems in the theory of classical systems subject to random influences from the surrounding medium.
The most famous and basic example of such a system is a particle performing the so-called Brownian
motion. This phenomenon was discovered in 1828 by the British botanist R Brown, who investigated
the pollen of different plants dispersed in water. Later, scientists realized that small fractions of any kind
of substance exhibit the same behaviour, as a result of random fluctuations driven by the medium. The
theory of Brownian motion emerged in the beginning of the last century as a result of an interplay between
physics and mathematics and at present it has a wide range of applications in different areas, e.g., diffusion
in stellar dynamics, colloid chemistry, polymer physics, quantum mechanics.

In section 1.1, we shall discuss Wiener’s (path-integral) treatment of Brownian motion which must
remain a prototype for us whenever dealing with a path integral. Section 1.2 is devoted to the more general
path integral description of various stochastic processes. We shall consider a Brownian particle with
inertia, systems of interacting Brownian particles, etc. The central point of this section is the famous and
very important Feynman—Kac formula, expressing the transition probability for a wide class of stochastic
processes in terms of path integrals. Besides, we shall construct generating (also called characteristic)
functionals for probabilities expressed via the path integrals and shortly discuss an application of the
path-integral technique in polymer physics. In both sections 1.1 and 1.2, we shall also present calculation
methods (including approximate ones) for path integrals.

1.1 Brownian motion: introduction to the concept of path integration

After a short exposition of the main facts from the physics of Brownian motion, we shall introduce in
this section the Wiener measure and the Wiener integral, prove their existence, derive their properties and
learn the methods for practical calculations of path integrals.

1.1.1 Brownian motion of a free particle, diffusion equation and Markov chain

The apparently irregular motion that we shall describe, however non-deterministic it may be, still
obeys certain rules. The foundations of the strict theory of Brownian motion were developed in
the pioneering work by A Einstein (1905, 1906) (these fundamental works on Brownian motion
were reprinted in Einstein (1926, 1956)).

12
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<> Derivation of the diffusion equation: macroscopic consideration

The heuristic and simplest way to derive the equation which describes the behaviour of particles
in a medium is the following one. Consider a large number of particles which perform Brownian
motion along some axis (for simplicity, we consider, at first, one-dimensional movement) and
which do not interact with each other. Let p(x, 7) dx denote the number of particles in a small
interval dx around the position x, at a time 7 (i.e. the density of particles) and j (x, ) denote the
particle current, i.e. the net number of Brownian particles that pass the point x in the direction
of increasing values of x per unit of time. It is known as an experimental fact that the particle
current is proportional to the gradient of their density:

dp(x, 1)
ax

jx,t)=-D (1.1.1)

This relation also serves as the definition of the diffusion constant D. If particles are neither
created nor destroyed, the density and the current obey the continuity equation

do(x.1) __dj(x.1)

1.1.2
Jat 0x ( )
which, due to (1.1.1), can also be written in the form:
2
dp(x,1) D8 p(x,t). (1.13)

ar x2

This is the well-known diffusion equation.

<> Derivation of the diffusion equation: microscopic approach

A more profound derivation of the diffusion equation and further insight into the nature of the
Brownian motion can be achieved through the microscopic approach. In this approach, we
consider a particle which suffers displacements along the x-axis in the form of a series of steps
of the same length ¢, each step being taken in either direction within a certain period of time, say
of duration ¢. In essence, we may think of both space and time as being replaced by sequences
of equidistant sites, i.e. we consider now the discrete version of a model for the Brownian motion.
Assuming that there is no physical reason to prefer right or left directions, we may postulate that
forward and backward steps occur with equal probability % (the case of different left and right
probabilities is considered in problem 1.1.1, page 49, at the end of this section). Successive
steps are assumed to be statistically independent. Hence the probability for the transition from
x = j£ to the new position x = i¢ during the time ¢ is

. . Loifi—ji=1 .
W@t — jl,e)=12 J (i,j€Z) (1.1.4)
0 otherwise

where i and j are integers (the latter fact is expressed in (1.1.4) by the shorthand notation: i, j
belong (€) to the set Z of all positive and negative integers including zero).

The process of discrete random walk considered here represents the basic example of a
Markov chain (see, e.g., Doob (1953), Gnedenko (1968), Breiman (1968)):

e A sequence of trials forms a Markov chain (more precisely, a simple Markov chain)
if the conditional probability of the event Af") from the set of K inconsistent events
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Aﬁs), AS), R Ag) at the trial s (s = 1,2, 3,...) depends only on the previous trial and does
not depend on the results of earlier trials.

This definition can be reformulated in the following way:

e Suppose that some physical system can be in one of the states A, A,, ..., Ax and that
it can change its state at the moments 71, 1,1, .... In the case of a Markov chain, the
probability of transition to a state A;(z), i = 1,2,..., K, at the time r;, depends on the
state A;(t;—1) of the system at 7,_; and does not depend on states at earlier moments

Ig—2,05—3,....

Quite generally, a Markov chain can be characterized by a pair (W(z,), w(0)), where
W = (W;;(#,)) stands for what is called a transition matrix or a transition probability and
w(0) = (w;(0)) is the initial probability distribution. In other words, w;(0) is the probability of
the event i occurring at the starting time + = 0 and W;;(z,) defines the probability distribution
w;(t,) atthe moment ¢, n=1,2,3,...:

wi(tn) =Y Wij (ta)w; (0).
J

Due to the probabilistic nature of w; and W;;, we always have:
O<wi©@=<1 > wiO=1
i

i

For discrete Brownian motion, the event i is identified with the particle position x = i¢ and the
(infinite) matrix W(e) has the components:

Wij(e) = W3l — jL, ¢). (1.1.5)

After n steps (i.e. after the elapse of time ne, where n is a non-negative integer, n € Z; Z 4
is the set of all non-negative integers 0, 1, 2, .. .) the resulting transition probabilities are defined
by the product of n matrices W(e):

W@t — jt,ne) = (W"(e))jj. (1.1.6)

This is due to the characteristic property of a Markov chain, namely, the statistical independence
of successive trials (i.e. transitions to new sites at the moments 1, = ne, n = 1,2,3.., in the
case of the Brownian motion).

If at the time r = 0 the position of the particle is known with certainty, say x = 0, we have
w; (0) = 0 fori # 0 and wo(0) = 1, or, using the Kronecker symbol §;;,

w; (0) = djo. (1.1.7)

After the time ne > 0, the system has evolved and is described now by the new distribution

w;(ne) = Z(W” (£))ijw;(0)

J
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or, in matrix notation,
wne) = Ww(0). (1.1.8)

Thus W", regarded as a function of the relevant time variable »n, defines the evolution of the
system. In probability theory, this has the evident probabilistic meaning of conditional probability
it gives the probability of an event i (in our case, the position of the Brownian particle at the site
i of the space lattice) under the condition that the event j (the position of the particle at the
site j) has occurred. Together with its property to define the evolution of the Markov chain, this
explains the name ‘transition probability’ for this quantity.

Now we want to derive an explicit expression for this transition probability. To this aim, let
us introduce the operators (infinite matrices):

0 0
1 : S0 1 :
R=|,o . - -, L=| : o (1.1.9)
: 1 0 : 0 1
[ D T 0

which shift the particle’s position to the right and left respectively, by the amount £. Indeed, these
matrices have the elements
Rij = 5i(j+1)’ L;j = 5(i+l)j (1.1.10)

so that, for example, the action of the operator R gives
w; — w; = ZR,'J' wj = wi—1
J

which means that the primed distribution is shifted to the right. To convince oneself, consider
the particular distribution w; = §;; (i.e. the particle is located at the site defined by the number
k); after the action of R, we have

wl{ = Wi—1 = 8G—DHk = Si(k+1)

so that now the particle is located at the site (k + 1). Analogously, L shifts the distribution to the
left. Obviously, L = R~! and thus RL = LR = 1. This commutativity essentially simplifies the
calculation of powers of W. First, note that according to (1.1.4) and (1.1.10),

W=1R+L) (1.1.11)

and hence, using the binomial formula,

n

n 1 n ky n—k
W :2—nz<k)RL

k=0
_Ly(n Rt — (" L2k 1.1.12
w2 ()= (i)e (112

k=0 k=0

From the properties of the matrices L and R, it follows that

(R™)ij = 8i(j+m)
(L™)ij = 8(i4m)j m e Z
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so that the transition probabilities after n steps take the form:

0 if i — j| >n
or (i — j)+ nis odd
Wit —jene)=1{ 1 n L (1.1.13)
2 \Jmsi—jy) Mo dl=n

and (i — j) +n is even.
Note that the process of Brownian motion has three obvious properties, namely, it is:

(i) homogeneous in space—the transition probability W is merely a function of the difference
=)

(i) homogeneous in time—the transition probability W does not depend on the moment when
the particle starts to wander but only on the difference between the starting and final time;

(iii) isotropic—the transition probability does not depend on the direction in space, i.e. W is left
unchanged if (i, j) is replaced by (—i, —j).

If we use the initial distribution as before, i.e. w; (0) = §;0, then equations (1.1.13) and (1.1.8)
give for the evolution of the distribution

0 if |i| > nor(+n)is odd
wi(n) = 217 (%(nn+i)> if |i| <nand (i +n) is even. (1.1.14)
Making use of the well-known recursion formula for binomial coefficients,
("1)-()+(2)
and writing the space index as an argument,
wiit, ne) = win)
we can derive from (1.1.14) the following difference equation:
wx,t+e) = swx + 6,0+ swx — £, 1) (1.1.15)
with x = i¢ and ¢ = ne. Equation (1.1.15) can be rewritten as
wx,t+¢e)— w(x,t) _ ﬁ wkx +4£,1) — 2wk, 1) +wkx — £, t)' (1.1.16)

e 2¢ 22

Now we can pass to a macroscopic (large scale) description of the random walk by the limiting
process ¢ — 0, ¢ — 0, with the ratio
EZ
D=— (1.1.17)
2¢e

held fixed. This process turns x and ¢ into continuous variables: x € R (all real numbers), t € R
(non-negative real numbers), which are much closer to our usual view of space and time. As
a result, equation (1.1.16) becomes the diffusion equation (1.1.3), with D being the diffusion
constant

dw(x, 1) ?w(x, 1)

o= - (1.1.18)
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The obvious generalization of a finite collection x;, i = 1,..., N of random variables is a map
t — x;, where t ranges over some interval. Any such map is called a stochastic process in
continuous time (see, e.g., Doob (1953) and Gnedenko (1968)). More details about stochastic
processes and their classification can be found in section 1.2.

The density p in (1.1.3) and the distribution w(x, ) are related by a constant factor, namely,
by the total number K of Brownian particles which are considered in the macroscopic derivation
of the diffusion equation (1.1.3):

p=Kuw.

< Multidimensional diffusion equation

An analogous derivation of the diffusion equation can be carried out for a particle wandering in
a space of arbitrary dimension d, with the result:

d 1
WD _ pADyyx. p) (1.1.19)
ot
where x = {x1, x2, ..., x4} and A@ is the d-dimensional Laplacian (in Cartesian coordinates)
92 92
AD =~
ax12  9x? + + ax42

We suggest the derivation of the multidimensional equation as an exercise for the reader (see
problem 1.1.2, page 49).

Equation (1.1.18) and its multidimensional generalization (1.1.19) (in particular, when a
Brownian particle wanders in realistic two- or three-dimensional space) form the basis of
Einstein’s theory of Brownian motion (Einstein 1905, 1906) (republished in Einstein (1926,
1956)).

The expression (1.1.17) for the diffusion constant shows that in the continuous limit, no
meaning can be attributed to the velocity of the Brownian particle, since the condition

EZ
— —— constant
2e £,e—0

implies that the one-step ‘velocity’ £¢/¢, in the same limit, becomes infinite

L
- — o0.
€

In more mathematical terms, although continuous, a typical Brownian path is nowhere
differentiable as a function of time (for more details see the next subsection and problem 1.1.5,
page 53).

< Solution of the diffusion equation

The solution of (1.1.18) with the continuous analog of the initial condition (1.1.7), i.e.

w(x, 1) —> 5(x) (1.1.20)
11—
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(8(x) is the Dirac s-function) can be obtained by the Fourier transform
00 .
w(x, ) = / dk e* Tk, 1). (1.1.21)
—0o0
Using the well-known Fourier representation for the §-function
1 e .
S(x) = —/ dk ek (1.1.22)
2 J o
we can see that the initial condition (1.1.20), in terms of the Fourier image w(k, t), has the form

Wk, 0) = % (1.1.23)

After performing the Fourier transformation, the diffusion equation (1.1.18) becomes

Dk, o
S = DRIk (1.1.24)

with the obvious solution

1
Tk, 1) = Wk, 0)e Pk = Ee‘”‘z’ (1.1.25)

so that the distribution can be represented as follows:
Oo L pra ik
w(x, 1) = / dk —e e, (1.1.26)

oo 2T

Shifting the integration variable, k — k — ix/(2Dt), and using the value of the Gaussian integral
o0
/ dxe " = \/i (1.1.27)
00 o

(1.1.28)

we obtain

. 1) 1 x2
w(x,t) = expy———¢ -
4n Dt P\ 4ps
By construction, the distribution (1.1.28) is a solution of the diffusion equation (1.1.18) with the
initial value (1.1.20) (the reader may also verify this fact directly).

Note that
00 00 1 x2
dxw(x,t) = dx expy—¢ =1 1.1.29
/;oo ( ) /;oo \/47TDl‘ P 4Dt ( )

which is compatible with the probabilistic interpretation of w(x, ) as being the probability of
finding the Brownian particle at the moment ¢ at the place x, if the particle has been at the origin
x = 0 at the initial time r = 0.

The transition probability (1.1.6) in the continuous limit reads

W’.//V = W@l — jl, Ne)=W(jL, Nelit, 0)
—0> W (x;, txo, 0) (1.1.30)

L,e—
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or, for an arbitrary initial moment,
W(x;, tlxo, 10)  x; =x(t)  xo = x(10) (1.1.31)

and the evolution of the probability density takes the form
(.¢]
w(x;, 1) = / dxo W(x,, t|xo, to)w(xo, o). (1.1.32)
—00

Since w(xo, fp) is an arbitrary function (satisfying, of course, the normalization condition
(1.1.29)), this means, in turn, that the transition probability also satisfies the diffusion equation

OW (x, tlxo, 10) _ 02 W (i, ]x0, 0)

It t 1.1.33
By x,2 0= (1.1.33)
with the initial condition
W (x;, t|xo, to) t—t> S(x; — x0) (1.1.34)
—1y

which follows from (1.1.32). The solution of the diffusion equation (1.1.33) with the initial
condition (1.1.34) reads

1 (x; — XO)2
W(x;, t|x0, 1)) = ————=e€xpy —————— (1.1.35)
47 D(t — 1y) 4D(t — o)
and satisfies the normalization condition
o
/ dx; W(x;, tlxo, o) = 1. (1.1.36)
—00

This is the normal (Gaussian) probability distribution with the mean value (mathematical
expectation) xo and the dispersion D = 2D (¢ — 1p).

The relation (1.1.30) reflects the well-known fact (see, e.g., Gnedenko (1968) and Korn and
Korn (1968)) that the binomial distribution (1.1.13) converges to the normal distribution in the
limit of an infinite number of trials.

In higher-dimensional spaces, the equation, its solution, boundary and normalization
conditions have a form which is a straightforward generalization of the one-dimensional case:

AW (x1, t]x0, 1
%MzDA(d)W(x,,tlxo,to) ‘> 1 (1.1.37)
W (xy, t]x0, 10) —> 8@ (x; — x0) (1.1.38)
=1
W (x,, t|x0, 10) : (s — x0)° (1.1.39)
X, txp,t)) = ————expy ————— 1.
L0100 = DG — 102 P T 4D — 1)
o0
/ d% W (x,, t|x0, 10) = 1 (1.1.40)
—0
Wherex={xl,...,xd},xz:x%+x§+---+x§.

Due to the space and time homogeneity of the Brownian motion, the transition probability is
only a function of the differences of the variables:

Wi(xys, trlxo, to) = W(xys —xo,t5 — 1o) = W(x,1). (1.1.41)
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o) |

Figure 1.1. Step-function 6(z).

We shall use this shortened notation along with the transition probabilities with complete
indication of all variables.

One more useful remark is that a slight modification of the solution (1.1.35) converts it into
the solution of the inhomogeneous diffusion equation

AW (x, 1) W (x,1)
=D
ot ox2

+8()8(x) (1.1.42)

(we return, for simplicity of notation, to the one-dimensional case but all the discussion can be
trivially generalized to an arbitrary dimension). Namely, we can extend the function W(x, r)
to the complete temporal line ¢+ € (—o0,00), i.e. consider formally the transition probability
Wi(xz, trlxo, o) also for s < to. To express the fact that non-vanishing W exists only for positive
values of the time variable ¢, we must multiply the solution (1.1.35) by the step-function (see
figure 1.1)

1 ift>0

6() = 1.1.43
o={y 1120 (1.143)
The reader may check that the function
o(t) x2
Wkx,t) = ——exp{——— —00 <t <o 1.1.44
(x,1) Ja=D: P { 1D } ( )

satisfies indeed the equation (1.1.42) (see problem 1.1.4, page 51). Thus from the mathematical
point of view, the transition probability W (x, 7) in (1.1.44) is the Green function (or fundamental
solution) of the diffusion equation (1.1.33) because it satisfies equation (1.1.42) with the §-
functions as an inhomogeneous term.

Knowledge of the transition probability allows us to find the probability density w(x, 7) at any
time ¢ for any initial density w(xo, o) from the relation (1.1.32) (recall that the density (1.1.28)
has been obtained for the §-functional initial density (1.1.20)).

< Semigroup property of the transition probability: Einstein—-Smoluchowski-Kolmogorov—
Chapman (ESKC) relation

Now let us consider the probability densities at three instants of time

w(xq, o) wkx', 1) w(x, 1) <t <t.
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The distribution w(x’, ¢) can be considered as an initial one for w(x, t), while w(xg, o) can serve
as an initial one for both distributions w(x, ) and w(x’, t'). Hence we can write

o0
w(x, ) = / dx' Wx, t|x', tHwx', t))

—00

o
w(x,t):/ dxo W(x, t]xo, to)w(xo, fo)

—00

o0
w(X’,t’)=/ dxo W(x', t'|x0, to)w(x0, 10).

—00
Combining these equations gives

oo
W(x, t|xg, to) = / dx' Wx, t|x', YW (', t'|x0, to) o<t <t. (1.1.45)
—00
This is the very important Einstein—Smoluchowski—Kolmogorov—Chapman (ESKC) relation.
The nature of this relation is quite analogous to the well-known Huygens—Fresnel principle
in optics and provides the causal description of the phenomenon under consideration, in our
case Brownian motion. It expresses also a general semigroup property of the transition
probability W (x, t|xo, tp), which is automatic for any random motion without memory and with
temporal homogeneity (Markov chain or Markov process; see more about random processes in
section 1.2).
In general terms, the semigroup property of a set of some objects F () depending on a
positive parameter r means that there exists a composition law F(¢) = F(¢'), satisfying the rule

F(t)x F(t')=F@+1). (1.1.46)

In the case of transition probabilities, the composition law is defined by integration over the
intermediate coordinates. Using the homogeneity, we can rewrite the ESKC as follows:

o0
W(x —xg,t — 1) = / dx' Wix —x",t —thWx' —xo,t — 1p) (1.1.47)

—00

or, in symbolic form
Wit—t) =Wt —t)+{ =) =Wt -1« W —1)

where
def

o
Wit —t)« Wit —1) = / dx' Wx —x',t =t YW’ — xo,t — 19)
—00

so that the transition probability W does indeed satisfy the semigroup property (1.1.46). We
use the term ‘semigroup’ rather than just ‘group’ because it is impossible to define any kind of
inverse element (this is a necessary condition for a set of objects with a composition law to form
a group, see, e.g., Wybourn (1974), Barut and Raczka (1977) and Chaichian and Hagedorn
(1998)). In our case, an inverse element would correspond to a movement backward in time,
i.e. to the transition probability W (x ¢, ¢ r|xo, to) With 7 < 1p. But, as follows from the explicit form
(1.1.35), the transition probability W (x s — xo, ty — 19) for (ty —t9) < 0 is meaningless (without the
step-function factor as in (1.1.44), which makes it just equal to zero for (t; — 19) < 0): the basic
relations (1.1.32) (for the majority of reasonable probability densities) and the composition law
(1.1.45) do not exist because of the exponential growing of the integrands.
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X

Figure 1.2. Trajectories of a Brownian particle starting from the origin and ending anywhere in the gate AB at the
moment f.

1.1.2 Wiener’s treatment of Brownian motion: Wiener path integrals

Now we start the discussion of the original approach to the description of Brownian motion by Wiener
(1921, 1923, 1924), where the concept of a path integral was first introduced.

<> Markovian property of Brownian motion, Markov and Wiener stochastic processes

Consider again (for simplicity) one-dimensional Brownian motion. Using the results of the preceding
subsection, the probability of a Brownian particle to be at the moment ¢ anywhere in the interval [AB]
(see figure 1.2) is given by

B
P{x(t) € [AB]} = / dx w(x,1). (1.1.48)
A

Complete information about the stochastic process definitely contains more than just knowing the set of
probabilities P{x(t) € [AB]}. In particular, the essential characteristic of such a process is a probability
of a compound event. In the case of Brownian motion, this is the probability that the particle, starting
at x(0) = 0, successively passes through the gates A} < x(f]) < Bj, A2 < x(h) < By,..., Ay <
x(ty) < By at the corresponding instants of time #1, t2, ..., ty, as shown in figure 1.3. The statistical
independence of subsequent displacements of the Brownian particle (Markovian property) gives

P{x(t1) € [A1, B1], x(2) € [A2, B2, ..., x(ty) € [An, By1} (1.1.49)
x2 2
B, exp {—ﬁ} By exp {—4%2(;;&,)1) }
_ / dxy — L) / dxy —L 2P ]
A 4m Dty Ay 4 D(t, — 1)
)2 - 2
B3 eXp [_ 4(26):;(1:_21)2) } By exp [_ét(gA(]tNX—NIX/I_)l) }
o [ gy P ADG [ . (1.150)
As dn D(t3 — ) AN 4r Dty — tN-1)
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Figure 1.3. A trajectory of a Brownian particle starting from origin and passing through the gates A; B; at the times
tii=1,...,N).

Recall that the probability P{A4;, A4;} that some independent events A; and A; both occur, is given by
the product of the probabilities of the simple events: P{A;, A;} = P{A;}P{A4;}. Thus the fact that
the right-hand side of (1.1.50) is a product tells us that, given the present position x(¢) of the Brownian
particle, the distribution of x (¢’) at some later time ¢’ (in the future) is completely determined and does not
depend on the past history of the path taken by the particle. This is the characteristic property of a Markov
chain introduced in the preceding subsection. Another way to express this fact is to note that, due to the
probability product form of the joint distribution, the characteristic property of the Brownian motion is
the independence of the increments of particle positions at arbitrary sequence of times 1, 2, ..., fy.

The Markov property is simply the probabilistic analog of a property familiar from the theory of
deterministic dynamical systems: given the initial data, then, by solving the equation of motion, the future
state of the system can be obtained without knowing what happened in the past. The present state already
contains all the information relevant for the future.

In the limit of continuous time, diminishing the sizes of each gate and infinitely increasing their
number, so that

ti —tic1)) =At; > 0 I1<i<N

the position x(¢) of a particle depends on the continuous time variable and we obtain what is called
a stochastic process (for more on stochastic processes, their classification and basic properties, see
section 1.2). A stochastic process with independent increments as in (1.1.50) is said to have no memory
and is termed a Markov process. In general, the definition of a Markov process places no restriction either
on the initial distribution w(x, 0) or on the transition probabilities:

[=%
=

W (x:, t]x0. fo) dx; = Plx(r) € [x,, x; +dx;], x(to) = x0})  fo <1

except normalization. But in the case of Brownian motion, the initial distribution is of the form (1.1.20)
(the initial point can, of course, be arbitrary, i.e. w(x, ) —>O 8(x — xp)) and the transition probabilities
11—
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are given by (1.1.35), so that they result in the joint distribution of the form (1.1.50). Such a stochastic
process is said to be a Wiener process.

<& Transition to the limit of an infinite number of ‘gates’: the Wiener measure and Wiener path
integral

Considering the continuous limit in (1.1.50), we obtain the probability that the Brownian particle moves
through an infinite number of infinitesimal ‘gates’ dx along the trajectory x ()

(xj — xi—1)? N dx;
lim exp{— E P i l_[ :
Afi—0 —~ AD(t —ti—1) | .7 /AT D(t; — ti—1)
N—00 i=1 i=1

1 N Xi — Xi_1 2 N dx;
— lim expl—— é) AL o
At;—0 P { 4D Z ( i —ti— ' E Ja4m DAY

i=1

_ {_L/’d 2 )}ﬁidx(’) (1.1.51)
=exp)— 5 A TX°(T T:Om 1.

in other words, we obtain the probability of the particle motion inside the infinitesimally thin tube
surrounding the path x (t), or simply moving along the trajectory x (7).

Let us denote by C{x1, t1; B, 12} the set of trajectories starting at the point x; = x(¢;) at the time 7,
and having the endpoint x (12) in some domain 3 of R? . In particular:

e (C{xy1,11; x2, tp} denotes the set of trajectories starting at the point x (f;) = x| and having the endpoint
x(n) = x2;

e (C{x1, t1; [AB], r} denotes, in the one-dimensional case, the set of trajectories with the starting point
x1 = x(#1) and ending in the gate [A B] at the time #>.

However, in the special case, we shall simplify the notation as follows.

e If atrajectory has an arbitrary endpoint in the interval from —oo to 400 for all coordinates, then we
shall omit the explicit indication of the whole space R?: C{x1, 11; RY, 1} = C{x1, 11; t}.

Thus for example, C{0, 0; ¢} denotes the set of trajectories starting at the origin at + = 0 and having
arbitrary endpoints at 7.

This notation is applicable to spaces of arbitrary dimensions, but we continue to consider the one-
dimensional space because, being notationally simpler, it contains all the essential points for a path-
integral description of the Brownian motion in spaces of higher dimension.

It is clear that to obtain the probability that the particle ends up somewhere in the gate [A B] at the
time ¢, we have to sum the probabilities (1.1.51) over the set C{0, 0; [AB], t} of all the trajectories which
end up in the interval [A, B], i.e.

Px(t) € [AB]} = / ﬂexp{—i /tdr )Ez(r)}
Cl0.0:[ABL.1}) ;_o V4T D dT 4D Jo
= /B dx ! exp {—i}
A A/ 4m Dt 4Dt
where the second equality follows from (1.1.48) and (1.1.28). The symbol

—/C{0,0;[AB],t}

(1.1.52)
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Xt

Figure 1.4. Trajectories of the Brownian particle with fixed initial and final points.

formally denotes the summation over the set of trajectories and since this set is continuous, we have used
the symbol of an integral. The summation over a set of trajectories of the type (1.1.52) is called the Wiener
path integral.

In the limiting case A = B = x;, the set C{0, 0; x;, t} consists of paths for which both the initial
and final points are fixed (see figure 1.4). The integration over this set obviously gives the transition
probability (1.1.28)

1 x2
W(x,th,O):/ dwx(t) = exp{ ——— (1.1.53)
' C{0.0;x;.1} V4w Dt Pl "an
where the integration measure
def | L dx(7)
dwx(t) = ex {——/ dt x (r)} _— (1.1.54)
P 4D Jo rl:!)x/4nDdt

is called the Wiener measure (Wiener 1921, 1923, 1924, Paley and Wiener 1934). If we consider a set
of trajectories with arbitrary endpoints (see figure 1.5), the measure (1.1.54) is called the unconditional
Wiener measure (or, sometimes, full Wiener measure, or absolute Wiener measure). From its probabilistic
meaning, the normalization condition

/ dwx(t) =1 (1.1.55)
Clx1.t1312}

follows, since the probability that the particle will end up anywhere is equal to unity. Here the class of
functions x(t) € C{x1, t1; 0} : [t1, 0] — RY is still to be defined (i.e. whether the trajectories are
smooth or differentiable as functions of the time variable). We shall study this important point later.

The so-called conditional Wiener measure corresponds to integrations over sets C{0, 0; x;, ¢} of paths
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x

Figure 1.5. Samples of trajectories defining the unconditional Wiener measure.

with a fixed endpoint as in figure 1.4. Obviously,

00
/ dwx (1) :/ dxt/ dwx (7). (1.1.56)
C{0,0;¢} —00 C{0,0;x;,t}

The same is true for Wiener integrals with a functional F[x(7)] as the integrand (we shall discuss path
integrals with functionals in more detail in the next subsection):

/ dwx(r)F[x(t)]zfoo dx,/ dwx (1) F[x(1)]. (1.1.57)
C{0,0;1} —00 C{0,0;x;,t}

The conditional measure is directly related to the transition probability (see (1.1.53)).
In terms of the Wiener measure and integral, the Einstein—-Smoluchowski—Kolmogorov—Chapman
(ESKC) relation (1.1.47) takes the form

00
/ dwx(t)=/ dx// dwx (1) dwx (7). (1.1.58)
C{x0,0;x;,t} —00 C{xp,0;x',t"} C{x',t/;x;,1}

< Similarity between the notions of ‘probability’ and ‘measure’

Starting from the Brownian transition probability and distribution we have naturally arrived at the measure
and integral over the functional infinite-dimensional space of all trajectories x(r). We would like
to emphasize that the appearance of a measure and integration in a probabilistic description of any
phenomenon is highly natural and practically unavoidable. The point is that a measure (understood as
a mathematically rigorous generalization of the intuitive notion of ‘volume’) and a probability satisfy
almost the same set of axioms. Without going into details, let us just compare the basic axioms satisfied
by a measure and a probability (see table 1.1).

The very idea that probability theory can be formulated on the basis of measure theory appeared
for the first time in the classical work by E Borel (1909). The most complete axiomatics of probability
theory were developed by Kolmogorov (1938) (also see Kolmogorov (1956)) and e.g., Doob (1953) and
Billingsley (1979) for an extensive introduction into the probability theory and its relation to the measure
theory). Thus measure theory provides the mathematical background for probability theory. In the case
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Table 1.1.

Probability

Measure
(axiomatic construction)

The probability P{.4}, defined on a class of events A;,
is a function with the properties:

(HP{A;} =0

(2) for any finite or countable sequence of mutually
incompatible events Aj, Ay, ...,

PlAIUA U} =P{A} + P{Ap} + - --

(3) P{Alcertain)y — 1 for a certain event A(Certain) —
U;A; (union of all possible events)

The measure p[S], defined on a class of point sets S;,
is a function of the sets with the properties:

(1) ulSi1=0
(2) for any finite or countable set of mutually non-
intersecting sets Sq, So, ...,

ulS1U S U-- 1= ulS1]+ ulS21+---

(3) Probabilistic measures: subclass of measures,
such that u[S] = 1 for the total set S = U;S; (union

of all sets under consideration)

of Brownian motion we have to consider a probability (actually a probability density) of realization of a
given trajectory and hence the (Wiener) measure over the set of trajectories (paths) and the corresponding
Wiener path integral appears.

From the general point of view of probability theory constructing the (Wiener) path integral merely
means generalizing the notion of probability distributions w(xy, ..., x,) to functional distributions
Q[ f (r)] describing the probability of finding a function from some appropriate set in the infinitesimal
vicinity of (in the infinitesimal tube around) some given function f(7) from this set:

w(x1, X2, ..., xp) — QL ()] (1.1.59)
(X1 X))y /dxl---dxnw(xl,...,xn)g(xl,...,xn)
— (F[f(D]a o /Df(f)ﬁ[f(f)]F[f(T)]- (1.1.60)

Here and throughout the book the notation (- - -) denotes an expectation (mean) value (in an appropriate
sense which varies in different parts of the book) and D f(t) symbolically denotes a functional measure.
In the case of Brownian motion, we have

Df(0)Q[f(r)] = dwx(r).

In (1.1.59) and (1.1.60), we have assumed that the probability distributions are normalized. Sometimes it
is convenient to use non-normalized functional distributions, writing

JPf@OQUfOIFLf ()]
F = . 1.1.61
(FLf(MDhe DR ()] ( )

<> Set of trajectories contributing to the Wiener path integral: continuous but non-differentiable

Of course, the important question concerns the properties of the set of functions which must be
averaged over. Wiener (1921, 1923, 1924) has proved that in the case of path integrals (1.1.57) with
measure (1.1.54), the set C of functions which contribute to the integral consists of continuous but non-
differentiable functions. The latter is no longer surprising because consideration of the continuous limit for
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the Brownian motion in the preceding subsection has shown that the notion of velocity for the Brownian
particle is ill defined. Another way to see this is to calculate the mean value (x2) of the squared shift using
the distribution (1.1.28):

(x2)=/ dx xX’w(x, 1) = % (1.1.62)

Thus the shift during the period of time ¢ is of the order v/(x2) ~ 4/t (or, in a more general case,
V{(x — x0)?) ~ /t — 1) and the speed of the Brownian particle at any moment of time is infinite:

NG
— —> OQ.
t t—0

On the other hand, we note that the transition probability

(x(t) — x(0))?
P~ 4Dt

W()C[, t|x01 O) =

1
4w Dt

satisfies the characteristic property

lim W (x;, t|x0, 0) = 8 (x; — x0). (1.1.63)
t—0

Since the §-function § (x; — x¢) is equal to zero for x; # x, the limit (1.1.63) shows that after the lapse
of an infinitesimally small period of time the particle appears to be in the infinitesimally small vicinity
of the initial point xg. This means that all the paths are continuous at + = 0 and hence at any moment
7 (0 < t < t) (due to the homogeneity of a Brownian process in time, so that we can start from any
moment #y which therefore becomes the initial time). That is why we denoted the class of functions under
the sign of the path integrals as C (i.e. continuous functions).

Therefore, one of the most important peculiarities of the path integrals is that, contrary to the
propensity of our intuition to conceive them as sums over paths which are somehow ‘smooth’ (as depicted
in our simplified figures), they are, in reality, sums over fully ‘zigzag-like’ trajectories, corresponding
to non-differentiable functions (see figure 1.6). Note that this property of the trajectories of a Brownian
particle, which can be described more precisely in the framework of fractal theory (see, e.g., Mandelbrot
(1977, 1982)), has important physical consequences (for example, the chemoreception of living cells
and hence their normal functions would be impossible without such a specific property of the Brownian
trajectories, see Wiegel (1983)). The fractal corresponding to the Brownian motion possesses the space
dimension two, i.e. the trajectory of the Brownian particle is a ‘thick’ one, having non-zero area.

The formal notation in (1.1.51) and (1.1.52) containing x(7) is therefore somewhat misleading in
the sense that all the important (contributing to the integral) paths are non-differentiable in the continuous
limit.

Since this point is very important for the correct understanding of path integrals in general and of
the Wiener path integral in particular, we summarize once more the essence and possible approaches to
definition of the path integral.

In the case of the Wiener path integral, there are essentially two approaches for giving a strict
definition:

(1) to define the path integral via a finite-dimensional approximation of the form (1.1.50) in the spirit of
the general Volterra approach to handling functionals (cf Introduction) and to consider a path integral
as the shorthand notation for the appropriate ‘continuous’ limit (1.1.51) when the number of time
slices goes to infinity (the quotation marks stand for the peculiarities with the non-differentiability of
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R

Figure 1.6. Schematic illustration of the fact that the detailed consideration (‘under magnifying glasses’ with
increasing resolution) of Brownian trajectories reveals their fully ‘zigzag-like’ non-differentiable structure.

essential trajectories); table 1.2 summarizes the symbolic notation used in path-integral calculations
from the point of view of finite-dimensional approximations;

(2) to define the Wiener measure in the frame of the axiomatic probabilistic measure theory as a
Gaussian-type proper measure on the set of trajectories (paths) of the Brownian particle; in this
case, the right-hand side of expression (1.1.54) has a rather symbolic sense, as one more notation
for the defined (Wiener) measure dwx () with the property (1.1.55), which allows us to interpret the
corresponding integral as a probability.

The second approach is mathematically more refined and we shall discuss it and the related
mathematical details in the next subsection. One more reason for the use of differential notation in path
integrals will be discussed in section 1.2.7.

1.1.3 Wiener’s theorem and the integration of functionals

In view of its fundamental significance, let us formulate the Wiener result in the form of a theorem and
present its more rigorous proof (in comparison with the intuitive arguments presented at the end of the
preceding subsection), still skipping some minor mathematical details. This proof will give a deeper
insight into the peculiarities of path integrals as well as experience in handling them.

Theorem 1.1 (Wiener’s theorem). The Wiener path integral is equal to zero over both the set of
discontinuous and the set of differentiable trajectories. In more precise mathematical terms, the set of
discontinuous as well as the set of differentiable functions have a zero Wiener measure.

Proof. We shall discuss here in detail only the proof of the statement in the theorem about discontinuous
functions. The proof for differentiable functions (which is quite analogous) we leave to the reader as an
exercise (see problem 1.1.5, page 53).

Consider the set Zﬁ, ; of the functions x (¢) on the interval 0 < ¢ < 1 which satisfy the inequality

P41 ; h
‘x (’;; ) —x (2Lm>‘ > (1.1.64)

Hereh > 0,1 < A < \/E, j=0,1,...,2" — 1, m € Z (non-negative integers). The choice of a
unit time interval just simplifies the notation: it is clear that any time interval can be transformed into the
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Table 1.2. Path integral notation for the corresponding finite-dimensional approximations; for simplicity we consider
allthe Az;,i =1,..., N, tobe equal: At; =e.

dx(t) ‘infinitesimally small’ collection of functions x(¢) which obey the relations
x(tg) = xo,
x1 < x(f1) < x1 +dxq,
Xy < x(fp) < x0+dxp,

Xy <x(ty) < xy +dxy,
XN41 < X(tN41) < XN41 + dxy4q, for the unconditional Wiener measure;
XN41 = x(t) = x;, for the conditional Wiener measure.
In the finite-dimensional integral, this results in the appearance
N

of the measure l_[ dx;
Jj=1

/ dx(t) 1 /oo d /oo d /oo d
X Xy ... X ,
A VarDdi  @nDe)NFD/2 [ T T LT

for the unconditional Wiener measure

1 o0 o0 o0
[ dvy ... | dxy.
(47 De)(N+D/2 /ﬂ)o ! /ﬂ)o 2 /ﬂo N

for the conditional Wiener measure;

L2 1Y 2
[are@ Y
i=0

/d (m) 1 /ood /ood /Ood — 3B Lico(it1—xi)?
x(t _ X X7 ... X € 4De £ui=01"1 v
W (47‘[D8)(N+1)/2 oo 1 oo 2 oo N-’rl

for the unconditional Wiener measure;

1 o0 e o0 1 N 2
PSS AR LY dx dxy ... dxn e— 1D 2oim0(Xit1—Xi) ’
(4m De)(N+D/2 /,OO 1/700 2 ﬁw N

for the conditional Wiener measure.

standard one [0, 1] by rescaling. Another convenient simplification which we shall use in this proof is
the choice of a unit of length for space measurements (i.e. for the coordinate x), such that the diffusion
constant takes the value

D = }T' (1.1.65)

To prove the statement of the theorem about discontinuous functions, we shall go through the
following steps:

e Step 1. Estimating the functional measure (‘volume’) of the functions belonging to the set Zﬁ, i ie.
satisfying condition (1.1.64).

e  Step 2. Estimating the Wiener measure of the union Z" of all the sets Z i’lj with arbitrary m, j but
fixed parameter h.
Step 3. Proof that the intersection Z = [[72; Z" of all sets Z” has vanishing Wiener measure.
Step 4. Proof that any discontinuous function belongs to the intersection Z and hence the set of all
discontinuous functions has also vanishing Wiener measure.
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Figure 1.7. Essential trajectories in the path integral (1.1.67) with the characteristic function x,» (1.1.66), in the

mj
proof of Wiener’s theorem.

Step 1. The Wiener integral over the set Zf;, j of functions with arbitrary endpoints can be written
using the characteristic functional x ,n , as
mj
/ dwx(t) xzn [x(7)] (1.1.66)
C{0,0;1) mj

(do not confuse such functionals with those in the probability theory which have the same name but quite
a different meaning, cf section 1.2.8). Recall that the characteristic function of a subset F of some larger

set F' is defined as follows:
|1 itfeF
Xf[f]—{o if f ¢ F.

For example, the characteristic function of an interval [A, B] C R has the form

() = 1 ifx €[A, B]
XIA,BIWX) =1 if x ¢ [A, B].

Thus the integration of this function over R is reduced to the integral only over the interval and is equal
to the length (one-dimensional volume or measure) of this subset of the whole real line R:

00 B
/ dxX[A,B](x)z'/ dx =B — A.

—00 A

Analogously, (1.1.66) with the appropriately chosen characteristic functional x, [x(t)] gives the
mj

measure (‘volume’) of functions satisfying (1.1.64).

Using the ESKC relation, the Wiener integral (1.1.66) can be presented in terms of three standard
(i.e. without the characteristic functionals) Wiener path integrals of the form (1.1.53), (1.1.55) and can, in
this way, be reduced to an ordinary two-dimensional integral (see figure 1.7)

f dwx (1) xpn [(0)] = f d& i / dwx (1)
€{0,0;1) " 181 —&21> C{0.0:£1,j/2m)
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X / dwx(r)/ dwx (1)
Cl&1,j/2™&,(j+1)/2m) Cl&r. (j+1)/2m:1}

:/ d& dé 216—5122'"/!' /2_me—(52—51)22m_ (1.1.67)
&1 —Ea|> L7 \ 7j T

5 -&N=n &=¢

and integrating over the variable ¢, expression (1.1.67) can be converted into a one-dimensional integral:

Making the change of variables

o0
1 i 2 dn 67"2 - 1 _p2g2m

e dr)e = — <——¢
NE NN N NI JThom

where 6 = \/E/A, sothat 1 <8 < /2.
Step 2. Now let us estimate the Wiener measure of the union

o0
z"={
m=1

(1.1.68)

om_1
h
Zm j
j=0
of all the sets Z;’l i Since these sets with different values of m and j have intersections, the measure of the

union Z" does not exceed the sum of the measures of Z,ﬁ’l =

o
dwx (@) x n < 2’"/ dwx(t) x,n
/C{0,0; 1} z Z Zm]

el €{0,0;1}
%) _p2 o© m
2m h292m c 2
< —e < — . 1.1.69
DT () (1169

The second inequality follows from (1.1.68). To obtain the last inequality, the estimate 42 > m /(67" — 1),
valid for sufficiently large &, has been used.
Step 3. The last sum in (1.1.69) is convergent, so that we have for the measure under consideration

—n2
e
dwx(t) x,n < —— (constant) —— 0. (1.1.70)
/C{0,0;l} 2wk h—00
This, in turn, means that
/ dwx(t) xz =0 (1.1.71)
€{0,0:1}

where Z = (72, Z".
Step 4. Now consider any discontinuous function x (¢). By the definition of discontinuous functions,
for any & there exist two points t| = j/2" and t, = (j + 1)/2™ for some m and j, such that

() — x(t)] > h(ty — 1)°2A = h(ty — 1) O0<e <L, (1.1.72)

Since h(ty — 11)°24 = h/(2m1°24) = j/A™, any discontinuous function belongs to the set Zﬁ,j with

arbitrary h > 0: x(¢) € Zﬁ, ; V h and hence x(¢) € Z. Thus the discontinuous functions have zero measure
due to (1.1.71). In other words, the Wiener integral over the set of discontinuous trajectories is equal to
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zero. On the other hand, the set of all real functions has unit measure (cf (1.1.55)). From this fact we
immediately derive the fact that the set of continuous functions has unit measure, and, moreover, (1.1.72)
shows that functions satisfying the Holder—Lipschitz condition (see, e.g., [lyin and Poznyak (1982))

x(t2) — x(t1)] < hlty — 11]27¢ (1.1.73)

also have unit measure (we shall use this fact later, in section 1.2.7).
The proof of Wiener’s theorem for the case of differentiable trajectories is considered in
problem 1.1.5, page 53.

< Integration of functionals: general approach

So far, we have discussed mainly the Wiener measure of sets of trajectories. To develop the integration
theory further, we begin by considering simple functionals F[x(t)] for which the path integrals of the
form

t

[ dweo Fixeon= [ o)
wx(7) Flx(t)] =

C{0,0;1} C{0,0:1) . \/471D dt

can be evaluated immediately. Measurable functionals will be defined as appropriate infinite limits of the

simple functionals. The proof of the Wiener theorem prompts the obvious example of a simple functional:
this is the characteristic functional of a measurable set. If we take

Y emap b AT p (1)) (1.1.74)

Flx(0)] = xy[x(v)]
where yy is the characteristic functional of some set Y of the trajectories x () defined as

1 ifx(m ey

then the definition gives

/dWx(T) xy[x(D)] = pw()

where uw (Y) is the Wiener measure of the set Y (cf explanation in the proof of Wiener’s theorem, below
equation (1.1.66)).

As an example, let us choose the set Y (xq,...,xy) of the trajectories having fixed positions
X1, ..., XN at some sequence t1, ..., ty of the time variable:
1 ifx(t) =x1,....,x(Ny)=x
XY[X(f);xl,...,xN]={ () =x1 (tv) = xN
0 otherwise.

The corresponding path integral is given by the product of the transition probabilities (cf (1.1.50) and
(1.1.51)) from the points x(¢;—1) to the next positions x (¢;) in the sequence:

/ dwx () xylx(o): xi, . oxnl = [ [ W tilxior, i)
€{0,0;1} 1

ol (xi —xi—1)?
1_[ —_— exp|———————
AnD(t; — ti_1) 4Dt — ti-1)

i=1
0=0, 1o =0. (1.1.75)

=
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Now we can consider linear combinations of such characteristic functionals with some coefficients
FN(x17"'7xN)?

FN[x(t)]=/ / dxi---dxy FN(xt, ..., xn)xy[x(T); x1, ..., xn]. (1.1.76)

Making use of (1.1.75), the functional integration of these functionals can be easily reduced to the ordinary
finite-dimensional integration

f dwx (v) Fy[x(0)] foo di da
wx(t) Fnlx(7)] =
€{0,0:1} —co A/47 D1y VAT D(ty — tn—1)
N 2
1 (x; —xi—1)
F - — e 1.1.77
x Fy(x XN)CXP{ 1D ;_1 P ( )
We see that Fy (x1, ..., xy) should be such a function of x1, ..., xy that the right-hand side of (1.1.77)

exists, e.g., it can be a polynomial.
These simple functionals form a vector space F and the Wiener path integral allows us to define the
norm (distance) || - || in this vector space:

IF—G| = /dwx(t)lF— G| (1.1.78)

(] - | on the right-hand side is just the absolute value of the difference of the two functionals), where F
and G are two simple functionals (i.e. of the type (1.1.76)). Readers with mathematical orientation may
easily check that all the axioms for a norm are satisfied by (1.1.78). Having defined the norm (1.1.78), the
general problem of extending the path integral to a larger set of functionals can be accomplished by the
standard mathematical method. First, we define a sequence F™) of simple functionals with the property
”F(N) _ F(M)” 50
N,M—o0

called the Cauchy sequence. The functional F[x(t)] is said to be integrable if there exists a Cauchy
sequence FN) of simple functionals such that

FN L F (1.1.79)

N—o00

with respect to the norm (1.1.78). The path integral is then defined by

/ dwx (™) Flx()] ¥ lim dwx(7) Fylx(D)]. (1.1.80)
C{0,0;1} N—00 J(0,0;r}

< Practical method of integration of functionals: approximation by piecewise linear functions

In practice, we can use the fact that the set of functions possessing non-zero Wiener measure can be
uniformly approximated by piecewise linear functions £y (7) which are linear for T € (t;_1, t;) and

In(ti) = x(t) = x; i=1,...,N

(see figure 1.8). This means that for any ¢ and any function x(z), there exist points fo, t1, ..., N}
N = N(¢) such that
lx(t) —In(T)] < € N = N(e).
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En (D)

Figure 1.8. Approximation of a trajectory x(7) by the piecewise linear function £y (7).

Then smooth functionals satisfy the inequality
[Flx(t)] = Flin(D]] < 8(¢)

where §(¢) — 0 for e — 0. However, F[ly(t)] = Fn(x1, ..., xn), since full information about [y (1) is
determined by the set of values x| = x(#1), ..., xy = x(tn). Therefore,

/ dwx(f)F[X(t)]—/ dw () Fy(xi, - )
C{0,0;¢} C{0,0;¢}
5/ dwx (1) |FLx ()] = Fy(r1, ... xn)|
C{0,0;¢}

< / dwx(t) () =6(¢).
€{0,0:1}

The set of simple functionals Fy (x1, ..., xy) = F[Ix(t)] with increasing N = 1, 2, ... thus provides a
Cauchy sequence approaching the given functional. Consequently, the sequence

f dwx(t) Fy( ) /oo il do Fi( )
WXI(T NXl,..., XN) = NX1,..., XN
C10.0:1) —co 4Dty \JAmD(ty —tn—1)

N 2

1 (xi — xi—1)

X e - - -
Xp{ 4D Z ti —ti—1

i=1

(N =1,2,3,...) can be used for the calculation of the desired Wiener integral:

. o dx dxy
dwx(t) Flx(t)] = lim .
C{0,0;1} N—oo J_o /4T Dty \JATD(ty — tn—1)

Fy(xi,...,xn)
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N

. 2
xexp{—izw}. (1.1.81)

i Tl

This formula reduces the Wiener path integral to the limit of finite-dimensional integrals.

Since the natural number N is assumed to have arbitrary large (finite but unbounded) values, we
might justly speak of the path integral as an extension, to an infinite dimension, of the traditional notion
of a finite-dimensional integral. The corresponding finite-dimensional integral on the right-hand side of
(1.1.81) is termed a discrete-time or time-sliced approximation of the path integral on the left-hand side.

<> Some mathematical remarks
We conclude this subsection with a few short mathematical remarks.

e  Wiener constructed the functional measure at the beginning of the 1920s (Wiener 1921, 1923, 1924)
using an explicit mapping of the space of continuous functions into the interval (0, 1) C R (more
precisely, into the interval (0, 1) minus a set of zero measure). Under this mapping, a set of functions
(trajectories) passing through fixed gates (such functions are said to belong to cylindrical sets; Wiener
also called them ‘quasi-integrals’) as in figure 1.3 is transformed into the set on the unit interval with
an ordinary Lebesgue measure. The latter is numerically equal to the measure of the ‘quasi-integrals’
defined by (1.1.50). The reader can find this construction in Wiener’s original papers and in chapter
IX of the book by Paley and Wiener (1934).

e Later, mathematicians comprehensively studied the functional measure using the much more abstract
and powerful method of the axiomatic measure theory. The cornerstone of this approach is the
important Kolmogorov theorem (see Kolmogorov (1956)), stating that for any given set of functions
satisfying some self-consistency conditions (in fact, these conditions endow the given set with the
properties of the probabilities of compound events) there exists a set &2 (of events) with additive
measure i and a set of measurable functions X (¢, w), w € £, so that the measure u defines the
probability of the corresponding compound event (of the type (1.1.49)). In the case of the Wiener
measure, the self-consistency condition mentioned in the Kolmogorov theorem is provided by the
ESKC relation. Note that using the abstract approach, we can construct a non-trivial (non-zero)
measure on the set of all real functions (including discontinuous functions); but in this case, the
physically important set of continuous functions proves to be unmeasurable.

e Since the self-consistency of the Wiener measure is based on the ESKC relation (1.1.45), it is
interesting to study other solutions of this relation. One class of the solutions has the following
form

1 o0
Fx, 110, 0) = — / dp explip(x — xo)}exp(—1|p*) 0 <a <2.
27 J_ o

The case @ = 2 corresponds to Brownian motion. If @ < 2, it turns out that on the set of continuous
functions a non-trivial measure, analogous to (1.1.50), cannot be constructed. However, such a
measure exists on the set of functions continuous from the left (or from the right).

Further details on the mathematical theory of functional measure can be found in Kac (1959), Kuo
(1975), Simon (1979) and Reed and Simon (1975).
1.1.4 Methods and examples for the calculation of path integrals

Basic methods for calculating path integrals are summarized in figure 1.9. In this subsection we shall
consider some of them, calculating important concrete examples of path integrals. Other methods are
treated in subsequent sections and chapters of the book.
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Methods for calculating
path integrals
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We start from the discrete-time approximation.

Figure 1.9. Methods for calculations of path integrals.
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This method has special significance for path

integrals. First of all, the very definition of the latter is heavily based on such an approximation (especially,
in the case of path integrals in quantum mechanics, see the next chapter). Thus, if the multiple integral
obtained from a path integral after time-slicing can be calculated exactly, this gives, in the appropriate
limit, an exact expression for the initial path integral. Furthermore, if an exact calculation of the multiple
integral is impossible, the discrete approximation provides the basis for numerical calculations (as is

indicated in figure 1.9).

Example 1.1. To obtain some experience with the calculation of path integrals with the help of the discrete
approximation, suppose we do not know the right-hand side of (1.1.53) and we would like to calculate it
explicitly using (1.1.51). For the sake of simplicity, put xo = x;, = 0 (i.e. we must integrate over the set
of paths C{0, 0; 0, t}); later we shall see that even more general path integrals can be reduced to this type.
We take all the time intervals ¢; — t;_j tobeequal: t; —t;_1 = e =t/(N + 1) foranyi =1,...,N + 1.

The transition probability W in terms of the discrete approximation has the form

1 00 00
Iim —————— / dx / dxy
g —00 —00

W(0,10,0) = I, =

N

-0 (V4w Dg)N+!
— 00
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../Oodx,vexp{ - mg(xm —x,-)z}. (1.1.82)
The exponential in (1.1.82) is a bilinear form (recall that xg = xy4+1 = 0):
N N
Z(Xi+1 —xi) = Z Xk Agixi (1.1.83)
i=0 ki=1
where A = (Ay;) is the three-diagonal matrix
2 -1 0 0 0
1 2 -1 0 - - 0
o -1 2 -1 0 --- 0
A=| . (1.1.84)
o --- 0 -1 2 -1 0
0 -« .. 0 =1 2 -1
0 v ei ol 0 -1 2

The N x N matrix A has zero matrix elements apart from those in the main diagonal and in the two
neighbouring diagonals.

Now we shall use a formula for the multidimensional Gaussian integral (its calculation pertains to
problem 1.1.6, page 53):

oo N N
(V)

dxy--dxy exp{ — Y bjxixjp = ~—— (1.1.85)
[oo ! N p{ ij ! j} /detb

which is very important in numerous applications and for what follows in this book. Using this result for
the calculation of (1.1.82), we find that

1

W(0,:0,0) = lim — (1.1.86)
e—~>0 +/4w DedetAy
N—oo

where the subscript N indicates that A is an N x N matrix. All that is needed now is the determinant of the
matrix Ay, which can be found as follows. First, we calculate det Ay by hand for small N: detA; = 2,
det A, = 3. This leads to the guess

detAy = N + 1. (1.1.87)

If det Ay is expanded in the elements of the last column, we find that
detAy = 2detAy_1 — detAx_».

This recursion relation is satisfied by (1.1.87) which proves its general validity. Substituting (1.1.87) into
(1.1.86), we obtain the expected result (cf (1.1.53))

W(0, ¢]0, 0) = (47 D)~ '/2. (1.1.88)

Another method to calculate (1.1.82), which we suggest to the reader as a useful exercise (see
problem 1.1.7, page 53), essentially amounts to performing the integrations one by one.

R o R
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Throughout the remainder of this subsection, we let the diffusion constant be
D= Z (1.1.89)

a convention which, if necessary, can always be achieved by an appropriate choice of the time and/or
space units.

Example 1.2. Let us calculate (1.1.74) for the simple functional F[x(t)] = F(x(s)) = x(s), where s is a
fixed time in the interval [0, ¢] (the path integral with unconditional Wiener measure). To get accustomed
to the properties of path integrals we shall consider two ways of calculation.

The first method uses the ESKC relation (1.1.58). Identically rewriting the path integral, we find that
the functional integration is reduced to the known expressions (1.1.55) and (1.1.53):

L = / dwx(t) x(s)
Cfx0,05¢}

)
=/ dx; xS/ dwx(t) dwx(t) (1.1.90)
—00 C{x0,0;xy,5} Clxg,s;t}

where x; = x(s). The last path integral in (1.1.90) is equal to unity due to the normalization condition
(1.1.55), while (1.1.53) gives

o TS

> L oGm0/
12 = dxsx.g«/—_e TR0 = X0Q. (1]91)

The second method to calculate (1.1.90) is based on the discrete approximation formula (1.1.51):

N
L~ 1= /‘X’l—[ dx; exp{ Z Xi — Xi—1)? }xz
2 o0 iy NTAL ; ti —ti-1

! 2
© dx *© dx; Xj — Xi_
:/ 1 X l_[ i eXp{—Z(l 11)}
—oo A/TTAL —00 ;] AL ‘ i —ti—1

RY
_ & —xo) }zxo, (1.1.92)

In this calculation, we have chosen the time s to lie exactly on the discrete time slice #;: s = t; and hence
x(s) = x;.

Integration of more general functionals can be worked out by the formula (1.1.80), i.e. using the
discrete approximation and limiting procedure.

Example 1.3. Let us calculate the average over the unconditional Wiener measure

13=/ dwx(t) Flx(7)]
C{0,0;1}
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Flx(7)] = F</ta(r)x(t) dr).
0

The functions F(y) and a(t) must satisfy some conditions which will be revealed later. Formula
(1.1.80) for this case reads as follows:

for the functional

I3 = lim I(N)
N—o0

® dx dx (xi — xj_ )2}
(N) 1 N i i—1
LY = F aixiAt; Jexp{ =y ————~ 1.1.93
3 /ﬂ)o AL Jm Aty (; o ’) p{ Z At; ( )

i=1

where a; = a(t;), x; = x(t;). Making the change of variables
Vi =Xi — Xi—1, i=1,...,N, (1.1.94)

with the unit Jacobian, (1.1.93) can be rewritten as

N

* d dyn
1™ — / 1 { Z }
oo \/nAtl JnAtN = At
x F(yi(a Aty +---+ayAty) + - - - + ynvan Aty). (1.1.95)
Further, we introduce new variables:
zi=Aiyi A= ZakAtk 1<i<N. (1.1.96)

In terms of these variables, 13(N) becomes (taking into account the Jacobian of (1.1.96)):

N
I;N):/ 1 N F(Z]+"‘+ZN)CXP{_ E 2l } (1]97)
o0 \/nAfAtl \/nAZZVAtN o A A

Thus the problem is reduced to calculating the average of the function whose argument is the sum of
variables with the Gaussian distribution. To accomplish the calculations, first introduce n = z1 + z2,
¢ = 72, so that (1.1.97) is transformed into

M _ /w dg /°° dn /‘” dz3 dzn
W
~00 \/nA%Atz ~00 \/nA%An ~00 \/nAZAz3 \/yrA2 Aty

xF(n+Z3+---+zN)exp{—(”_“2 S 2} (1.1.98)
ATAn A3An T ARAG ) o

Since the function F does not depend on the variable ¢, we can integrate over this variable in (1.1.98)
using Gaussian integration:

/wd,; 1 exp:_(n—oz_ ¢ }
2 2
-0 \/JTA%Aﬁ\/n'A%Atz ATAn ASAn
1

= eXpl =55
Jr(AlAn + A3An) ATAn + ATAD
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This allows us to represent (1.1.98) in the form

I(N) _ / d?] /OO dZ3 dZN
™ _
—o \[x AL+ A3An - nAZAn ([ AR Ady

2 N 2

=1 Z Zj
X F +z3+---4+z ex —_— — . 1.1.99
(n N) exp { ATAn + A3An o ATAG } ( )

The structure of this integral is quite similar to that of (1.1.98) except that the number of the variables of
integration is reduced to N — 1. After (N — 1) repetitions of this step, we come to the result

13(N) =/ S — TP exp{—jvziz}. (1.1.100)
-0 | ZzN=1 A,.ZAI,- 2im1 A AL

In the continuous limit, At; — 0, N — 0o, we have

At,‘
t 2
= AltllrEOZA At _/ |:/T dsa(s)i|

= tim 1™ = [ _dz FQ k.
At;—0 \/_
Now we can formulate the conditions for the functlons a(t) and F(z): the former must be an integrable
function in the interval [0, 7] (cf first equation in (1.1.101)) and F(z) must be continuous and may grow
at infinity with the only restriction of the existence of the integral (1.1.101). Explicit restoration of the
diffusion constant D reduces to the simple rescaling R — 4DR.

t
lim A; =/ ds a(s)
0 T

so that

(1.1.101)

[ fo) [

Example 1.4. Consider the Wiener integral 14 with the functional

t
Flx(v)] = exp {—/0 drp(r)x%r)}

ie.
t
Iy = / dwx(t) exp {—/ dt p(l’)xz(t)} . (1.1.102)
€{0,0;1} 0
Formula (1.1.51) gives (put, for simplicity, At;, = ¢ =¢t/N,i =1,...,N)
Iy= lim 1"
N—oo

M i —xish)
plX8 Zl 11}

i=1

I(N>:/°° dx; WdXN
4 oo /TTE

/°° dxy dxn {
= exp
oo A/TTE J

} (1.1.103)
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where a = (a;;) is the three-diagonal matrix

1
al —_— 0 0
&
1 1
— a —— 0
& &
1 1
0O — a3 —- 0
& &
a= ..
1 1
0 0 —— ay—2 ——
& &
1
0 0 - an-—1
&
1
0 0 —=
&

and

2
a; = aj; = pie+ — i=1,...,N—1
&

ay = pNE + —.
&

Application of the result (1.1.85) to our calculation of 14 gives

[N _ )
4 V(e)N deta
1
N J/det(ea)

(1.1.104)

(1.1.105)

and reduces the problem to finding the determinant of the matrix ea. This determinant can be calculated
by the following trick. Denote by D,(CN) the determinant of the matrix, obtained from ¢a by removing the

first kK — 1 rows and columns, i.e.

earp —1 0 0
—1  eap4+ —1 0
0 -1 garyy —1 0

Dl(cN) =1 :
0 0 —1 ean_» —1
0 0 1 ean_,
0 0 -1

S o

0
-1
ean

(1.1.106)

The key observation for the calculation of the determinant is that the expansion of (1.1.106) in the elements

of the first row results in the recurrence relation:

Dl(cN) — [pk82 + 2]D(N) pM

k+1 — P2
or
D" —2D 5 + Dy DM
o2 = Pk
Introduce the variable £ —1

(1.1.107)
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In the continuous limit, N — o0, the determinants become the functions D,EN ) N—> D(s) and the finite
—> 00

difference equation (1.1.107) transforms into a differential one:

2
b = p(v)D(7). (1.1.108)
dt?
The determinant of the matrix ea corresponds to the value of the function D(s) at the origin DEN N
D(0). Thus the value of the path integral is defined by a solution of equation (1.1.108). However, to pick
out the particular solution of the equation from the set of all solutions of (1.1.108), we must impose the
appropriate boundary conditions. To this aim we note, first, that

D) = lim DY =1 (1.1.109)
N—o0
since
Dy = pye* + 1.
Analogously,
(N) (N)
dD Dy~ — Dy
@ _ i 2y TP, (1.1.110)
dv |,—, N-x €
since
™ _ |pno1e? +2 -1
Dy = 2
—1 pne”+ 1
= pnpN-1€” +2pne’ + py_1e” + 1
and hence w w
D —D
N TN-L O(e).

Thus the value of the functional integral I4 from (1.1.102) proves to be

1
v D(0)

i.e. defined by the solution of the differential equation (1.1.108) satisfying the boundary conditions
(1.1.109) and (1.1.110). Of course, equation (1.1.108) cannot be solved analytically for an arbitrary
function p(s).

This method of the determinant calculation has been suggested by Gelfand and Yaglom (1960) and
is called the Gelfand-Yaglom method.

Iy = (1.1.111)

In examples 1.2-1.4, we considered the unconditional Wiener measure, i.e. integration over paths
with arbitrary endpoints. In the following example, we shall integrate the same functional as in
example 1.4 but use the conditional Wiener measure, i.e. we shall integrate over the set C{0, 0; x;, t}
with fixed endpoints x; of trajectories (the calculation of the conditional Wiener integral of the functional
from example 1.2 we suggest as an exercise in problem 1.1.10, page 54).
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Example 1.5. Consider the analog of example 1.4 for the conditional measure:

t
5o :/ dwx(T) exp {—/ dr p(T)XZ(T)}~ (L.1.112)
C{0,0;x;,1} 0

In the same manner as example 1.4 was solved, we can show (after rather cuambersome calculations)
that the Gelfand—Yaglom method now gives

cond __
14 —

b {_xzw}
o0 21" Do)

where D(t) and 5(1’) satisfy the differential equations

(1.1.113)

d*D(7)
- p(r)D(7)

D() =1 (1.1.114)

dD

dt

=0

=t

and )~

d*D -
dt(f) = p(mD(r)

D(t) =0 (1.1.115)

dD

dt

=—1.

=t

For the special case p(s) = k2, equations (1.1.114) and (1.1.115) can be straightforwardly solved. We
suggest this to the readers as an exercise (problem 1.1.11, page 55). The result is

/ k
I‘(‘:ol’ld(p(s) = kz) = Wh(kt)ekal?coth(kl). (111 16)

We shall calculate this path integral by one more method in section 1.2.6 (cf (1.2.130) and (1.2.131)) for an
arbitrary time period and an arbitrary initial point (though this is not difficult to do by the Gelfand—Yaglom
method as well).

One can check in this particular case that the general relation (1.1.57) is indeed fulfilled:

Li(p(7)) = /OO dx, °(p(1)) = = gy ! exp{ 2 D(O)}
- t = t —T——— — —_
o o /7D(0) "'D(0)
1
NAION

Note also that
—xtz/t

M (p(0) —— —=e

4 p()—>0 /7t
i.e. the path integral in this limit equals the fundamental solution of the diffusion equation or transition
probability, as it must because in this limiting case the integral (1.1.112) is reduced just to the conditional
Wiener measure.
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1.1.5 Change of variables in path integrals

In the case of usual finite-dimensional integrals, changes of integration variables prove to be a powerful
method of simplification and sometimes calculation of the integrals. The possibilities of functional
changes in path integrals are more restricted. Nevertheless, in some cases, they allow us to reduce certain
types of path integral to simpler ones and to calculate them in this way. In the present subsection we
shall consider general aspects of functional changes of integration variables and illustrate their possible
application by one example. Other applications of this technique pertain to the next subsections.

< General approach to functional change of variables in path integrals
Recall that in the case of N-dimensional Lebesgue or Riemann integrals, after the substitution of the
integration variables {x1,...,xy} — {y1, ... YN}, such that

xXi =xi(¥1,...YN) i=1,...,N

— 0(x1,...XN) .
9(¥1ssIN)

by by 1 by ~
f / dxl---def(xl,...,xm:f / 1 dyn T T 3w)
ay an a ay

FOr ey = FEIGD, - xn (V)
ai = xi(ay,...,ay)
b,' =X,'(b/, . ,b;\,).

there appears the Jacobian J

For example, for the simple substitution x; = k; y; with the constant coefficients k;, the Jacobian is

It is obvious that in the limit N — oo the Jacobian becomes zero (if all k; < 1) or infinite (if all k; > 1)
and thus it is ill defined even for such a simple substitution.

However, there exist functional substitutions which lead to a finite Jacobian in the Wiener integral.
One possibility is provided by the Fredholm integral equation of the second kind:

b
y(t):x(t)—i—)L/ ds K(t, s)x(s) (1.1.117)

where K (¢, s) is a given function of 7 and s and is called the kernel of the integral equation. Let us
remember some facts from the theory of integral equations (see, e.g., Tricomi (1957) and Korn and Korn
(1968)).

The solution x (¢) of (1.1.117) can be represented in the form

b
x(t) =y(@) — A/ ds R(t,s; A)y(s). (1.1.118)

The so-called resolvent kernel R(t, s; A) satisfies the equation

b
R(t,s; 1) +A/ du K(t,u)R(u,s; r) = K(t,s).
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The resolvent kernel R(¢, s; 1) can be expressed in terms of two series in the parameter A:

D(t,s; A
R(t.s: ) = 2050 (1.1.119)
D)
where

o0 )\‘k
D(}) = Z FC" (1.1.120)

k=0

o0 )\,k

Dit,s3) =) 2 Dilt,s)
k=0

with Cy, Dk (t, s) defined by the recursion relations
b
CkZ/ ds Dr_1(s,s) k=1,2,...
a

b
Dk(t,s)zckK(t,s)—k/ dr K(t,r)De_1(r,s)  k=1,2,...
a

with the initial values

Co=1
Do(t,s) = K(t, s).
We shall interpret the integral equation (1.1.117) as a functional substitution y () — x ().
The particular case of the Fredholm equation with b — ¢, called the Volterra integral equation,

proves to be especially important for functional changes of variables in the Wiener path integral. The
Volterra equation reads

1
y(t) = x(1) +A/ ds K(t, s)x(s). (1.1.121)

This equation is obtained from (1.1.117) for the integral kernel K (¢, s) satisfying the condition (see
figure 1.10)
K(t,5)=0 for s > t.

If the kernel K (¢, s) does not depend on ¢ in equation (1.1.121), the resulting equation,

t
Y (1) =x(t)+A/ ds K (s)x(s) (1.1.122)

is equivalent to the differential one
y() = x(t) + AK (1)x(2). (1.1.123)

This special case is the most important for the applications in this subsection. Note that, in the case
of equation (1.1.122), the kernel K (¢, s) must be discontinuous. Otherwise, it proves to be zero on the
diagonal K (¢, t) = 0 and hence equation (1.1.122) becomes trivial. Since variation of values of a function
at a single point (that is on a set of measure zero) does not change the value of an integral, we can define
the value of K at s = ¢ in different ways. The most natural way is to define it through averaging:

limg ;o K (¢, s) + limg, 10 K (¢, 5) _ limg_,, o K (¢, 5)

k@ = 2 2

(1.1.124)
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s

s=t

\

K(t,5)=0

Figure 1.10. Domain of non-zero values of the kernel K (¢, s) for the Volterra equation (lower right hatched triangle)
and of its zero values (upper left empty triangle).

The Jacobian J (L) of the transformation (1.1.122) can be calculated easily with the help of the
discrete approximation of this relation:

vi=xi +AK1x1+ -+ Ki—1xi—1 + %Kix,')s. (1.1.125)
Herei =1,..., N and ¢ = (b — a)/N. The Jacobian of (1.1.125)
1+ AK1g/2 0 0
AK e 14+ ArKze/2 0 :
woy=| faelz

: : e 0
MKi¢e AK»re cee oo 14+ AKNeE/2

is equal to the product of the diagonal elements due to its triangular structure:

N N
INQ) = ]_[(1 + AKie/2) = nexp{AKis/Z + O (1.1.126)
i=1 i=1
so that
A b
J()L)leim JN()L)=exp{§/ dsK(s)}. (1.1.127)

It is seen that the value of the Jacobian and, hence, the value of the path integral obtained after
the change of variables depends on a choice of the prescription for K (s) at s = ¢. In the discrete-time
approximation, the chosen definition (1.1.124) through averaging is equivalent to the so-called midpoint
prescription. We shall discuss this prescription in more detail in sections 2.2.5 and 2.5.1 in the framework
of quantum-mechanical path integrals. At the moment, we only note that we can a posteriori justify this
choice by the fact that transition probabilities obtained by a change of variables with this prescription
satisfy the normalization condition (see, e.g., section 1.2.2 and example 1.8, page 84).

< An example of application of the functional changes of variables

Now we shall apply the transformation (1.1.125) for the calculation of the path integral I3 from
example 1.4, page 41, by another method, namely, by making use of the change of variables.
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To this aim, we start from the (unconditional) Wiener integral (on the standard time interval [0, 7])
/ dwy(t) =1 (1.1.128)
C{0,0:1}

and use the substitution corresponding to the Volterra equation (1.1.125) of the special form

D(s)
D(s)

y(r)=x(r>—/fds *(s) (1.1.129)
0

where D(s) is the solution of the Cauchy problem:

d?D(s)
ds?

+ p(s)D(s) =0
D(t) =1 (1.1.130)
dD

— =0.
ds

s=t

The result of the substitution is

t . 2 .
d ! D 1 (" D

/‘ l—[ x(7) exp —/ dt (X——x) exp{——/ d‘[—}:l (1.1.131)
C{0,0:1} - Vmdrt 0 D 2 Jo D

(the dot means time derivative; do not confuse D(s) here with the diffusion constant which we have
chosen in this section to be 1/4). The second exponential in the integrand is the Jacobian. Let us calculate

it explicitly:
1 (" D
exp —3 / dt ol =
0

= exp {—%(ln D(t) — In D(O))} =+ D(0)

|
(¢}
>4
o
e e,
|
| =
o\N
N
5
S
~
=
p—
N —;

having taken into account the boundary condition (1.1.130). The first exponent in (1.1.131) can be
transformed as follows:

t D 2 t t D t D 2
/dr <)'c——x) =/dt5c2—/dx2—+/dr (—) x2
0 D 0 0 D Jy D
, D L= [ [d (D C DY
=/dt)é2——x2 +/ dt [— <—)]x2+/ dt (—) x?
0 D =0 0 d‘L’ D 0 D
t th_ D’Z t D 2
=/dt)'c2+/ #x2+/dt <—> x2
0 0 D 0 D
. . ..
D
=/dnz2+/ dr —x>.
0 0 D

Recalling that D(s) satisfies equation (1.1.130), we have

2

t D t t
/ dt (x — —x> =/ dt)éz—i-/ dt p(r)x2(t)
0 D 0 0
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so that the equality (1.1.131) takes the form

1
V' D(0) dwx(T) exp {/ dt p(‘r)xz(t)} =/DO0) 4 =1
0

C{0,0;¢}

which exactly corresponds to the result of example 1.4, 1i.e. I4 = 1//D(0).

1.1.6 Problems

Problem 1.1.1. Derive the diffusion equation for the so-called Bernoullian random walk for which the
probabilities p and g of left- and right-hand moves of the Brownian particle on a line are different (p # ¢,
p + g = 1). Compare the solution of this equation for the initial condition w(x, 0) = §(x) with that of
equation (1.1.18).

Hint. The matrices R and L of the right- and left-hand shifts (cf (1.1.9)) must be substituted now by gR
and pL, respectively. Calculations analogous to those in equations (1.1.11)—(1.1.15) now give

wx,t4+¢)=pwkx+L,t)+quwx —4£,1).

The continuous limit may be applied as before,i.e. £ — 0,& — 0, 22(28)_l — D (the diffusion constant).
However, to avoid misbehaviour of the distribution function w(x, t), we require that the following limit

14
=1 — —
U= e (P=a)

e—0

be a finite quantity. As a result, the ordinary diffusion equation is replaced by

The parameter v plays the role of a mean drift velocity. It is easy to check that by the Galilean
transformation
x'=x—vt

this equation is reduced to the diffusion equation (1.1.18). This means that the solution w, (x, ) of this
equation is related to that of (1.1.28) as follows:

wy(x,t) = w(x — vt, t).

Problem 1.1.2. Derive the evolution of the probability density for a Brownian particle wandering in a
multidimensional space and the corresponding diffusion equation (1.1.19) using the generalization of the
discrete transition operator W used in section 1.1.1 for the one-dimensional case.

Hint. Consider the transition operator W in the d-dimensional space (cf (1.1.8) and (1.1.11))

N d
Ww(x) dg %Z{w(x + ler) + w(x — Ley)} (1.1.132)
k=1

where e, (k =1, ..., d) are vectors of an orthonormal basis in R4,
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The ordinary space is now represented by the discrete variables x = {n1£, n»¢,
Making use of the Fourier transformation

/e .
w(x) = / dpidpz---dpaeP*w(p)
—m /L

~ ¢ ~
B(p)=5— ) e P w)
nIEZ
def
px = pixi+---+ paxa

we can diagonalize the operator W in (1.1.132):
Wib(p) = M(p)il(p)

d
1
Mp) = ) cos(pit)
k=1

so that after N steps we obtain

> def =n /e d_ _ipx,N
Wx,Ne) = WV x)=c¢ d®pe'’?* )" (p)
—m /L

...,ngl}, ny € 7.

where c is the normalization constant. The power of the eigenvalues of W can be estimated as follows:

AN (p)

d
1
exp {N In (5 ]; cos(pkﬁ))}

= ex 51 l—ﬁ2 ot
= exp)In 2der(Z)

= exp{—Dtp* + O(£%))

. . . .. def . L .
where ¢ is the time discretization scale, p? = >k p,% and D is the generalization of (1.1.17) given now

by
2
D= lim —.
1—0 2¢ed
e—0

In the continuous limit, £,¢ — 0, using the inverse Fourier transformation and

the normalization

condition, we find that the multidimensional probability density at a time ¢ has the form

o . 5
U)(x, t) — (zn)—d/ ddpelpxe—DtP

—00

2
= (47 Dr)~/? SR
(4 Dty exp =15

and satisfies the d-dimensional diffusion equation (1.1.19).

Problem 1.1.3. Show that the Poisson distribution

— At ()"t)n

P,(t) =e
n!
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satisfies the semigroup property (1.1.46) (i.e. the ESKC relation (1.1.45)), where the composition law (cf
(1.1.46)) is defined as

n

n k ik
Z Pe(T)Pyi(t — 7) = Ze—lf &e—l(t—f)u_

P P k! (n —k)!

Thus the Poisson distribution defines a Markovian stochastic process with the transition probability
W(n, t|no, to) = Py_n,(t — t9). Of course, this is not a Gaussian and hence not a Wiener process.

Solution. We have to prove the equality:
Wk, t|0,0) x W(n,tlk,t) = W(n, |0, 0)

that is
n
Y PT)Pyi(t — 1) = Py(0).
k=0
To this aim, we write:

n

n k ik
Z Pr(0) Pyt — 1) = Ze_“ G e_“’_f)i(k(t 12)

k=0 k=0 k! (n =kt
n k n—k
t_
— ef)\t)\n § : Tk(' t?( '
P '(n —k)!
PR n!
_ oA o ke o\n—k
=e o kg_o k!(n—k)!r t—o)"". (1.1.133)

The last sum can be recognized as the right-hand side of the binomial formula:

n

e+l =)

'Tk(t _ t)n—k
k=0 ’

n.
k!(n — k)
so that this sum is equal to #”*. Using this fact in (1.1.133), we obtain the required result:

n
—atgnt"
D PO Pkt = 1) =T = P (o).
k=0 ’

Problem 1.1.4. Show that the transition probability (1.1.44) is indeed the fundamental solution (Green
function) of the diffusion equation, i.e. it satisfies equation (1.1.42).

Solution. If t > 0, both the function (1.1.44) and the equation (1.1.42) coincide with the solution (1.1.28)
and the homogeneous diffusion equation (1.1.18), respectively. Hence in this domain the function (1.1.44)
satisfies (1.1.42).

Consider some test-function f € D(R?), where D(R?) is the set of compactly supported (i.e.
vanishing outside a compact domain) functions of ¢ and x. Using the definition of the derivative of
distributions (generalized functions), the condition

Wx,t) =0 ift <0
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and integrating by parts, we obtain

00 00 2
/ d;/ dxf(x,t)(awg);’t) _p? ‘Zg”)

Y % df (x, 1) 32 f(x,1)
_—/0 dt/_oode(x,t)< o1 + D o912 )

o o0 2
= — lim / dt/ dx W(x,t) (E)f;xt, 2 +Da f(x,t))

e—>+0 dx2

o0 00 00 2
= lim [f dx W(x,s>f(x,s)+f dt/ dxf(x,r)<8w(’“” _p? W(“)ﬂ
=40 | J_o . oo ot 92

= lim dx W(x,e)f(x,0)+ lim / dx W(x,e)[f(x,e) — f(x,0)]
e—>+0 ) _~o e—>+0 ) _
= lim dx W(x,e)f(x,0).

=40 ) _~o

In this derivation, we have used the fact that W (x, ¢) at r > 0 is the solution of the homogeneous diffusion
equation (1.1.33), while the last equality is a consequence of the relation

o0
< constant-s/ dx W(x, e) = constant -¢

—00

linlofoo dx W(x,e)[f(x,e) — f(x,0)]

(in the latter equation we have used the normalization condition (1.1.29)). Since

Wx,t) — 5(x)
t—0

according to the characteristic property (1.1.63), we obtain the equality

[ee] 00 2
/ dt/ dx f(x, 1) (aW;x’t) _p? Wu’”) — £(0,0)

t 0x2
which is equivalent to equation (1.1.44) by the definition of the §-function.

Another way to reach the same result is simply to use the known result (which, in fact, we have
proven earlier!) from the theory of distributions (distributions here mean generalized functions)

d
—0(t) =46(2).
o () (1)
Then it is easy to see that if w (A, 7) satisfies (1.1.24), the function 8 (z)w (A, t) is the solution of
d - ~ ~
E(@(t)w()», 1) = —DAZH(t)w(A, 1) —8(®)w(A,t). (1.1.134)

Taking into account that the solution (1.1.25) of the initial equation at the origin has the value w (A, 0) =
1/2m, equation (1.1.134) can be rewritten in the form

Wk, 1) = —DA*W(A, 1) — %5(;)
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which is equivalent to (1.1.42) (after the Fourier transform).

Problem 1.1.5. Prove the Wiener theorem for differentiable functions: the set of differentiable functions
has zero measure.

Hint. Formulate the condition of differentiability as follows:
(x(t2) = x|y < h(t2 —11)

and, using as a guide the proof of the Wiener theorem for discontinuous functions, show that the
path integral over the corresponding characteristic function of the form (1.1.66) is reduced to the one-

dimensional integral
2 /hm/i/A)'"d 2
V7 Jo

(similar to that in (1.1.68)), where A > +/2 and m is an arbitrary positive integer. Hence this integral
vanishes in the limit m — oo.

Problem 1.1.6. Calculate the multidimensional Gaussian integral (1.1.85)

00 N
/ dxl'“de exp{—Zbijxixj}
—00 0]

where b = (b;;) is an arbitrary positive definite, real symmetric matrix.

Solution. Since b is a real symmetric matrix, it can be diagonalized by an orthogonal transformation C;;:
N
xi=)» Cjy; detC=1 (1.1.135)
so that
b— B:CTbC Bij z)\iaij'
In these new variables y;, the integral is reduced to the product of the standard Gaussian integral (1.1.27)

~ A WY
B Y1 d)’N exp _Z)"iyi l_[ dyl exp{ )‘lyz} m (11136)

The product A; --- Ay of the diagonal elements of the matrix B is obviously equal to its determinant,
which, due to the relations (1.1.135), is equal to the determinant of the matrix b. Thus for the n-
dimensional Gaussian integral we obtain

00 N N
m)

dx1---dxy expy — E biixixit = . (1.1.137)
/—oo ! N p{ ij v ]} +/detb

Problem 1.1.7. Calculate (1.1.82) performing the integrations over xg, x2, ..., Xy one by one.

Hint. Use the formula

o0 T \'/? ab
/700 dx exp{—a(x —x)? —b(x —x")?} = (m) exp {—m(x' — x”)z}
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which reflects the semigroup property (ESKC relation) of such Gaussian distributions.

Problem 1.1.8. Calculate the Wiener integral over trajectories from the set C{0, 0; ¢} (i.e. with the
unconditional measure) with the functional

Flx(0)] = x(s)x(p)
where s and p are two fixed moments of time with0 <s < p < r.

Solution. Manipulations analogous to those in example 1.2, page 39 give

L= / dwx(t) x(s)x(p)
C{0,0;1}

o0
= / dxg dxpxsxp/ dwx(7t) dwx(r)/ dwx (1)
—00 C{0,0;xy,5} Clxs,s:xp, 0} Cixp,p;t}

_x? 1 _ Grp=xs)? K
p—s =

o0
1
= dxgdx, xsx e s e —.
/,oo ST Jws Jr(p —s) 2

(Another possibility is to use the discrete approximation as in example 1.2.)
The path integral /I is in fact the correlation function

x)x()w = / dwx(1) x(5)x(p) (1.1.138)
€{0,0:1)

with the average taken over the Wiener measure dwx (7), so that we could write in general, for both s < p
and p < s,

(x(s)x(p))w = % min(s, p). (1.1.139)
Problem 1.1.9. We have stressed that the Brownian motion is a homogeneous stochastic process, that
is, its characteristics do not depend on the overall shifting of time variables. However, the correlation
function (1.1.138) found in the preceding problem looks, at first sight, as if it would be not invariant with

respect to such a time shifting (see (1.1.139)). Explain this apparent contradiction.

Hint. Calculate the correlation function for an arbitrary initial time £y, that is, calculate the following path
integral:

/ dwx(t) x(s)x(p) fh<s<p<t.
C{0,29;1}

Problem 1.1.10. Calculate the conditional integral (1.1.57) for the functional F[x(7)] = F(x(s)) = x(s),
where s is a fixed point in the interval [0, 7].

Solution. Making use of the ESKC relation (1.1.58) in the same manner as in example 1.2, we obtain

5o = / dwx () x(s)
C{0,0;x;,1}

00
= / dx; xS/ dwx(T) dwx () (1.1.140)
—00 C{0,0;x,s} C{xs,s xs,t}
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so that (1.1.53) gives

st _ r—=xs )2

00 X
c s c t—s
cond
Lo = / dxg xy————
s

—o0 Vs Jr(t =)

X %

= xRt

Recall that the corresponding unconditional path integral is equal to zero (cf example 1.2).

(1.1.141)

Problem 1.1.11. Calculate the integrals I4 and I j"“d, defined in (1.1.102) and (1.1.112), respectively, by
the Gelfand—Yaglom method for the particular case of the function p(z) : p(r) = k% = constant.

Hint. The general solution of the equation

f= Clekr + C2e_kr.
The boundary conditions (1.1.114) and (1.1.115) give
D(0) = cosh(kt)
~ 1
D) = z sinh(kt).

Substitution of these expressions into (1.1.113) results in (1.1.116). For the unconditional integral, the

formula (1.1.111) gives Iy = 1/+/cosh(kt).
Problem 1.1.12. Solve the Fredholm equation (1.1.117) for K(¢,s) = 1,a =0,b = 1.

Solution. Equation (1.1.117) now reads

1
y(@) =x() +)»/ ds x(s).
0

Using (1.1.120) and (1.1.121) or directly solving the equation for the resolvent kernel in this simple case,
we obtain

R=—
I+

and the solution (1.1.118) has the form

1

A
x(t) = y(t) — ) ds y(s).
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1.2 Wiener path integrals and stochastic processes

In this section, after a short excursion into the theory of stochastic processes, we shall consider the path-
integral method of analysis of basic stochastic equations and some applications to physical processes (a
Brownian particle with inertia and a system of interacting Brownian particles). The central point of this
section is the Feynman—Kac formula, expressing transition probabilities for a wide class of stochastic
processes in terms of path integrals. Also, we shall discuss the Wiener path integral in the space of
velocities and the Wiener path integral with constraints which, besides its direct meaning, serves as the
prototype for the extremely fruitful application of path-integral techniques in gauge-field theories (see
chapter 3). We shall continue the study of methods of calculations for path integrals, in particular, the
semiclassical approximation and the Fourier mode expansion. One more practically very useful object
which will be introduced in this section is the characteristic (generating) functional for Wiener processes.
Its analog plays an essential role in the path-integral formulation of quantum field theories (see chapter 3).
In conclusion of this section, we shortly consider an instructive and physically important application of
path integrals in polymer physics, which illustrates the fact that the path-integral methods developed for
the description of Brownian motion can be successfully applied to quite different physical problems.

1.2.1 A short excursion into the theory of stochastic processes

Recall that for the description of a random event in probability theory we introduce (see, e.g.,
Doob (1953), Feller (1951, 1961) and Gnedenko (1968)) a suitable ‘probability space’ (space
of elementary events) Q, i.e. the set of all possible realizations of a given phenomenon and to
any subset A C Q we ascribe a non-negative number P{A}, the probability of the event A. In
particular, the probability space which describes the Brownian motion of a particle consists of
all possible trajectories and ascribing probabilities to their subsets leads to the construction of
the Wiener measure as we discussed in the preceding section. Mathematically this situation is
described via the introduction of a random variable &, defined as a function &€ = £(v), v € , on
a probability space . In fact, random variables serve as coordinates on spaces of elementary
events Q and, in the same way as coordinates of any space, put into correspondence with a
point of a space a real number (if this is a one-dimensional space) or a set of numbers (for
higher-dimensional spaces). Analogously to the freedom in the choice of coordinate frames for
an arbitrary space, a set of (basic) random variables on 2 can be defined in many different ways.

< Distribution, partition function and probability density

If £ takes a discrete set of values (finite or countable) xi, xp, ..., xn, ..., then we can introduce
the set of probabilities
=Pt =xx} k=1,2,...,N (1.2.1)

called a probability distribution for the values of a random variable &. As we have already noted
in the preceding section, probability is closely related to (or in fact defines) the measure on a
space of elementary events. Practically, it is constructed using a partition function

Fe(x) = P{v|é(v) < x} —00 <X <00 (1.2.2)

so that the probability of a random variable & to be in an interval [A, B] is expressed in terms of
the Lebesgue—Stiltjes integral:

B
P(v|A < £(v) < B) =/ dFe (x) (1.2.3)
A
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(such a function, of course, can be introduced for discrete sets of values of the random variable,
and in this case F¢ = } .. .. px). If it is desirable to consider a few random variables
simultaneously (for example, three coordinates x(¢), y(¢), z(¢) of a Brownian particle at a moment
t), we introduce their joint distribution function

Fep g1y xm) = Plg1(v) < x1,000, 8 (v) < X} (1.2.4)
In the case of a continuous distribution, the integral (1.2.3) turns into the Riemann integral
B
mmA<aw<B}=/ dx w(x) (1.2.5)
A

where the positive function w(x) > 0 is the probability density, which is related to the partition
function as

X
Q@:/ dy w(y). (1.2.6)
—00
If the partition function is differentiable, the inverse formula is
dF;
wix) = D (1.2.7)
ax

Partition functions and probability densities should obviously satisfy the normalization
condition

/ dFe(x) :/ dxw(x) = 1. (1.2.8)

A probability density of a few random variables is defined analogously.

Thus we can say that from the mathematical point of view, a space of elementary events
together with a set of random variables (coordinates) and a set of attributed probabilities defines
the space with the probabilistic (i.e. subject to the normalization condition (1.2.8)) measure.

< Definition and classification of stochastic processes

A collection of random variables &, defined on the same probability space Q2 and labelled by the
elements of some set T is called a random or stochastic function. For example, the coordinates
of the Brownian particle are stochastic functions defined on the half line [0, co) of a time variable.
For the special sets T, we use the following terminology:

e if T isthe set of integers Z, the stochastic function is called a stochastic chain or a stochastic
sequence;
if 7 is a multidimensional space R, the stochastic function is called a stochastic field;
if 7 is the line R or an interval, the stochastic function is called a stochastic process.

An example of a stochastic chain is the discrete-time approximation of the Brownian motion
discussed in the preceding section, while its continuous limit corresponds to a stochastic
process. In this section, we shall consider the latter object.

All the information about a stochastic process is contained in the joint probability
distributions

wy (1,115 82,05 ... 8N IN) (1.2.9)
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for collections of random variables &(#1), £(%2), ..., &(ty) with arbitrary N. They define the
mathematical expectation (or mean value) (f (&1, ..., En)) of a function f (&, ..., &) of random
variables:
def
(f&1,....8n8)) = /d& dé---déywn (&1t .. 8N tn) (1L EN) (1.2.10)

(with the obvious substitution of the integral by the sum in the case of a discrete distribution).
For a deterministic process & = f(¢), the probability densities are expressed by §-functions, e.g.,
wi(§, 1) =68 — fQ)).

It is worth noting that an explicit form of the joint distribution wy depends on the way of
averaging under consideration, for example:

e in the case of the correlation function (x(s)x(p))w for Brownian motion with arbitrary final
points (averaging over the unconditional Wiener measure), the joint distribution has the form
(cf problem 1.1.8, page 54)

wy = Wixy, s1x0, ) W(x,, plxs, s)

e in the case of trajectories with a fixed final point (averaging over the conditional Wiener
measure), the joint probability reads as

wy = Wixs, s|xg, YW (xp, plxs, )W (x;, tx,, p).

However, in contrast to the discrete sets of random variables as in (1.2.9), in many cases
it is more convenient to use the probability functional of w[&(z)] of a random variable &, i.e. the
continuous analog of the joint probability density (1.2.9). We proceeded along this way in the
preceding section for discussing Brownian motion (by having considered the probability that the
Brownian particle moves through infinitesimal gates dx along a given trajectory x(¢), cf (1.1.51))
and reached the notion of the Wiener path integral.

All these definitions are easily generalized to multicomponent stochastic processes & (1) =
{";:1 @,..., ém(t)}-

As we have already mentioned, there are several classes of stochastic processes which are
of special importance in physics:

e Stationary processes: processes with joint (multipoint) probability characteristics which do
not depend on the choice of the starting moment or, in other words, are invariant with
respect to time translations. This means, in turn, that all characteristics depend only on
time differences, in particular, (¢£(z)) = constant and (£(2)&(t1)) = f (&2 — 11).

e Markov processes: processes for which all joint (multipoint) probability characteristics are
expressed only in terms of a one-point probability density w(é;, t) and a two-point transition
probability W(&,, 1|&,.t1). The notion of transition probability implies that it satisfies the
semigroup property (1.1.46) or, in the terminology of the theory of stochastic process, the
ESKC relation (1.1.45). In more general words, this means that in a Markov process, the
future depends on the past only through the present moment state.

e Gaussian (normal) processes: processes for which all joint (multipoint) probability
characteristics are expressed only in terms of a first w;(§) and second (transition)
wa(&2,&1) = W(&, 1l&, 1) probability density (and hence only in terms of the mean
value (£(¢)) and correlation function (&(1;)£(1))), both joint probabilities having necessarily



Wiener path integrals and stochastic processes 59

Gaussian (called also normal) form,

_ 2
wi(§) =wl) = ! ¢ a)} (1.2.11)

2
Z hij & — ai) (& —a,-)} (1.2.12)

271A

wa (&2, 61) =

1
exp 5

P———

1
/27 det()»i; )
where a, A, a;, Aij (i, j = 1, 2) are the parameters of the distributions.
e  Wiener process: a stationary Markov and Gaussian process with independent increments

&—&_1 (G =1,...,n)foranyinstantof timery <1, <--- < t,, is called a Wiener stochastic
process.

The reader may verify that the increments in the positions of the Brownian particle are
indeed independent (cf the remark after (1.1.50) and problem 1.2.1). So, as follows from the
discussion in the preceding section, Brownian motion is a Wiener process.

In what follows, we shall mention also the process called white noise:

e White noise process: a stationary stochastic process &(¢r) with completely independent
random variables at different moments, so that the correlation function is given by the §-
function

(E(n)§(1)) = Pod(r2 — 1) (1.2.13)

with a constant spectral density

B(w) = / d(t2 — 11) (E)EM)) B = by, (1.2.14)

The latter property explains the adjective ‘white’: white light also has constant spectral
density.

< The Fokker-Planck equation for stochastic processes

In the preceding section we derived the diffusion equations (1.1.3), (1.1.19) and (1.1.33) using
natural physical assumptions and then convinced ourselves that the corresponding transition
probability (1.1.35), i.e. the fundamental solution of the diffusion equation, satisfies the ESKC
(semigroup) relation (1.1.45). From the point of view of the general theory and a classification
of stochastic processes given earlier, it is natural to reverse the steps and to start from the
fundamental properties of stochastic processes and then to derive the corresponding equations.
For Markov processes, and their particular subset of Wiener processes, such a fundamental
property is just the ESKC relation. It is instructive to find additional assumptions which allow us
to derive the corresponding differential (in particular, diffusion) equations from the ESKC relation.
Such an equation can be derived from the very definition of a Wiener process, i.e. from the
combination of the Markovian property (ESKC relation) with the Gaussian form of distributions
and independence of increments. However, we prefer to use, together with the ESKC relation,
the equivalent but physically more transparent additional assumptions.
Let a transition probability obey the conditions

lim<xt_xt> = A(x,. 7) (1.2.15)

=T -1
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=T 1 —71

3
lim <M> =0 (1.2.17)

2
lim <M> = 2B(x,. 1) (1.2.16)

t—>t t—1

where (- - -) means the statistical averaging

o
(f (et — x7)) =/ dx; f(xe — x0)W(xe, t]xe, 7).
—0o0

Note that we consider here the mean values of the powers of increments, therefore the initial
point x; should not be used for integration (in contrast with the case of a correlation function,
e.g., (f(x)h(x.)) = [dx;dxe W(xy, t]xe, T)W(x, Tx0, 0)), cf (1.2.10)).

It is obvious that the first condition (1.2.15) states that the mean velocity of the particle
is equal to A(x;, r) and that the condition (1.2.16) contains the information about the influence
of random hits from the medium (since if there were no hits at all, the problem would be fully
deterministic and the width of the distribution, B(x;, #), would be zero). The reader may easily
check that for a Gaussian stochastic process with appropriate dependence of the exponent
on the time variable, the conditions (1.2.15)—(1.2.17) are indeed satisfied (see problem 1.2.4,
page 111).

To derive an equation for the transition probability W (x;, t|xg, 0) or, equivalently, for the
corresponding probability density w(x, t) from the ESKC relation (1.1.47), we multiply the latter
by an arbitrary function g(x;) vanishing at infinity together with its derivative,

gx)——0  g'(x)——0 (1.2.18)
Xi—> %00 Xr—>+00
and integrate the result over x;:
o o
/ dx; g(x))W(xy, t|xg,0) = / dxidx, g(xp)W(xe, t|lxe, T)W(xz, Tlxg, 0). (1.2.19)
0o oo

Using for g(x;) the Taylor series with a remainder term

8(x) = g(xe) + (xr — x0)g (xr) + § (v — x0)78"(x0) + 3 (6 — x0)°¢” (€)
where & lies somewhere between x; and x;, the right-hand side of (1.2.19) can be written as

oo

/ dxrg(xr)W(xr,TIXO,O)Jr/ dxr ' (x0)W (xz, Tlx0, 0)((x; — x¢))

—0o0 —0o0

+f dxr g (o)W (xe. Tlx0. 01 (G — x0)%)

—00
o
+/ dxe §" (€)W (xe. 7lx0. 01 (05 — x)%)
—00
(we have used here the normalization condition (1.1.36)).

Moving the first term of the latter expression to the left-hand side of (1.2.19), dividing the
obtained equality by (+ — ) and taking the limit t+ — t, we arrive at the equation

o0 oW (xy, t|xg, 0) o
/ wwm%—iil—=/ dx, ' () AGer, YW (et 1150, 0)

o at oo

o
+ / dx, g" () BGxy, YW (x;, £|x0, 0). (1.2.20)
—0Q0
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Table 1.3. Expectation values specific for a Wiener stochastic process (D is the diffusion constant).

Mean value x®))w =20

Correlation function (x(tHx(t))w = 2D min(t’, 1)

Dispersion D (x(1)) ([x(1) — (x(O)wTHw = (x> (1))w = 2Dt
(

[(x(t") — x(1) — (x (') — x(O)w1P)w
= ([x(t") — x(OD1P)w
=2D(' —1)

Dispersion of increments D (x(¢) — x(¢)), ¢’ > ¢

After integration by parts with the help of conditions (1.2.18), the equation reads

00 A 2(B
/ dx,g(xt)|:8W+8( W) 9% W):|:O

. o ax ax,2
which, due to the arbitrariness of g(x;), gives the Fokker—Planck equation

2
W IAW)  BBW) _

1.2.21
Jat 8x, ax;2 ( )
(mathematicians usually call equation (1.2.21) ‘the second Kolmogorov equation’).
In the particular case
Alx;, ) =0 B(x;,t) = D = constant (1.2.22)

the Fokker—Planck equation (1.2.21) just becomes the diffusion equation (1.1.18).

In addition to conditions (1.2.15)—(1.2.17) and (1.2.22), the Wiener process has the specific
expectation values depicted in table 1.3 (cf problems 1.1.8, page 54 and 1.2.1, page 111, as
well as equation (1.1.62)).

< Microscopic approach to the description of stochastic processes: Langevin equation

In section 1.1, we presented both the macroscopic (based on the density p, cf (1.1.3)) and
the microscopic (probabilistic, cf (1.1.18)) derivations of the diffusion equation. We did this
from the point of view of the physics of the Brownian motion. In the framework of the general
theory of stochastic processes, it is the ESKC and Fokker—Planck equations which provide the
macroscopic derivation of the corresponding differential equations. The microscopic approach
starts from the stochastic Langevin equation.

Equations describing the behaviour of a system under the influence of random forces are
called stochastic equations. The analysis of stochastic equations consists in determining the
statistical characteristics of their solutions, e.g., expectation (mean) values, correlation functions,
probability density. In particular, such equations provide another approach to the derivation of
basic relations describing the Brownian motion.

The cornerstone of deterministic classical mechanics is the fundamental Newton equation
which, in the case of one particle moving in some medium, has the form

mi+ni=F (1.2.23)
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where m is the mass of the particle, n > 0 is the friction coefficient for the motion in the medium
and F is an external force. In the theory of Brownian motion, we assume the existence of a
random force which describes the hits by molecules of the medium (in general, in addition to the
deterministic external force F). The modification of the Newton equation due to the inclusion of
a random force & leads to the so-called Langevin equation

mi + % = F + ®. (1.2.24)

For sufficiently large time intervals (+ > m/n), we can neglect the term mi (i.e. consider a
particle without inertia), so that the Langevin equation becomes
x=f+¢ (1.2.25)
f=Fm ¢=9o/n.
In simple cases, the time derivative of a stochastic process, as in (1.2.25),
dx(t)
dt

produces, by definition, a stochastic process x(t) with its possible realizations being the
derivatives of possible realizations of the initial stochastic process x(¢) itself. The expectation
value and correlation functions for the derivatives are then defined as follows:

x(t) =

. d
(x@®) = E(JC(I)) (1.2.26)
't"t—dd Nx(t 1.2.27
(x@)x (@) = WEOC( )x (1)) (1.2.27)
d
G()x (@) = E(x(z/)x(m. (1.2.28)

However, an attentive reader may worry about the apparent logical inconsistency: we claimed
that the Langevin equation, containing the time derivative, is the (microscopic) basis for the
Fokker—Planck equation and, in particular, for the diffusion equation. On the other hand,
as we proved in section 1.1.3, the essential (having non-zero measure) trajectories are non-
differentiable.

To resolve this inconsistency and to bring rigorous mathematical sense to the Langevin
equation, we must use the well-developed theory of stochastic equations, in particular, the so-
called stochastic integral and differential calculi. It goes without saying that the ‘derivative’ in
(1.2.25) is merely a formal stochastic object with certain correlation functions (according to
(1.2.27)), e.g., for a Wiener process (see table 1.3):

N d d .y
(x(@Hx()) = a7 dtzD min(t’, 1)
=2Ds(t' — 1) (1.2.29)
(see problem 1.2.5, page 113). According to the definition (see (1.2.13)), the process x(¢) is
referred to as white noise (emphasizing that the Fourier transformed correlation function (1.2.14)
is constant). To give a precise meaning to x(¢), we introduce the concept of a generalized
stochastic process in analogy with generalized functions (distributions); see Hida (1980) for

details. In fact, a process like x(¢) is defined as the functional on an appropriate space of test
functions f(¢):

F£] =/0 dt f()x (1) :/dx(t)f(t). (1.2.30)
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The last expression is referred to as a stochastic integral. Roughly speaking, this integral is
defined as the limit of the sum

D SEEE) —x@) Tl ]

J

when At; =t;11 —t; — Oforall j. The reader can become better acquainted with some of the
properties of such integrals, including the important /to integral, by considering problem 1.2.17,
page 120. We will not go into details of this rather involved mathematical theory and refer
interested readers to the literature (Rosenblatt 1962, Gihman and Skorohod 1972, Kuo 1975,
Hida 1980, Ikeda and Watanabe 1981, Chung and Williams 1983).

For us, it is enough to consider equations of the Langevin type as symbolic relations
(bearing in mind that, in principle, they all can be well defined). Such a point of view is enough to
relate different stochastic processes taking place under the influence of the same random force
from the side of a medium (i.e. occurring in media with identical physical characteristics, such
as temperature). If two processes x(¢) and y(¢) are described by stochastic equations with the
same random force and hence with identical right-hand sides of the Langevin equations, we can
equate the left-hand sides of the equations as well and establish in this way a relation between
different processes. In the following subsection we shall use this method to define path-integral
representations for the transition probabilities of more general, than ordinary Brownian motion,
stochastic processes.

1.2.2 Brownian particles in the field of an external force: treatment by functional change of
variables in the path integral
Consider the Langevin equation (1.2.24) with an external force of the special (harmonic) kind

F = —nkx(t)

so that (1.2.25) takes the form
X(t) + kx(t) = p(1). (1.2.31)

Brownian motion of a particle subject to an external harmonic force is called an Ornstein—Uhlenbeck
process (Uhlenbeck and Ornstein 1930) (see also Chandrasekhar (1943)).
Comparing this equation with that for the case of a zero deterministic external force,

v = (1) (1.2.32)

and the same random force ¢ (t) (i.e. both particles, described by x(¢) and y(¢), are in the same medium
under the same conditions such as temperature), we obtain

y(t) = X(t) + kx(t). (1.2.33)
The integral form of this relation, assuming y(0) = x(0), reads as
13
y() =X(t)+k/ ds x(s) (1.2.34)
0

and the inverse we read as

1
x(1) = / ds e F1=95(s) + y(0)e ™™
0
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t
= y()e IR~k f dse ™ y(s) + y(0)e ™
0

t
=y() —k /O ds e K=y (s) (1.2.35)

so that there is a one-to-one continuous correspondence between the trajectories x(¢) and y(¢). The
integration in (1.2.35) has to be understood in the sense of stochastic calculus (cf the discussion in the
preceding subsection). Fortunately, these integrals possess many of the properties of usual integrals; in
particular, the integration by parts which we used in (1.2.35) is correct for integrands /inear in a stochastic
variable (see problem 1.2.17, page 120). Therefore, we are treating them loosely as if they were the usual
integrals of ordinary functions.

Let us, for a moment, consider the case of a single random variable £. The probability of finding
its value in an infinitesimal vicinity of some value x is given by d Fg(x) = we(x) dx, where d F¢ (x) is
the corresponding partition function and wg (x) is the probability density (see (1.2.2)—(1.2.7)). If we are
interested in some new random variable { which is in one-to-one correspondence with £ defined by a
function ¢ = f (&), the probability to find ¢ in an infinitesimal vicinity of y = f(x) is related to that for
& by the obvious relation:

dF;(y) = o (y)dy = o (f(x))df (x)
a
= wy (f(x))% dx = we(x)dx = dFg(x).

Note that df/dx plays the role of a Jacobian in the one-dimensional case.

The straightforward generalization of this consideration to the infinite-dimensional (functional) case,
using the discrete-time approximation at the intermediate step, allows us to derive (Beilinson 1959) the
probability density for paths x(t) from the probability density for y(tr) (0 < t < f), the latter being
described by the Wiener measure (1.1.54), i.e.

1 ! d
dwy(t)zexp{—/o dt y‘z(r)}]_[ \/i(_;)r (1.2.36)
=0

(we use the agreement D = 1/4 as in section 1.1.4). Now, to obtain the probability density for the
stochastic process x (¢), we can use the functional change of variable (1.2.34), which gives

L dx(z)
0 Jrdrt

where the first factor in the right-hand side of (1.2.37) corresponds to the Jacobian of the transformation
(1.2.34) (cf (1.1.127)). The initial points of the trajectories x(7r) and y(r) are fixed and coincide by
construction. The endpoints x; and y; of the trajectories should also be kept fixed and we put y, = x;, so
that relations (1.2.33) and (1.2.34) are valid for all points on the trajectories except the endpoints (they are
fixed and not random variables). Thus the transition probability for the process x (¢) is expressed via the
path integral

t

dx(7) t ) 5

W (x;, t|xo, 0) = ekt/Z/ exp {—/ dt (% + kx)
t Clxo.0sx1,1} -_g VT dT 0

t
= exp{k;/z—k(x,z—xg)}/ dwx(T) exp{—/ dt k2x2}. (1.2.38)
C{x0,05x;,1) 0

t
dwy(t) = e/ % exp {—/ drt (x +kx)2} (1.2.37)
0 T
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The latter equality follows from

t t t t
/dt()‘c—l—kx)z:/dtfcz—l—k/ d(x2)+k2/ dt x?
0 0 0 0

t t
=/dtx2+k(x,2—x§)+k2/ dt x2
0 0

and from the fact that we integrate over the set of paths with fixed endpoints, i.e. we have a conditional
Wiener path integral. Path integrals of the type (1.2.38) have been considered in example 1.5, page 43 (for
xo = 0) and the reader may integrate (1.2.38) by this method. We shall calculate the path integral (1.2.38)
explicitly in section 1.2.6 by the variational method (cf (1.2.132)).

As a result, we have obtained that the transition probability of a Brownian particle moving in the
field of a harmonic force can be expressed through the path integral (1.2.38) with the functional

1
exp {—kZ/ dt xz} .
0

Note that the exponent can be written via the harmonic potential
V(x) = tnk?x?.

This is the first example which shows that the characteristics of more complicated (than just diffusion)
processes are expressed by Wiener path integrals of the corresponding functionals. An especially
important expression of this kind is the Feynman—Kac formula for a particular equation, called the Bloch
equation, which is of the Fokker—Planck type. This equation, besides its direct meaning for a specific type
of stochastic process, is important because of its close relation with the Schrodinger equation in quantum
mechanics. We shall consider this equation and the Feynman—Kac formula in detail in section 1.2.5. To
avoid confusion, note that in quantum mechanics, the Bloch equation directly contains the potential of an
external force acting on a particle. Brownian motion in the field of an external force, which we discuss at
the moment, is described by the Langevin equation of the type (1.2.31) (or, more generally, by (1.2.39))
and has non-zero drift velocity (1.2.15) and hence the Fokker—Planck equation (1.2.21) with a first-order
space derivative term (compare this with the Bloch equation in section 1.2.5). To relate the Fokker—Planck
equation to the Bloch equation we must make an additional transformation (cf (1.2.90) in section 1.2.5).
This, in turn, makes a distinction between the expression (1.2.38) and the Feynman—Kac formula.

< Brownian particles in a field of general non-stationary and nonlinear external forces

For a more general non-stationary and nonlinear external force F' = —nf(x(¢), t) entering the Langevin
equation, (1.2.25) takes the form

X+ fx@®),t) =) (1.2.39)

which can be analyzed by the change of variable

t
Y (1) =x(t)+/ ds £(x(s),s). (1.2.40)
0
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The Jacobian J of this transformation can be calculated by the discrete-time approximation analogously
to the one for (1.1.122). The result is

1+ f/(x1,¢€)e/2 0 0
fl(x1,8) 14 f'(x2,28)e/2 0 - 0
J(e) = . .
fle) f'(x2, 2¢) e 1, NeJe2

where f' = % and ¢ = t/N. Due to triangularity, the determinant is equal to the product of the diagonal

elements (cf (1.1.126))
N

Sf/(Xj,j8)>
J(e) = (1 + —). (1.2.41)
.g‘ 2N

In the continuous limit, the determinant reads as
| N
J = lime — ef' (xi, je
e—0 XP{Z.Z] f(XJ J )}
]:

'
= exp{%/o ds f’(x(s),s)}. (1.2.42)

Thus the transition probability for the stochastic process defined by the Langevin equation (1.2.39) is
expressed via the path integral

t

dx(1) { /’ _ 2}
W (x;, t|xp, 0) = — d + ,
(. 1x0. 0) —/;{xo,o;x,,t} E} Jrdt exp 0 Tl (), )

t
xexp{%/ dt f/(x(r),r)}. (1.2.43)
0

This transition probability describes the behaviour of a single inertialess (the mass m being neglected, cf
(1.2.25)) Brownian particle moving in the field of an arbitrary non-stationary, nonlinear external force.
1.2.3 Brownian particles with interactions

Let us consider two Brownian particles. If they have no interactions and hence their motion corresponds
to two independent stochastic processes

yi=¢1 n=¢ (1.2.44)

the transition probability is given by the product of the Wiener path integrals

Wy, t5 yar, t1y10, 05 ¥20, 0) = / dwyl(f)/ dwy2(1)
C{y10,0;y11,1} C{¥20.0; 2.1}

= Wy tly10, )W (y2, 1]y20, 0). (1.2.45)

If two Brownian particles interact with each other and move in the presence of a linear external force, the
stochastic equations take the form

X1+ kiix1 + kiax2 = ¢

X2 + ko1x1 4 kooxo = ¢o.

(1.2.46)
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By introducing the matrices

ki1 k2
k = 1.2.47
<k21 kzz) ( )

_(x _ (4 _(n
) ) e e

equations (1.2.44) and (1.2.46) can be rewritten in matrix form:

ay
— 1.2.4
oy ¢ (1.2.49)
—?; +kx=¢ (1.2.50)

which is quite similar to equations (1.2.32) and (1.2.31). Therefore, to derive the transition probability
for two Brownian particles with Langevin equations (1.2.46), we can use the same method of functional
substitution y(¢#) — x(¢) as that used in the preceding section.

Since the external stochastic process ¢ is the same for both variables x (¢) and y(¢), we write

(&) = x(t) + kx (2) (1.2.51)
or, in integral form,

t
y(@) =x@) + k/ dt x(1) (1.2.52)
0

assuming y(0) = x(0). The Jacobian of this transformation can be calculated by the same method of
discrete-time approximation t;+ | —#; = ¢ for equation (1.2.52) (cf the preceding subsection and (1.1.125))
with the result

ko1€/2 1+ kpe/2

ke  I+ke/2 0 - 0
Iy = . : :
Ke ke cee oo T+ ke/2
N
_ H‘ 1 +kie/2 k)2 ‘ (1.2.53)

where I is the two-dimensional unit matrix. Rewriting the factors in (1.2.53) up to the second order in &,

14+ k118/2 k126/2 B l 5
‘ kg2 14 kpey2| = LTk Fkn)e+0OED

= exp{%e Trk + O (&%)}

we obtain, in the limit N — oo, the Jacobian

N
J = lim l_[exp{%s Trk + O(e?)} = exp{11 Trk}. (1.2.54)

N—00
i=1

Thus, performing the substitution in the path integral (1.2.45) and taking into account the Jacobian
(1.2.54), we finally obtain
dxi(t) 17 dx2(v)
{x0.0:x1,1} 7 Jrdt o VT dt

1
W(x;, t|xo,0) = exp{itTrk} /C
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' 2 2 2
XGXP{—/ dr2<xi+2ki,-x,-> } (1.2.55)
0 i= j=1

=1

Generalization to the case of K Brownian particles is quite straightforward: we just introduce the
K-dimensional vectors x, y and ¢ and the result has the same general form (1.2.55), except that the sums
in the exponent are extended to K terms.

< Interacting Brownian particles subject to nonlinear and non-stationary external forces

A treatment of K Brownian particles subject to nonlinear and non-stationary external forces also can
be carried out using the matrix method and results for a single particle which we have discussed in the
preceding subsection. The corresponding Langevin equations read as

Xi() + fix(@), 1) = @i (1) i=1...,K

or, in the matrix form,

x(1)+ fx@),1) = (). (1.2.56)

The functional change of variables y — x (1.2.52) in the time-discrete approximation has a block-
triangular Jacobian of the form

AE) 0 .0
x« AQe) 0 -~ 0
J(e) = ' :
* * -« % A(Ne)
where , ,
1 daf1(x,¢) 1 df1(x,¢) 1 9f1(x,¢)
T+2%008 270 € 7 2Theg f
19fa(x,8) 1 3fa(x,8)
E 23)(1 € 1 + j 23)(2 €
A(e) = : . o : (1.2.57)
1 0fk (x.0) L 3fk (6,6) 7 1 0fk (x.8)
PR R B e A ST

and the asterisks * stand for matrix blocks which are of no importance because, due to the triangular form,
the determinant is equal to the product of the determinants of the matrices A:

K 1 f
detA(ne) = lim ]_[ (1 + ——’ne) n=1,...,N
; :

—0
j=1

K
— 1 — 1 ! 8fi(x(75)775)
J_ger%)J(e)_exp{Eigzlf() dTT}.

Thus the transition probability in this case reads as

W(xh t|x07 O) = /

C{x0,0;x;,1}

Il
=)
«
Il
(=]

T
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K ot
xexp{—Z/ dr (xi+ﬁ(x(r>,r>)2}
i=1 Y0
1 [ afi(x(0), 1)
xexp{iig;/() drT}. (1.2.58)

1.2.4 Brownian particles with inertia: a Wiener path integral with constraint and in the space of
velocities

We are now ready to consider the complete Langevin equation (1.2.24), i.e. with an account of the mass
term. The main difference from the stochastic equations considered earlier is that this is now a second-
order time differential equation. Thus the first natural step to solving it (i.e. to find the corresponding
transition probability) is to represent it as a couple of first-order differential equations by introducing the

new variable v(¢):

.n 1 1
V+—v——F=—9o
m m m (1.2.59)

x—v=0.

If the right-hand side of the second equation contained a non-trivial stochastic process (i.e. a random
force), this system would be of the type considered in the preceding subsection and we could apply the
method of functional change of variables developed there. To achieve this, we can consider (1.2.59) as
the limiting case 7> — 0 of the system

.0 1 1
v+ —v——F=T1—®;

m m m (1.2.60)
x —v="TrPo,.

For similarity, we have also introduced an additional coefficient 77 into the first equation (we can put
T1®; = & or consider (1.2.59) as the limit at T — 1, ®; = &). It should be mentioned that
the introduction of the coefficients 77, 7> is not just a formal trick: in fact, 71 and 7, represent the
temperatures of the two thermal baths in which each of the ‘two’ Brownian particles with the ‘trajectories’
x(7) and v(r) move, respectively. One of the main results of Einstein’s theory of Brownian motion
(Einstein 1905) is the expression for the diffusion constant: for a spherical particle of radius R, this is

given by the expression
kgT
D= p— (1.2.61)
T

(kg is the Boltzmann constant, n is the friction coefficient). Therefore, the diffusion constant is
proportional to the temperature and, for our present aim, it is convenient to choose such a unit of time

that

p=1L (1.2.62)
=7 2.

The dependence of the diffusion constant on temperature can be physically understood. Indeed, it is
intuitively clear that the intensity of an external stochastic force is proportional to the temperature of
the medium, ¢ ~ T, since the very source of this force is the thermal motion of molecules of the
medium. This shows that the appearance of the coefficients 71, 7> in (1.2.60) has an obvious physical
meaning. More precisely, this means that the mean value (1.2.16), the last term in the Fokker—Planck
equation (1.2.21) and hence the diffusion constant are proportional to the temperature.
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An explicit account of the temperature dependence of the diffusion constant according to (1.2.62)
slightly modifies the expression for the statistical characteristics of Brownian processes. For example, the
transition probability for several Brownian particles moving under the influence of stochastic and external
deterministic forces, considered in the preceding subsection, has the form

dx(n)  yp dxk (D)
W (x;, t|xo, 0) = / l_[
Claxg. 01,1} .o VT drT o VT dtTg

K t . : 2
Xexp{—Z/O e (xl+fl(;(r),r)> }
i=1 !
cowlty [ar B0 (1263

Here T; is the temperature for the ith Brownian particle as in (1.2.60).

Since the method of treatment of the Brownian particles moving in the presence of an external
deterministic force has been discussed in detail in the preceding subsections, we consider here the
simplified case of a particle with inertia, subject only to a stochastic force, i.e. the particular case of
the Langevin equation (1.2.24):

X=¢
which, after a transition to a couple of first-order equations and the explicit introduction of temperatures
(including the final limit of 7, — 0), becomes

v ="Ti¢1
(1.2.64)
x—v="T¢.
For this particular case, (1.2.63) reads
t 13
dv(t) dx(t)
WP (x,, vy, t]x0, vo, 0) = f
o C{xovotox,v,t}r Ox/ﬂdTTll_[\/ﬂdTTZ
1 ! .2 . 2
X expy—— dtv” — — dr x—v) ;. (1.2.65)
T Jo Tz 0
Consider a part of the integrand in (1.2.65) in the discrete-time approximation:
d 1 1 5
———expy—— | dt(x—v
Tl:[\/ndth p{ Tz/o ( )}
N 2
1 Xi+1 — X > }
— —v; | At
H m) { T, ; < '
N X
I I (D < i+l — ) (1.2.66)
7,—0 - AT
i=0
Ll
—§ (x(7) — 1.2.67
=, 1‘!} T8 (E(0) — (1) (1.2.67)
=

t
1
= Si(r) — v(1)] ]_[ ot (1.2.68)
=0
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Here 5[ f (s)] denotes the §-functional, i.e. the infinite products of Dirac §-functions at each slice of time
T as expressed in (1.2.67) and (1.2.68).
Inserting this result into (1.2.65), we obtain

W()C[, Vs, tI)C(), Vo, O) = lim WTI)TZ (xl‘s Ut, II)C(), vo, O)
T1~>1,T2—>0

t

dv(t) v dx (1) Y
/C{ ]‘[mg — exp{—/odtv}é[x—v] (1.2.69)

X0,0,0;x7,v,1} =0

t t
/ I1 dv() exp{—/ dv 1'12}5(x(t)—x(0)—/ dt v(t))
C{v0,0;v:,1} Tdrt 0 0

=0
(1.2.70)

i.e. a path integral with the constraint

t

x(t) — x(0) =/ dr v(1). (1.2.71)
0

(The value T; = 1 is provided by the appropriate choice of time unit.) To convince ourselves that the
integration of the delta-functional in the double path integral (1.2.69) indeed gives the single path integral
(1.2.70), we can use the discrete-time approximation (see problem 1.2.6, page 113).

The variable v obviously has the meaning of velocity for the Brownian particle and the condition
(1.2.71) states that the integration of the velocity over a time interval gives the resulting shift of the particle.
Thus we have reduced the problem of calculating the transition probability for a Brownian particle with
inertia to the integration over its velocities with the constraint (1.2.71). From the formal point of view,
the Wiener integral obtained corresponds to integration with the conditional Wiener measure and over the
subspace of functions subject to the constraint (1.2.71).

This means that taking into account the non-zero mass (inertia) of the Brownian particle allows
us to introduce the notion of velocity for Brownian motion. Of course, the trajectories contributing to
the Wiener integral (1.2.69) (having non-zero measure) are still non-differentiable, but now these are
trajectories in the combined space of random coordinates and random velocities.

In practice, this integral can be calculated by the variational method which we shall discuss in
section 1.2.6. We postpone the calculation until then and until problem 1.2.7, page 113, while here we
present only the result:

V12 12 2 — vp)?
W(xs, v, t]x0, vo, 0) = —5 exp {——3 <(xt —X0) — vt 0 t) _ = w) } . (1.2.72)
Tt t 2 t

Itis clear that after the integration of this probability over x;, we must obtain the fundamental solution
of the diffusion equation in the space of velocities, i.e.

L] e—w)?
VTRt :

which can be checked by explicit calculations. Note also that (1.2.72) has the normalization

o0 o0
/ dx,/ dv, W (xe, vr, t1x0, 00, 0) = 1. (1.2.73)
—o0 —o0
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The complete transition probability (1.2.72) is the solution of the Fokker—Planck equation

oW N aw 192w
oW D
ot ox 4 92

(1.2.74)

(problem 1.2.8, page 114).
Another property of the transition probability (1.2.72) is that in the limit # — 0, we have

vy + Vg

W (xs, vy, tx0, v, 0) —> 6 | X — x0 —
t—0

t) S(v; — vg)

since

V12 12 vr + Vo 2 v + Vo
expy ——= | (¢ —x0) — ——1¢ —> 8| x; —x0— —t
1

13 t 2 t—0 2
N2
——exp {—M} —> §(vy — Vo).
Tt t t—0

Thus there is a correlation between coordinate shifts and the average velocity (v; + vo)/2.

1.2.5 Brownian motion with absorption and in the field of an external deterministic force: the
Bloch equation and Feynman-Kac formula

In sections 1.2.2-1.2.4 we obtained the path-integral representations for the transition probabilities of
more general processes than the motion of just a free Brownian particle using relations between different
Langevin equations. Thus we used the microscopic approach. Another possible, and even more powerful,
way is to use the ‘macroscopic’ Fokker—Planck equations for more general processes and find their
solutions in terms of path integrals. This way leads to the well-known Feynman—Kac formula.

<> The Bloch equation and its solution in terms of path integrals

Let us consider Brownian motion in a medium where Brownian particles can be annihilated with a
probability density V (¢, x) per unit of time. To derive the corresponding differential equation, we may
proceed as in section 1.1.1. The particle current j (x, ¢) is still given by (1.1.1) but instead of the continuity
equation (1.1.2), the balance equation for the number of Brownian particles per unit of volume, i.e. for the
density p (¢, x), becomes

ap aj

o _ 9y, 1275
ot ax P (1.2.75)

Hence the density of particles is governed by the partial differential equation

ap 3%p
—=D—-V 1.2.76
or  Coxz P (1.2.76)

which is called the Bloch equation, and the corresponding transition probability Wg (x;, f]x;,, fo) is defined
for t > t¢ as the solution of this equation under the initial condition

Wa (x:, t1x0, 10) 1=ty = 8(xr — X0). (1.2.77)
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This transition probability can also be represented by a Wiener path integral which heuristically can
be estimated in the following way. Consider an arbitrary particle path from the set C{xg, O; x;, t}. The
probability that the Brownian particle will survive this path without being absorbed equals

13
Plx(r)] = exp {—/0 dt V(x(7), r)} (1.2.78)

where the integration is carried out along the chosen path. It is natural to assume that the transition
probability is the sum of these expressions over all paths from xg to x;:

13
Wg (x4, t|x0,0) = / dwx(t) exp {—/ dt V(x(r))} . (1.2.79)
Clx0,03x1,} 0
Later, we shall rigorously prove this very important statement, called the Feynman—Kac formula,
but before then let us discuss the relation between Wg (x;, f|xo, fp) and the transition probability for the
diffusion equation (i.e. (1.2.76) with V = 0) which we shall denote now by Wp (x;, t|xg, tp) (the subscript

D refers to ‘diffusion’).

<& Iterative representation for the solution of the Bloch equation in terms of the solution for the
diffusion equation

It is convenient to remove formally the condition ¢ > #y by adding instead the condition
Ws (x:, t]xo, to) = Wp(xy, t]x0, o) = 0 fort < tg

or multiplying Wg and Wp by the step-function (1.1.43). In this case, as we have discussed in
section 1.1.1, the transition probabilities become the Green functions of the corresponding differential
equations in the strict mathematical sense, i.e. they satisfy the inhomogeneous equations

B] 92
— — D— | Wp(xy, t|xg, to) = 8(t — 19)d(x — x0) (1.2.80)
Jat 9x2
and
B 92
— —D—+V(x,1) | Wa(xs, t]xo, o) = 6(t — 19)S(x — x0). (1.2.81)
ot dx2

This implies that Wp is the solution of the integral equation

o0 o0
Wg (x1, tlxo, t0) = Wp(x;, t|x0, to) —/ dx,/ dt’ Wp (x, t|x', i)YV (x', Y We (x', t'|x0, t0)
—o0 —0Q0

(1.2.82)
as can be verified by applying the differential operator

9 92
— —D—
ot ax2

to both sides of the equality and using (1.2.80) to perform the integration over x’ and ¢’.
Consider the discrete approximation for the path integral (1.2.79)

9]

o o
Wg (x4, t|x0,0) = lim (47‘[D8)7(N+1)/2/ dx1/ dxz.../ dxy
iy —o0 —o0

—00

N N
xexp{—mz)(xj“—x./) —SZ;V(x,-,z,)} e= NI (1.2.83)
J= J=
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The second exponential factor can be expanded into a power series:

N N N N
1
exp{ —e) :V(xj,tj)} =l-¢) :V(xj,tj)—i—EezE Y V@ V) — . (1.2.84)

j=1 j=1 j=1lk=1

After the integrations over the intermediate x-coordinates are performed, we find that the perturbation
expansion

o0
Ws (x;, tlxo, fo) = Wp(x;, t]x0, o) — SZ/ dxj Wp(xs, tlxj, tj)V(xj, t;)Wp(x;, tj|xo0, t0)
. —00

ZZZ/ dx]/ dxi Wp(x;, tlxj, 1)

j=1k=1
x V(xj, tj))Wp(xj, tjlxg, i) V (xk, i) Wp (xk, tr X0, 10) — - - - (1.2.85)

In the limit e — O the sume ) j can be replaced by the integral ft; dt; and the factor 1/k! can be omitted
if the time variables are ordered
o <tj <t,

Io <Ilx <tj <t,

This chronological ordering of the time variables is automatically realized due to the condition
Wp(x, t|xg, t9) =0 ift < 1.

Hence the expansion (1.2.85) can be rewritten in the form

Wg(x;, tlxo, to) = Wp(x;, t|xo, t0) — / dX/ dt’ Wp(x, t|x’, 1)V (x', " )Wp (x', t'|x0, 10)

/ dx/ dt/ dx”/ dt” Wp(x;, t|x', t)

x V', OYWpx/, E|x", YV ", Y Wpx”, t"|xo, 1) — - - (1.2.86)

which is nothing but the iterative solution of the integral equation (1.2.82) for the transition probability
Wg which satisfies also the differential equation (1.2.81). This shows that the continuous limit (1.2.79) of
the discrete approximation (1.2.83) is indeed the path-integral representation for the transition probability
satisfying the Bloch equation (1.2.76) (or (1.2.81)). In our consideration we skipped some mathematical
details which the reader may find in Kac (1959).

It is namely this connection among Wiener integrals, differential equations and integral equations
which can be frequently used to show that physical systems that bear no resemblance to each other are
nevertheless mathematically highly similar. In particular, the Bloch equation is closely related to the
Schrodinger equation, which is a cornerstone in quantum mechanics (the latter turns into the former after
the transition to the imaginary time t — ir). We shall heavily use this important fact in the next chapter.
In the case of quantum mechanics, the function V (x) has the meaning of potential energy.
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< Description of a Brownian particle moving in the field of an external force by the Bloch equation

Within classical physics, the direct physical motivation, apart from the absorption, for investigating the
Bloch equation comes from the consideration of a Brownian particle moving in the field of an external
force.

If the friction coefficient n (cf (1.2.24)) is sufficiently large, the drift velocity is directly defined by
an external force F, so thatin (1.2.15) we have

F
A, 1) = —.
n

This results in the Fokker—Planck equation (1.2.21) with a non-vanishing first-order space derivative
term. For the sake of generality, let us write the three-dimensional generalization of the Fokker—Planck
equation (1.2.21) with an external force F (r):

oW 14

e =DAW—n "div(WF) (1.2.87)
where r = (x, y, z) denotes the three Cartesian coordinates, F(r) denotes the external force, A and div
denote the Laplacian operator and the divergence, respectively:

def °W  *W  *W
AW = + + 1.2.88
ax2  3ay? o 972 ( )

9K, 0K, 9K
divg & 28x 2Ry | 08z
ax ay 0z

(the reader may derive the three-dimensional analog of the Fokker—Planck equation (1.2.21) as a simple
exercise).

The most straightforward way to derive a path-integral representation for the solution of (1.2.87) is
to write

(1.2.89)

3nR [ ~
W(r;, tro, to) = exp | ——— dr -« F ; W(rs, t|ro, to) (1.2.90)
kT Jr,

where kg is the Boltzmann constant, T is the temperature and R is the radius of the particle. In this
formula, the line integral follows any continuous path which starts at ry and ends at ;. The value of the
line integral is independent of the form of this contour, provided the external force F is conservative, i.e.
F can be written as the gradient of a scalar function:

F=-Vo

gu (o 0 0]
dx dy 0z

When (1.2.90) is substituted into (1.2.87), we find that W must be a solution of the three-dimensional
generalization of the Bloch equation (1.2.76) (or (1.2.81), if the time variable is extended to the whole
real line)

where

AW ~ ~
- = DAW —V(r)W (1.2.91)
where
v & 37 R P4 div F
2nkgT 2n
1 , divF
= F~ + (1.2.92)

42D 2n
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and where we have used the Einstein relation (1.2.61) which connects the diffusion constant, the friction
coefficient n and the Boltzmann constant. Note that V in (1.2.75), (1.2.91) and (1.2.92) is not the potential
energy of a particle in the field of the external force F.

In the limit ¢ — 0, the function W has to approach é(r; — rg). Hence W is given by the three-
dimensional generalization of the Feynman—Kac formula (1.2.79) and using (1.2.90), we find for t > tg
the transition probability of a Brownian particle subject to an external force F as follows:

rt t
W (r;, t|ro, to) = exp {L/ dr - F} / dwx(t) dwy(t) dwz(t) exp {—/ dt V(r(r))} .
T Clro,0;r¢,t} 0

2nD Jy,
(1.2.93)

The reader may verify that the one-dimensional version of (1.2.93) gives, in the case of a harmonic
external force, the same path-integral representation for the transition probability as the one derived in
section 1.2.2 using the microscopic approach (cf (1.2.38)) by the functional change of random variables
(problem 1.2.10, page 115).

Note that the same formula (1.2.93) is valid for non-conservative forces (which cannot be represented
as a gradient of a potential). We shall not prove the formula for this case, referring the reader to the
original work (Hunt and Ross 1981). However, to become acquainted with the situation involving non-
conservative forces, we suggest solving problem 1.2.11, page 115.

< Proof of the Feynman-Kac theorem

Now we shall present a more rigorous proof of the Feynman—Kac formula (Feynman 1942, 1948, Kac
1949) following Dynkin (1955) (further mathematical refinements can be found in Evgrafov (1970)). In
other words, we shall show that the Wiener path integral

t
Wg (x¢, t|x0,0) = / dwx(s) exp {— / ds V(x(s))} (1.2.94)
Clx0,0;x;,1} 0
is the fundamental solution of the Bloch equation
oW 19°W
—=-— V)W 1.2.95
or = aaxz VW (1:255)
For simplicity, we have again put
D=1
i

First of all, we note that the transition probability (1.2.94) satisfies the ESKC relation (1.1.47).
Indeed,

o0 o0 s
/ dxs W (x;, t|xg, s) WB (xs, s|x0, 0) = / dxs/ dWx(T)eXp{—/ dt V(X(f))}
—00 C{x0,0;xs,s} 0

—0Q
t
x/ dwx(s") exp{—/ dt/V(x(r'))}
Clxs,s;x¢,} s
o t
= / dxsf dwx(t) exp{—/ dt V(x(t))}
—00 Clx0,05x5,55x7,1} 0

t
= / dwx(7t) exp{—/ drt V(x(r))}
C{x0,0;x,,1} 0
- WB(X[, t|-x05 0)'
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Here C{xo, 0; x;, T; x, t} denotes the set of trajectories having the start and endpoint at xo and x;,
respectively, and passing through the point x; at the time 7.

Taking into account that at + — 0 the integrand of (1.2.94) is reduced to the purely Wiener measure,
we can easily derive the initial condition which Wp satisfies:

W (x/, £]x0, 0) —> 8(x; — x0). (1.2.96)
t—0

The functional entering (1.2.94) satisfies the identity

exp {—/tdt V(x(t))} =1- /tdt <V(x(t)) exp{—/r ds V(x(s))}) (1.2.97)
0 0 0

(which can be proved using differentiation by ¢; the value of the constant is found from the condition of
coincidence of both sides of the relation at + = 0). This identity is correct for all continuous functions
x(s) and can be integrated with Wiener measure:

t
/ dwx(t) exp {—/ dt V(x(r))} :/ dwx (1)
C{x0,0;x¢,t} 0 C{x0,0;x¢,t}

t T
— / dwx(s) |:/ dt (V(x(r)) exp {—/ ds V(x(s))} )i| (1.2.98)
C{x0,0;x;,t} 0 0

The first term in the right-hand side of (1.2.98) is the fundamental solution of the diffusion equation and
the second one is a well-defined Wiener integral (because the integrand is an exponentially decreasing
continuous functional), so that we can change the order of the integrations:

t s
/ dwx(t) [/ ds (V(x(s)) exp {—/ dt V(x(t))}>j|
C{x0,0;x;,t} 0 0
t s
:/ ds/ dwx (1) [V(x(s))exp{—/ dt V(x(r))}:|
0 C{x0,0;x;,t} 0

,,,,,

t 00 s
:/ ds/ dxs V(xg) dwx (1) exp{—/ dt V(x(t))}/ dwx(s")
0 —00 C{x0,0;xs,s} 0 Clxg,s;xs,1}

t 00
=/ ds/ dxs V (xs) Wg (x5, s|x0, 0)Wp (x7, t]xs, 5) (1.2.99)
0 —00

where Wp(x;, t|x;, T) is the transition probability (fundamental solution) (1.1.35) for the diffusion
equation. Thus equation (1.2.98) takes the form

t 00
Wg (x:, t|x0,0) = WD(Xz,tlxo,O)—/ dr/ dxe Wp(x;, t|xe, T)V (x0) WB (x7, T|x0, 0). (1.2.100)
0 —00

Since Wg (as well as Wp) satisfies the ESKC equation (hence it corresponds to a Markovian process),
there exists an operator of finite shift in time corresponding to some first order (in time derivative)
differential equation (analogously to Wp which defines a shift in time for the diffusion equation), i.e.

oWg  ~

—— = LgWg. 1.2.101
” BWs ( )
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Here Lp is the infinitesimal operator (generator) of time shifts. It is clear that this can be calculated by
the formula
~ . Wg—1
Lg = lim
t—0 t

(1.2.102)

where 1 is the unit (identity) operator. In this relation, we consider Wg (x;, t]xp, 0) as an integral kernel
of the operator Wg, acting on an arbitrary function g(x), as follows:

o0
[(Wegl(xr) =/ dxo Wg(x;, t]xp, 0)g(x0).
—o0
Taking into account (1.2.100), we have
- - 1 t (e}
Lg=Lp— lir%; dl'/ dx; V(x:)W(x¢, Tlx0, 0)Wp(xs, t|x7, T) (1.2.103)
t— 0 —00
where
~ 19
D= ox2

is the infinitesimal operator for the diffusion equation. The initial conditions for Wg and Wp (i.e.
Wg p(x;, t]x0, 0) I—B 3(x; — x0)) give

1 t [ee}
thi%? A dt/ d& dx: Wp(xy, t]xc, TV (xc) WB(xz, 7€, 0)g(§) = V(x0)g(x0)

(note that 0 < 7 < r and hence t© —(>) 0), from which we immediately derive
11—

o 1 92

BT 402

i.e. the infinitesimal operator corresponding to Wg coincides with the right-hand side of the Bloch
equation (1.2.95).

- Vx) (1.2.104)

1.2.6 Variational methods of path-integral calculations: semiclassical and quadratic approxima-
tions and the method of hopping paths

Let us return to the general case of a Brownian particle moving in the field of an external force with
the transition probability defined by (1.2.93). The corresponding probability density functional for the
particle to follow a specific trajectory r(¢) has the form (cf (1.1.51) in the case of a zero external force
and one-dimensional space)

1 [ 1 ! ar\* [!
Q[r(t)]:expizn—D/r0 dr-F—E ) dt <E) _/to dt V(r(t))}. (1.2.105)

r 4 dr
/dr-F:/th-—
ro to drt

and using the explicit form (1.2.92) of the function V (r), we find the alternative and very suggestive
expression

Writing

t
Q:exp{—%/t dtL(r(t))} (1.2.106)
0
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where

dr F\* D .

Lr(z))=\———) +2—divF. (1.2.107)
dt n n

In order to extract some physical interpretation of the theory, it is natural to consider first the limit

D — 0, in which the fluctuations due to Brownian motion are switched off. In this limit we can neglect the

second term on the right-hand side of (1.2.107) and, as the coefficient (4D)~! becomes infinite, (1.2.106)
shows that the only contributing trajectory satisfies the condition

! dr F\?
/ dt |———] =0 (1.2.108)
1o d'L' n
that is, the solution of
dr F
—_— = (1.2.109)
dt n

But this is exactly the equation of motion of a particle in an external field of force F in the presence of
very large friction in the medium (i.e. neglecting the term with second-order time derivative). Hence, in
the limit D — 0, the path integral leads back to the deterministic dynamical equation of ordinary classical
mechanics.

For a finite value of the diffusion constant D, all trajectories r(t) will contribute to the path integral
(1.2.93). The largest contribution will come from the trajectory for which the integral in the exponential
in (1.2.106) is as small as possible. According to the rules of the variational calculus (see, e.g., Courant
and Hilbert (1953) and Sagan (1992)), a trajectory with fixed endpoints, which provides the minimum of
the functional

t
s déf/ dt L(r (7))
1

0

in the exponent, satisfies the extremality condition

t
5555/ dtL =0 (1.2.110)
1

0

with both ends r(ty) = rg and r(z) = r fixed and where § is the functional variation. This condition is
equivalent to the Euler—Lagrange equations

L 9 AL
ax 9t ox

aL 8 oL

2% (1.2.111)
dy  dt dy

L 9 OL

9z 0t 9z

Hence, for small values of the diffusion constant, an asymptotic expression for the transition probability
is simply given by
1 1
W(r:, tiro, to) = ¢(t — o) expy —— / dt L[r:(7)] (1.2.112)
4D J,,
where r.(t) is the solution (classical trajectory) of (1.2.111). Note that the diffusion constant is a

dimensionfull quantity, therefore the smallness is understood in the sense that D is small in comparison
with the functional §: D/S <« 1. Calculation of the pre-exponential factor ¢ (¢t — #p) (also called the
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fluctuation factor) is outside the scope of the semiclassical approximation evaluation of the path integrals.
Note, however, that this factor does not depend on the initial and final points of the Brownian motion
(strictly speaking, this is correct only for quadratic functions L(x(7)); see explanations later). Hence, if
we are looking for a path-integral solution of an equation for some probability, the factor ¢ (t — tp) can be
determined from the requirement that the integral of W over the whole three-dimensional space should be
equal to unity for any ¢ — 7y (the normalization condition).

In classical mechanics, the Euler—Lagrange equations (1.2.111) determine the actual trajectory of
a classical particle. That is why the approximation (1.2.112) for the transition probability and the
corresponding path integral, which takes into account only the solution of (1.2.111), is called the
semiclassical approximation. Note, however, that the function L in (1.2.111) does not have the direct
meaning of a Lagrangian of the Brownian particle under consideration (cf (1.2.92) and (1.2.107)). In the
case of quantum mechanics, where the name of this approximation, semiclassical, has come from, the
function L has indeed the direct meaning of the Lagrangian and r.(7) is the corresponding true classical
trajectory (see the next chapter).

The general approach to the calculations of path integrals by the variational method has been
suggested by R Feynman (1942, 1948, 1972a) and Feynman and Hibbs (1965).

We shall discuss different versions of variational calculations throughout the book. In this subsection,
we shall deal with examples of semiclassical, quadratic and hopping path approximations. Further
development of the variational methods for path integration the reader will find in sections 2.1.4, 2.2.3,
3.3.2,3.3.3and 3.3.5.

< Examples of calculations by the semiclassical method

To simplify formulae we confine ourselves to the one-dimensional case; generalization to higher-
dimensional spaces is straightforward. In the one-dimensional case the functionals which we are going to
integrate have the form

13
Flx(7)] = exp{—/o dt f(x(t), x(7), 'C)} (1.2.113)

where f(x, x, t) is some function. The classical trajectory x.(t) satisfies the extremal condition

=0 with x¢(0) = xo and x.(¢) = x; fixed (1.2.114)

x(1)=xc(1)

t
8/ dt f(x(t), x(), T)
0

and it is a solution of the Euler—Lagrange equation

af().c(h va 7:) _ i af()'CCs va 7:) — O
dxc dt dxc (1.2.115)
xe(0) =x0  xe(r) = x;.

Now let us turn to some examples of functionals and corresponding integrals.

Example 1.6. Calculate the basic path integral (i.e. transition probability; again put D = 1/4)

W - O / 192 { /tdl ‘2} (1.2.116)
Xt, 11X0, = exp{— X 9
t Clxo.0sx1,1} oy VT dt 0

by the semiclassical method.
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Figure 1.11. Detachment of the classical and fluctuation parts of free Brownian motion.

The Euler-Lagrange equation (1.2.115) in this case has the simple form
X (1) =0 xc(0) = xo xc(t) = x4 (1.2.117)

and the solution is .
xc(T) =x0+7(xz — X0). (1.2.118)

Let us shift the trajectory x(7) by the extremal (classical) trajectory x.(t) through the change of
variables x (1) — X (7):
x(t) = xc(7) + X (v) (1.2.119)

with x¢(0) = xq, xc(f) = x;, so that
X0 =Xt =0 (1.2.120)

(see figure 1.11).

Since x.(7) is a fixed trajectory, the difference in trajectories, X (t), is now a new variable to be
integrated over in the path integral. The Jacobian of the transformation x () — X (t) is obviously equal
to unity. Inserting (1.2.119) into (1.2.116), we obtain

t
W (x;, t|x0,0) = exp{—/ dt)%cz}/
0 C{0,0;0,7}

:IN

13
dX(t) exp {—/ dt (X2 +2)%CX)}
0

=0 wdt
t ! t
dX .
_ exp{—/ dtfcf}/ I1 ©) exp{—/ thz} (1.2.121)
0 C{0,0;0.1) -_g V7dT 0

since

t
/ dr x.X = 0.
0

The last equation is the consequence of (1.2.120) and of the fact that for the extremal trajectory x.(t)
given by (1.2.118), its time derivative is independent of t:
Xt — X0

Xe(T) = amt
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We note that the path integral over the new variable X (t) in (1.2.121) is now only a function of time, i.e.

t

/ ]‘[dx(f) ex {—/tthz} — (1) (12.122)
C{0,0:0,t} Vrdt P 0 B . o

=0

The reason is that the path integral in (1.2.122) is performed over the trajectories with fixed endpoints
(conditional integral) and thus it depends only on X (0), X (¢#) and on the time . However, because the
endpoints have been chosen by construction to be zero (cf (1.2.119) and (1.2.120)), the path integral
depends only on the final time 7.

Sometimes, the Gaussian random process X (t), describing fluctuations of the Brownian particle
around the classical path x.(7), is called a Brownian bridge.

The explicit form of the extremal path (1.2.118) gives

! (x; — x0)?
/ dri2 = ST X"
0 t

and the path integral (1.2.116) proves to be the following:

(1.2.123)

— 2
W1, 110, 0) = ¢ (1) exp :_u} |

t

Since we know that the path integral (1.2.116) defines the transition probability, the function ¢ (¢) is found
from the normalization

o0
/ dx; W(x;, t|xg,0) =1 (1.2.124)
—0Q
which gives
1
t) = —.
@(1) NeT

Thus, in this example, the semiclassical method gives the exact result ((1.1.53) with D = 1/4).
In the limit + — 0, we can directly check that the path integral (1.2.116) indeed satisfies the
normalization condition (1.2.124), because for t — 0, (1.2.116) can be written as

e/ = §(x, — xo). (1.2.125)

1
lim W(x;, t|x0,0) = li
lim W (x;, t|x0, 0) = lim —
A rigorous calculation of the fluctuation factor ¢(t — to) requires more complicated methods, e.g., the
time-slicing (discretization) method which we used in example 1.1, page 37.

_ o _

Example 1.7. Calculate the Wiener path integral

1
I =/ dwx(r)exp{—sz dtxz}. (1.2.126)
C{x0,0;x;,t} 0

Acting exactly as in example 1.6, we shall find first the extremal trajectory. The Euler equation
(1.2.115) now reads
Fe—k2xc =0 (1.2.127)
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with the solution
xe(1) = C1ek™ + Cre™ 7. (1.2.128)

The integration constants are defined from the boundary conditions:

x0=C1+C xt=C1ekt+C2e_kt

which give
Cr = x; — xpe ¥ X xpe Kt
D= Tkt —eki T sinh(kt)
cr— N1 xoek! X xoekt
2T Tk —ekt sinh(kt)
Then, in analogy with the preceding example 1.6, we obtain
t 1 1
/ dt (3% + k*x?) = / dt (32 +K*x) + / dt (X* +k*X?) (1.2.129)
0 0 0

where the classical part proves to be the following:

(x? + xg) (et + ey — dxox,
k ekt _ e—kt

t
/ dt (32 +k*x2) =
0

(x2 + x2) cosh(kt) — 2xox;
sinh(kt)

=k

The cross-terms in (1.2.129) (containing both x. and X) have again disappeared due to the classical
equation of motion (1.2.127) (which is not an accidental fact as we shall explain soon) and the path integral
takes the form

(1.2.130)

3 (x2 4 x3) cosh(kt) — 2xox;
I =¢@exp {_k sinh(k1) '

The function ¢ (¢) is again found from the normalization condition analogous to (1.2.124) and reads as

/ k
o) = m (1.2.131)

For the particular values xo = O the result (1.2.130), (1.2.131) coincides with that obtained in
section 1.1.4 (cf (1.1.116)) which was computed in that section by using the discrete-time approximation
and the Gelfand-Yaglom method.

This path integral gives the transition probability W,fharm) for the Bloch equation with the harmonic
function V(x) = k2x2. Since this result is important practically, we rewrite it restoring explicitly the

diffusion constant
t
/ dwx(t) exp{—k2/ dt x2}
Cixo,t0;x¢,1} 1o

1

k 2
B [Znﬁsinh(Zk\/B(t—to))}
{ (x2 + x3) cosh(2k~/D(t — 19)) — 2x0x;
x exp § —k

W™ (.. txo, 10)

. (12132
2+/D sinh(2k~/D(t — 19)) } ( )
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One can also check that W,fharm) (1.2.132) indeed satisfies the characteristic property of a
fundamental solution:
W™ (1, 110, 0) —> 80 — xo).

Also, we see that in the limit & — 0, (1.2.132) becomes the fundamental solution (1.1.53) of the
diffusion equation. The semiclassical method again produces an exact result.

S o S

Example 1.8. Apply the variational method of calculation to the following Wiener integral

Is = /
C{x0,0;x;,1)

which defines the transition probability of a Brownian particle in the field of an external harmonic force
(cf section 1.2.2, (1.2.38)).

dx(7)
wdt

-

t
exp{kt/Z—/ dt ()'c—l—kx)z} (1.2.133)
0

=0

For the calculation of this integral we can use the results of the preceding example. Indeed, rewrite
Ig as follows

t t
Is = exp {kt/Z}/ dwx(t) exp {—sz dt x2} exp {—Zk/ dt)'cx}
C{x0,0;x,,1} 0 0

t
exp{kt/2}exp{—k(x,2—x§)}/ dwx(t)exp{—k2/ drx2}
C{xo,0;x;,t} 0

= Iz exp{kt/2) exp{—k(x? — x})}.

The result of the preceding example and simple algebraic calculations give the expression for the transition
probability W,Eh'f') of a Brownian particle subject to a harmonic force:

1
k 2 k (x; — xge k—10))2
(h.f.) . _ t
W (xy, txo, t0) = [ZnD(l — e—Zk(I—TO))j| exp{ 3D (1w |- (1.2.134)

_ o _

Example 1.9. Calculate the Wiener integral (1.2.70)

t

W (xs, vy, £]x0, v t)—/ I1 (@) o {—/tdrbz}B[x(t)—x(O)—/tdrv(t)j|
o TR TR Clvo,Osv,t} oo VT dT P 0 0
(1.2.135)

i.e. the path integral with the constraint (1.2.71):

t
x(t)—x(O):/ dtv(t) (1.2.136)
0

by the variational method with Lagrange multiplier.
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In order to use the semiclassical method of calculation, we have to find an extremum of the
exponential in (1.2.135) under the condition (1.2.136). The standard way to do this is the method of
the Lagrange multiplier (Courant and Hilbert 1953). According to this method, we have to add to the
functional fot dt v2(7) the constraint (1.2.136) with an initially indefinite multiplier A:

/tdr V(1) +k|:/tdr v(T) — (x —xo)j|
0 0

(xo = x(0), x = x(¢)) and to find the extremum of this new A-dependent functional. This is given by the
Euler equation

2041 =0
with the obvious general solution
v(7) =—%T2+C1T+C2. (1.2.137)
The integration constants Cq, C2 and the Lagrange multiplier A are defined by the boundary conditions
{v(O):vo N {C2=2v0
v(t) = vy —A*/44+Cit+Cr=v

and by the constraint

! A
/ dt <——r2+C1t+C2)=x—xo
0 4

or
—it3 + lC1t2 + Crt = x — xg.
12 2
These equations give
C = L +g[x—xo—l(v+vo)t]
t 12 2
Cy = (1.2.138)

24 1
A:t—3 x—xo—z(v—i—vo)t .

Substitution of the solution (1.2.137) with the constants (1.2.138) into the exponential of the path integral
(1.2.135) results in the expression

12 2 —vp)2
W (xs, vr, £]x0, vO,O)=¢(t)exp{—t—3 <x,—x0— ”’;”Ot) _ IUO) } (1.2.139)

The normalization condition (which can be checked in a way analogous to (1.2.125)) for the transition
probability (1.2.135),

o0
/ dx; dvy W(x;, v, t|x0, v9,0) = 1 (1.2.140)

—0oQ
gives the normalization constant ¢ (¢) and, finally, the transition probability for a Brownian particle with
inertia proves to be

V12 12 2 — 19)?
W (xs, v, 11x0, V0, 0) = ~—= exp {— <(xt —xp) — 2 +UOI) _ @ w) } (1.2.141)
T

12 3 2 t

R o R
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< Calculations of path integrals in the quadratic approximation

The next approximation of the transition probability which is suggested by the path-integral representation
(1.2.79), (1.2.94) (Feynman—Kac formula) is generally known as the quadratic approximation. This
method forms an extension of the semiclassical approximation discussed earlier.

Let us consider the transition probability

t

W, tlx r)—/ [T o {—iftdr [xz(r>+4DV(x(r>)1} (1.2.142)
’ 0,10) = C{XO)IO;X)I} 0 ndt p 4D 0 <N

specified by the Gaussian functional with a function V (x). Write, as usual,
x(1) = xc(v) + X (1) (1.2.143)

where x.(t) stands for the most probable classical trajectory solved from (1.2.111) and (1.2.115), and
X (7) denotes the deviation from the most probable path (so that X (0) = X () = 0). The next step is to
expand the exponential in (1.2.142) in powers of X. For an arbitrary functional F[x(7)], T € [0, t], the
expansion reads

- B _ L S8F[x(1)]
[xT)] = Flxc(7) + X ()] = Flxc(v)] + ds ——— X (s)
0 8x(S)  |e(s)=xe(s)
1 [ 82F[x(7)]
+ 2! 0 S 5)6(3)2 X(u) x(s)=xc(s) (S) (u) " ( )
where
SF[x(r)]  82F[x(1)]
x(u)

5x(s) Sx(s)?

are functional derivatives. In fact, this expansion defines the functional derivatives as the factors at the
corresponding powers of X. Recall, that in analogy with ordinary derivatives, a functional derivative
8 F[x(t)]/dx(7) defines the linear part of the difference

b SF[x(1)]
F[x(t)+77(t)]—F[x(t)]=/ ds ———=n(s) + - -- (1.2.145)
0 dx(s)

if the variation n(r) is small enough. Another way to illustrate this analogy is to use differentials of
functions

n
) r§F
df(xX1,...,xn) = Z o dx; < SF[x(1)] = / ds M(sx(s). (1.2.146)
P 0x; 0 8x(s)
In the discrete approximation t € [ty,¢t] —> {to,t1,...,tn = t}, where t; — t;_1 = ¢ for all
i=1,2,..., N, afunctional becomes the function:
Flx(t)] — F(xg,...,xN) xj = x(tj).

and the functional derivative turns into partial derivatives:

SF 10F
ﬁ R —
Sx(s) £ 0xg

(1.2.147)

%
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The latter correspondence follows from the continuous limit of the equality
F(G.oo,xi+mi,xie1 +0ige1, 0.0 — FCoo, X, X401, .. = E i
. l
1

In the concrete case of the integrand (1.2.142), the zero-order term gives rise to the factor

1
exp {_i /O dr [£2(r) + 4DV(xc(r>)]} (12.148)

in front of the path integral. The linear term gives no contribution because of the definition of x.(7): the
first derivative of a functional

Flx(7)] = /dr fx(m),x(1), 1)

is equivalent to the left-hand side of the Euler-Lagrange equation (1.2.115) and hence

SFIx@I|
8x(s) |ymy, o
The second-order term is of the form
1 ! .
— | de[X*(r) +4DV! (xc (1) X2 ()]. (1.2.149)

4D J,

The quadratic approximation consists in neglecting all terms of order higher than the second in the
expansion of the exponentials. It will be a good approximation if the path probability decreases rapidly
with an increase in the deviation of a path from the extremal (classical) one, i.e. if D is small compared
with the integral in (1.2.149).

Collecting the obtained results and using the discrete-time approximation for the path integral, we
find the expression

1 t
W (x, t|x0, t0) =~ F(x, t; X0, to) exp{—E/ dt [)écz(t)+4DV(xc)]} (1.2.150)
0

o0 o0
F(x,t; x0, o) = 32% (4718D)_(N+1)/2/ Xmf dX»
—o0 —o0

N—o0

N N
> 1 2: 2 1 }: 1"y2
j= =

where V! = V" (xc(t;)), Xo = Xn+1 = 0. The multiple integral can be evaluated by generalization of
the Gelfand—Yaglom method. Write the exponential in (1.2.151) in the form

N

Z XiBuX;.

4D¢ P

The N x N matrix B has zero matrix elements apart from those in the main diagonal and the two
neighboring diagonals:

B =2+ 2Dés? Vk//
Bik+1 = Brk—1 = 1.



88 Path integrals in classical theory

Denoting its eigenvalues by A ;, we find

N 1/2
dmeD
F(x.t;x0.10) = lim (4meD)” VDR TT(——
(x, 15 x0, 10) sg)r%)(ne) ' y
N—oo j=1 ’
= lim (4eD detBy)~ /2. (1.2.152)
£—

N—o0

If the determinant det By of the matrix B is expanded in the elements of its last column, the following
relation is obtained
detBy = (24 262DVy;) detBy_1 — detBy_,. (1.2.153)

In the absence of an external field we found in section 1.1.4 (cf (1.1.87)) that the determinant of By equals
N + 1. Therefore, let us introduce the quantity

Ccy =SBy (1.2.154)
NTNFI -
which obeys the recurrent relation
Cny —2Cn_1 +C 2 (Cy—C )+22DNVIGC (1.2.155)
N N—1 N-2 = (Cw N-2 € NNt 2.

In the limit N — oo, & — 0, (N + 1)e =t — 1y, the discrete variable Cy tends to a continuous function
C(x, t) which obeys the ordinary differential equation:

3°C 2 acC
STl e 2DV (xc(1))C. (1.2.156)

The initial conditions are

oC
Cx,19) =1 — =0. (1.2.157)
at =iy
Substitution of these results into (1.2.152) gives
F(x,t) = [4nD(t — t0)C(x, )]~/ (1.2.158)

The last step in our evaluation of the quadratic approximation of the path integral consists in the
explicit calculation of the function C(x, t). Introduce

H(x, 1) = (t —1)C(x, 1) (1.2.159)

as the unknown function, which is found to obey

*H ,
Fr 2DV (xc.(t))H (1.2.160)
with the boundary conditions
dH

t=ty

As usual, the Gelfand—Yaglom method reduces the calculation of the determinant to the solution of the
second-order differential equation. If instead of the factor 2D V" (x.(¢)) on the right-hand side of (1.2.160)
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stood an arbitrary function of time p(¢), as e.g., in (1.1.108), the equation could not be solved. Fortunately,
the factor in (1.2.160) is quite specific: it depends on time only through x.(¢) and the second derivative of
v,

d?V (x)

V' (xe(0) = ——

x:xc(t).

Thus it is natural to choose x. as the independent variable, instead of 7. To relate these two variables, let
us consider the integrand in (1.2.148) as a Lagrangian:

Lt € 32(t) + 4DV (xe(1)) (1.2.162)

for some fictitious particle (remember that V (x) does not have the direct meaning of potential of an
external force acting on a real Brownian particle). Then, as is well known (see, e.g., ter Haar (1971)),
there is a conserved quantity, namely, the total energy E of this fictitious particle, which reads

E =x2—4DV.

Thus,

d
% — (E+4DV)!/? (1.2.163)

and equations (1.2.160) and (1.2.161) turn into the following one

(E+4DV)H" +2DV'H' =2DV"H (1.2.164)
with the initial conditions
Hly=x, =0 — =(E+4DV) . (1.2.165)
d'xc Xc=X0

Since (1.2.164) can actually be written as

[((E+4DV)H]" =[6DV'HY (1.2.166)
the solution of the equation is
Xc
H(xc) = (E +4DV (xo)V*(E + 4DV(xC))1/2/ dy (E + 4DV (y))~3/? (1.2.167)
X0

in the case x, > xg. Substitution of the last formula and (1.2.158) and (1.2.159) into (1.2.150) gives, for
the quadratic approximation of the path integral (1.2.142):

x —-1/2
W (x, t|xo, tg) = |:471D(E +4DV (x0)'/*(E +4DV(x))1/2/ dv (E + 4DV(v))3/2}

0

t
xexp{—%/f dt [fc3+4DV(xc)]}. (1.2.168)

0

Note that this formula is exact in the case when V (x) is a polynomial of at most second order in
x (and coincides with the semiclassical approximation), since then no term of higher than second order
occurs and the path integral is a Gaussian one.
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Example 1.10. Using the quadratic approximation, consider the Ornstein—Uhlenbeck process (cf
section 1.2.2, equation (1.2.31)), i.e. a Brownian motion in the field of the harmonic force

F(x) = —nkx (1.2.169)

so that the function V (x) takes the form

Vi) = —x"— -. (1.2.170)

In this simple case the extremal (classical) trajectory x.(t) can be solved from the Euler—Lagrange
equation in a straightforward way (cf examples 1.7 and 1.8) and has the form

xe(1) = x0e KT + AT —e7FT) (1.2.171)
A= (M —e )"l (x — xpe k). (1.2.172)

The function in the first exponent in (1.2.93) reads

X

k
— | dvF@w) = — (2 —x>2 1.2.173
D /., v F(v) 4D(x0 x°) ( )

while the function in the exponent in (1.2.150) can be written as

t
/ dt [£2 44DV (xc)] = —2kDt + k(1 —e )71 (x —xpe )2 — k(1 — ") 71 (x — xpel")?. (1.2.174)
0

The factor F in front of the exponent in (1.2.150) becomes
F(x,1) = (4nDH (x,1))”!/?

and can be calculated from (1.2.160) and (1.2.161) which give the differential equation

CH _ k*H (1.2.175)
a2 -
with the solution
H(t) = L(e"’ — e~k (1.2.176)
o ) 2.

The combination of (1.2.173), (1.2.174), (1.2.176) and (1.2.167) gives, for the full transition probability
of the Ornstein—Uhlenbeck process, again the expression (1.2.134) obtained in example 1.8 by the
semiclassical method. Both methods give for this simple path integral an exact result. The reason for this
fact is that V (x) is quadratic and the second derivative V" (x.) in this case does not actually depend on
Xc, S0 that equation (1.2.149) and hence the forefactor F in (1.2.150) are independent of x; and x¢. Thus,
if V (x) is a quadratic polynomial, the factor F = F (¢ — tp) can be actually found from the normalization
condition, as in the semiclassical calculations.

More complicated examples of calculations in the framework of the quadratic approximation will be
considered in subsequent sections of the book.
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< Hopping path approximation for Wiener path integrals (‘instantons’ in the theory of stochastic
processes)

In this subsection we have presented the heuristic and qualitative arguments that for a small diffusion
constant D (compared with the integral in the exponent of the Wiener integral), the semiclassical and
quadratic approximations give main contributions to path integrals for a wide class of functions V (x).
It is possible to develop a complete perturbation expansion in powers of the small parameter D with
quantitative estimation of the relative contributions of different terms in the series. However, before doing
this, we have to learn more technical methods for handling path integrals. That is why we postpone
this more rigorous discussion of the variational expansion of path integrals until chapters 2 and 3. Note,
also, that the exponent of integrands in classical physics (in contrast with the quantum-mechanical case)
contains, in general, terms with different powers of the small parameter D (see, e.g., (1.2.92)). This
makes the rigorous analysis a bit more complicated. Nevertheless, it should not be too difficult for readers
to carry out such a consideration after reading chapters 2 and 3. In this subsection, we continue the
qualitative non-rigorous discussion of variational methods and now we shall discuss one more important
generalization of the semiclassical approximation.

In general, the Euler-Lagrange equations (1.2.111) and (1.2.115) may have several extremal
solutions and all of them may give essential contributions to the semiclassical and quadratic
approximations for transition probabilities. Besides, it would be erroneous to assume that the
semiclassical or quadratic approximations are good for all time intervals ¢ — ty, even if D is small. For
large times we have to use an extension of the quadratic approximation which is called the method of
hopping paths (Wiegel 1975, 1986). In quantum mechanics, this method of path-integral calculations has
been developed in connection with the theory of instantons (Polyakov 1975, Belavin et al 1975); we shall
discuss this topic in chapter 3.

The method of hopping paths takes into account, in addition to classical trajectories, a certain set of
large fluctuations by writing the transition probability in the form

1 t
W (x, t|x0, to) =~ CZexp {_E/ dt Lf(xk(r))} (1.2.177)
k 1

0

instead of the expressions (1.2.150) and (1.2.151). In this formula, C is a constant (which usually can not
be evaluated explicitly), and the summation extends over all those functions x,(t) which are approximate
solutions of the extremal path condition, i.e. Euler—Lagrange equations (1.2.111) and (1.2.115). The
function Ly is defined as in (1.2.162) but for the approximate solution x;. We stress that, in general, xy is
not the exact solution of these equations, which in the case of one dimension and an integrand of the form
(1.2.142), has the explicit form

i=2DV’. (1.2.178)

Example 1.11. Let us consider an application of this method for the important case of a bistable double-
well ‘potential’ for which the force Fr (i.e. the right-hand side of (1.2.178); cf also (1.2.162)) acting on
the fictitious particle is given by

F) D oDV = —a(x —a)x —b)(x —¢) a<b<c (1.2.179)

where a > 0, a, b, c are some real constants. The general shape of the ‘potential’ V and the corresponding
force Fy are plotted in figure 1.12. The actual external force F' acting on the Brownian particle under
consideration can be found from the one-dimensional version of (1.2.92), that is, from
1 F’
= J
4n2D 2n
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Vv

F

Figure 1.12. General shape of a bistable potential V (x) and the corresponding fictitious force Ff(x).

The constant functions
xi(t) =a and x(t)=c

are the solutions of (1.2.178). For such a solution, the time integral of the ‘Lagrangian’ which appears in
the exponential of (1.2.177) is equal to

t
/ dt Li(xg) = 4DV (xx)(t — to) k=1,2. (1.2.180)
1o
A typical ‘hopping-path’ solution xx (t) has the form shown in figure 1.13.

The value of x; hops from a to ¢ and back, at the times #1, #2, t3, . . .. The contribution of a hopping
path is determined by the expression (1.2.177).
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Figure 1.13. A typical ‘hopping-path’ fluctuation x (t) which dominates the path integral.

However, the exact calculation of the time integral for the complicated hopping trajectory can hardly
be carried out exactly. Instead, we use the fact that a particle, moving along the hopping trajectory as
shown in figure 1.13, spends a considerable time at rest in the minima x = a, x = b of the potential
V (x). Thus even for the hopping path we can start from expression (1.2.180) and look for an appropriate
correction reflecting the fact that xx(7) is not constant during the transition from one minimum to another.
Skipping the details of the calculations (see Wiegel (1975)), we just state the result: to every transition
between the two wells in the potential V, there appears a correction factor R:

R:Kexp{—%} (1.2.181)

where K and y are constants if D (the diffusion constant) is small enough. Note that we can easily
understand the general character of the dependence of R on the diffusion constant. Indeed, a hop from
one well to another is possible only by medium constituents hitting the particle. So, the larger the influence
the side of the medium has (i.e. the larger the value of D), the larger the contribution of hopping paths is
to the transition probability. In contrast to this case, when the ‘activity’ of the medium is switched off,
i.e. D — 0, the system becomes a deterministic one and due to the conservation of energy, the particle
stays all the time in one of the wells. Hence, in this case, the correction factor R turns out to be zero. To
accept the exponential form of the correction factor, the reader may invoke his/her acquaintance with the
quantum-mechanical tunneling effect, where probability also has a typical exponential form (cf chapter 3).

Thus for small values of the diffusion constant, the hopping-path approximation (1.2.177) for the
transition probability is given by

W, tho. 10) = C 3 R /dn diy...dtyy exp{=V (@[(t1 = 10) + (13 = 12) + - + (1 = 120)]
n=0
=Vl —n)+ s — 1)+ -+ (f2n — 2n-D1} (1.2.182)

In this formula, we have assumed that xop and x are both close to a. The integrations are taken over the
times at which the particle passes through b and are subject to the ordering:

hy<tih<h<---<ty <t. (1.2.183)
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The multiple integral in (1.2.182) is evaluated by taking the Laplace transform of all functions with
respect to the time differences in their arguments:

/Oodt W(x — xo,t — ty) exp{—s(t — t0)} = W(x — X0, S) (1.2.184)
fo

o 1
/IO dtl eXp{—V(a)(t1 — t()) — S([l — t())} = m (12185)

/ dty exp{—V(c)(ta —t1) —s(tr —11)} = (1.2.186)

151 V(C)+S

Using the fact that the Laplace transform of a convolution of two functions equals the product of the
Laplace transforms of the factors, we find that

(e.¢]
W (x = x0,8)lxmagma = C Y R¥'[V(e) + 517" [V(a) + 517"
N=0

= C[V(c) + s1(V (@) + 51V (c) + 51— R\ (1.2.187)
The transition probability itself follows from the inverse Laplace transform:

sFioo I o510 CIV(c) + 5]

271 Jy—ioo [V(a) +s1[V(c) +s] — R?

W(x, t|xo, tO)lx%x()%a = (1.2.188)

The integrand has two poles at

s+ =—3[V(@+V©l £ 3VIV(@) - V(O +4R2.
When the contour of integration is deformed into two small circles around these poles, we find that
W (x, [x0, 10) | x~xgva = Cop explsa(r — 10)} + C— exp{s—(t — 10)} (1.2.189)

where C4 and C_ are two constants whose values can be calculated with the aid of the Cauchy theorem.
The long-time behaviour of the transition probability is determined by the larger of the two frequencies
s+ and s_. The larger one is sy, for the special case when the two minima in the potential have equal
depths (V(a) = V(c) = V), and gives the asymptotic form

Wia, t|a, to)|t—o0 = Cyexp{[—Vo + R](t — 19)}. (1.2.190)

This can be interpreted as the product of a factor exp {—Vy (¢ — tp)}, which would arise if a Brownian
particle simply stayed in the vicinity of x = a, multiplied by a factor exp{R(¢ — fy)}, due to penetration
of the barrier around x = b. Since R has a singularity at D = 0 (cf (1.2.181)), this provides us with
the first example of an approximate evaluation of a path integral which leads to a non-analytic (singular)
dependence of the result on the characteristic parameter of the problem.

We shall return to this method of calculating path integrals in chapter 3 by considering the so-called
instantons in quantum mechanics and discuss there more details about this technique.

1.2.7 More technicalities for path-integral calculations: finite-difference calculus and Fourier
decomposition

In this subsection, we intend to show that a path integral can be transformed into an infinite-dimensional
integral over a (countable) set of variables, namely over the Fourier expansion coefficients of a stochastic
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process X () (the Brownian bridge) representing fluctuations of a Brownian particle (deviations from the
classical trajectory). The background of this method is the possibility to expand in a Fourier series any
function from the set which gives a non-zero contribution to the Wiener path integral. This follows from
the fact that these functions satisfy the Holder—Lipschitz condition (cf the proof of the Wiener theorem,
inequality (1.1.73)). It is known (see, e.g., Ilyin and Poznyak (1982)) that such functions have a convergent
Fourier expansion. Therefore, after standard decomposition of the path into classical (extremal trajectory)
xc(7) and fluctuation X (7) parts,

x(t) = xc(7) + X (7) (1.2.191)
xc(0) = xo xe(t) = x; (1.2.192)
X0)=X@#) =0 (1.2.193)

the periodic function X () can be represented in the form of a Fourier series

2 . T
X (1) = \E};an sin (ym7) . (1.2.194)

Now we can consider the coefficients a,, n = 1, 2,3, ..., as the (countable set of) coordinates of the
trajectories.

This is another set of independent Gaussian random variables (see problem 1.2.12, page 117)
describing a Brownian motion and we would like to use them as integration variables in the path-integral
expressions for probabilities. To this aim, we have to find a relation between the Wiener measures in
terms of the functions x(7) and their Fourier coefficients, loosely speaking, between ]_[trzo dx(t) and
]_[Zoz 1 day. But x(7) depends on the uncountable set of ‘parameters’ or ‘coordinates’ (i.e. values of x (1)
at all = € [0, t]) in the set of all essential functions to be integrated over. In contrast with this, the set of
Fourier coefficients is countable. Thus, it is clear that the correct transformation of the path integral into
an infinite-dimensional integral over Fourier coefficients requires some ‘regularization’ of the former, its
reduction to an integral over at least countable set of variables. Perhaps, the reader has already guessed
that we are going to use again the time slicing which is, in fact, at the heart of the very definition of path
integrals.

< The preliminary technical step: finite difference calculus

Before doing the actual calculations, let us introduce some useful notation. A useful technique for
manipulating sums on a sliced time axis is based on the finite-difference operators 3 and 3® (also
called lattice derivatives):

def 1
39x(t) E ~[x(t + ) —x(1)]
&
= def 1
3Ox(t) E “[x(t) —x(t — o). (1.2.195)
I3
In the continuum limit, they reduce to the usual time derivative 9,

3®),5® — 3y,

e—0
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. . . . . . def
if these difference operators act on differentiable functions. For the coordinates x = x(t ;) we shall use
the short notation
&)y
0% x;

(1.2.196)

= def 1
0¥y, S —(xj—xjo1)  1<j<N+1L
&

The lattice derivatives have properties quite similar to ordinary derivatives. In particular, they satisfy
the rule of summation by parts which is analogous to integration by parts:

N+1 N+1

) pid®x; = pjx; 0
=1

N
—e ) (0“p))x, (1.2.197)
j=0

(see problem 1.2.13). The particularly useful cases of this formula are:

[ ifo+1 =x0=O,

N+1 N
D pidOxj==>"%p)x; (1.2.198)
j=1 j=0
e if both pgp = py+1 and xo = xN+1,
N+1 N+1
> pid¥x; ==Y @9 pjx;. (1.2.199)
j=1 Jj=1
For functions which have vanishing endpoints, (1.2.198) gives the relation
N+1 N+1 N
D @9x)? =" 09x) == x5y, (1.2.200)
j=1 j=1 j=0
which can be presented in standard matrix notation as
N N
=3 xj0@00x; == 3" x; (398 )xg (1.2.201)
Jj=0 Jj.k=0
with the (N + 1) x (N + 1) matrix
2 -1 0 0 0
-1 2 -1 0 0
O -1 2 -1 0 0
39®) = §@ye) = iz : e c ] (1.2.202)
“lo 0 -1 2 -1 0
0O .- -« 0 =1 2 -
0 v v oo 0 =1 2

We have already dealt with this matrix in section 1.1.4, equation (1.1.84), where it is denoted by A. Of
course, this is not accidental: the right-hand side of (1.2.200) is nothing but the compact form (up to
the obvious factor —e/4 D) of the exponential in the Wiener measure (cf (1.1.82)). This is obviously the
lattice version of the double-time derivative Btz, to which it reduces in the continuum limit.
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A further common property of lattice and ordinary derivatives is that they both can be diagonalized
by going to Fourier components. Performing the decomposition

x(t) = / dwe ' x (w) (1.2.203)

we can easily find that the Fourier components are eigenfunctions of the discrete derivatives (the imaginary
unit ‘i’ is introduced here in the left-hand sides for later convenience):

ig®emiot — Qeie! (1.2.204)
i9®emiot — Qe~iet (1.2.205)
with the eigenvalues
Q= é(e*iws ) (1.2.206)
Q= —é(eiws —1). (1.2.207)
It is clear that in the continuum limit .
Q, Q —()) w
E—>

i.e. both Q and become eigenvalues of id;. From (1.2.206) and (1.2.207) it follows that Q = Q* so
that the operator —3©9® = —3(®)3(®) s real and has non-negative eigenvalues,

_ . 1 .
—0®@9@e™ = —[2 - 2cos(we)Je (1.2.208)
&
[2 —2cos(we)] = 0.

<> The Wiener measure in terms of the Fourier coefficients

If we consider the decomposition of the fluctuations X () around the classical solution, the boundary
conditions (1.2.193) impose certain restrictions on the coefficients of (1.2.203), reducing it to the sine-
series (1.2.194) with discrete values for the frequencies w.

For the time-sliced version, a further restriction arises from the fact that the series has to represent
X (7) only at the discrete points X (t;), j = 0,..., N + 1. Itis therefore sufficient to carry the sum only
up to m = N and to expand X (7;) as

N
2
X(@)=), N1 Ds Sin (v Tj)am (1.2.209)
m=1

where we have introduced for convenience

o
=

m
(N + s’

€

Vm

The expansion functions are orthogonal,

N
2
N1 2} sin(vy, (tj — 10)) sin(v (t; — 10)) =8k~ O <m, k< N +1 (1.2.210)
j:
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and complete,

2
N1 ,; sin(uy (T; — 10)) sin(vy (7 — 10)) = 81 (1.2.211)

(see problem 1.2.14, page 117).
Due to the orthogonality relation (1.2.210), the Jacobian of the transformation {X ;} — {a;} is equal

to e ~N/2, implying that
N N
[Tax 1_[
.:1 ol

j
Indeed, the substitution (1.2.209) has the form

1
X() =7 > Mjman
m

where M, is an orthogonal matrix (due to (1.2.210)) and hence has a unit determinant.

(1.2.212)

SV‘

Thus the time-sliced Wiener measure d\(,f,)X (7) can be written in terms of the Fourier coefficients:

N N
1 e M
(&) _ . _ () 2
dw X (¥) = (4an)—<N+1>/2[I_ 11 dX’} eXp{ 4D kzo(a Xi) }
j: =

danl { 1 _ 2 }}
= expl——RuQna . (1.2.213)
V4m De nl;ll |:V4TL’D82 Pl ap™om=omim

< Calculation of path integrals via integration over Fourier coefficients

The calculation of the fluctuation factor ¢ (¢) in (1.2.122) (example 1.6, section 1.2.6) now goes as follows:

W o L[> day, 1 = 5
prm= m[[[l [ e |-yt
1 al 1
= ”E[l N (1.2.214)
To calculate the product, we use the relation (see Gradshteyn and Ryzhik (1980), formula 1.396.2)
ﬁ <1 + b2 — 2bcos — & ) _ P (1.2.215)
N +1 b2 —1 -

m=1

which, in the limit b — 1, gives

N N
]_[g2szm§zm=]_[ ( — cos ”1)=N+1. (12.216)
m=1 m=1
The fluctuation factor is, therefore,
1
Mt — 1)) = ———e
o) = T,
1
= ¢ — 19). (1.2.217)

= JarDU —10)



Wiener path integrals and stochastic processes 99

The latter equation is due to the fact that the time-sliced expression has proved to be independent of the
number of slices.

This result, of course, coincides with the correct pre-exponential factor of the transition probability
calculated earlier in section 1.2.6.

Note that the Wiener measure (1.2.213), in terms of Fourier coefficients, still keeps a trace of time-
slicing because of the factors (47 De)~1/2 and (47w De?)~1/2. However, if we consider a ratio of the
form

J dwx(t) Flx(7)]
[ dwx(r)
the e-dependent factors in the numerator and denominator cancel each other. Such ratios of path integrals
naturally appear both in classical (see next subsection) and especially in quantum mechanics (we shall
discuss the quantum-mechanical case in the next chapter). When dealing with the ratios (1.2.218), we
can consider the path integrals purely in terms of Fourier coefficients and their calculation reduces to the
evaluation of infinite-dimensional integrals,

oo X t
/ l_[dam exp{—i/ dt x } Flx(1)] (1.2.219)
0

where both the exponential and the functional F[x(t)] should be expressed in terms of a,, m =
1,2,3, ..., 0o. In particular,

(1.2.218)

__ tdrx2=_w+i tdt Xd_ZX

4D Jy 4Dt 4 0 dt?

(x; — x0)?2 i~ (rm)z 2
= - — — — . 1.2.220
o ~ap (e ( )

N=I
Here (zn/ t)z, n=1,2,3,..., are the eigenvalues of the non-negative operator (— j—:z):
d? Tn\2

<_F> Yn(r) = (7) Un(t)  n=1,23,... (1.2.221)

where 1, (t) are the orthonormal functions

Yn(t) = \/jsm(nn;)

entering the expansion (1.2.194). In these formulae we have treated X (t) as if it were a differentiable
function (by acting on it with a differential operator, integrating by parts, etc) in contrast to the Wiener
theorem. The resolution of this apparent contradiction is the following: X (7) is indeed differentiable for
a finitely approximated function X (1),

N
2 T
XM (1) = JZ ( —) 12.222
(1) ’;an - sin (n— ( )

so that we must write (1.2.220) more correctly as

N
e gy o G L g
4D 4D 4D

n=1

(1.2.223)
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This fact justifies the use of the differential notation in path integrals. The interested reader
can find more refined mathematical discussion of the relation between differential operators and non-
differentiability of functions with non-zero Wiener measure in Reed and Simon (1975) (on the basis of
the theory of self-adjoint operators).

If F[x(7)] = 1, the integration (1.2.219) obviously results in a determinant of the operator (—dd—:2
on the space of functions with vanishing boundary values:

a2 ( > )
lim (—) —det[-2-]). (1.2.224)
N—oo t dt?
n=1

It is clear that a straightforward computation of the determinant (1.2.224) would give a meaningless
infinite result. Sometimes, the reader may even meet in the literature statements such that this way of
computation is completely wrong and inappropriate. However, this is not the case. The point is that
to calculate the determinant (1.2.224), we must use some regularization, in which case no contradiction
arises.

A particular gain from the use of the Fourier decomposition (also called mode expansion), is that
now we can use not only the time-slicing (discrete) approximation to regularize path integrals but also
other methods of regularization. For instance, such a practically convenient method uses the Riemann
¢-function £ (z) (Jahnke and Emde 1965),

o0
def 1
(@ =) —  zeC Rez>1. (1.2.225)
N=1

The ¢-regularization is based on the following observation: if the series

o
Z logay
n=1

is convergent (in the usual sense), then the following identity holds:

o0

— d
X;logan = %Zanﬂ
n=

n=1

s=0

However, the right-hand side can have meaning even in situations when the left-hand side is not convergent
in the usual sense. Then the right-hand side can be used as a definition for the sum of a divergent (in the
usual sense) series. In our particular case, we have a, = 72n?/t?, so that the sum in the right-hand side

is given as
2 G) 2 s
t 1 t
(7-[2) Zns = (7‘[2) {(s)
n=1

where ¢(z) is the Riemann ¢-function (1.2.225). The latter can be analytically continued to the whole
complex plane, except for the point z = 1. This means that the right-hand side is well defined and this
provides the background for the following evaluation of the determinant (see problem 1.2.16):

d? d (722
1 —— ] = — lim —
ndet( dr2) N1—>moodsz< 12
i
— () In — —2¢'(0)
T
Int + (constant) (1.2.226)

s=0
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and hence

dZ
det| - | = Ct (1.2.227)
T

where C is an inessential (independent of ¢) constant. In (1.2.226) we have used the value of the Riemann
¢ -function at the origin (Jahnke and Emde 1965), ¢(0) = —1/2, obtained by analytical continuation from
the domain (Re z > 1) of convergence of the series.

The representation and approximation of path integrals by mode expansion is especially important for
rather complicated gauge theories, e.g., quantum gravity, and, in particular, for path-integral calculations
of gauge anomalies. We shall discuss these applications in chapter 3.

1.2.8 Generating (or characteristic) functionals for Wiener integrals

In many probabilistic problems it proves to be more convenient to deal with Fourier or Laplace transforms
of distributions (Doob 1953, Feller 1951, 1961, Gnedenko 1968, Korn and Korn 1968). In probability
theory these transforms have special names:

e For a given probability distribution w(x), the characteristic function Z.(q) is defined as the Fourier

transform,
def o0 i
Z.(g) = (e'7) =/ dx e w(x) (1.2.228)
—0o0
where ¢ is a real variable, —co < ¢ < oo (for discrete distributions, the integral is substituted by a
sum).
e  For a given probability distribution w(x), the generating function Zy(s) is defined as the Laplace
transform,
def  sx * sX
Zo(s) = () = / dx e’ w(x) (1.2.229)
—00

where s is a complex variable with values providing absolute convergence for the integral (1.2.229)
(or the sum, if the distribution w(x) is discrete).

From their very definition (as Fourier or Laplace transforms), it is clear that characteristic or
generating functions uniquely define probability distributions. The main technical advantage of these
objects is that they offer a simple calculation of mean values:

po 1dk
() =5-5Z1) (1.2.230)
i*dg 4=0
dk
= —&() (1.2.231)
ds* s=0

The definitions of Z. and Z; are readily generalized to the case of stochastic processes x (), where they
are called characteristic, Z:[n(z)], and generating, Z4| j(t)], functionals:

t
Z.n)] = <exp {1/ drt n(t)x(r)}> (1.2.232)
0

t
2,0 (0)] = <exp { / drj(r)x(r)}> (12233)
0
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where n(t) and j(t) are called source functions. These functionals are convenient for calculations of
various correlation functions by use of variational derivatives,

) )
Zn@1 . (1.2.234)

(x(@)x(r2) - x(ty)) = LTI .

Of course, the averaging in (1.2.232)—(1.2.234) is carried out with the functional probability distribution
Q[f(7)] (cf (1.1.60)), e.g., of the purely Wiener (1.1.51) or of a more general (1.2.105) form.

As seen from (1.2.228)—(1.2.231), the relation between Z. and Z; is quite close and simple (in the
domain where both functions exist). Therefore, following the custom in quantum mechanics and quantum
field theory, we shall use the name ‘generating functional’ for both Z:[n(t)] and Z4[n(r)]. Moreover,
we shall use, in this book, the same notation, Z, for them; an explicit form of the functionals (with or
without the imaginary unit in the exponent) will be clear from the context.

< Example: generating functional and probability distribution for Gaussian random fields

Generally speaking, the variables t, ¢ in (1.2.232) and (1.2.233) must not necessarily have the meaning of
time only and, moreover, the random variable x may depend on a few coordinates. In this case, it becomes
a stochastic field (the terminology introduced in section 1.2.1). In this general case, the generating
functional reads as

Zn(y)] = <e>q>{i/ddy n(y)w(y)}> (1.2.235)

where ¢(y) is some random field, y = {y1, ..., yq} are coordinates in R?. The correlation functions are
obtained by functional derivation

1 "z
(yDe(y2) - -@(yn)) = (1.2.236)

i 57(y1) - - 6n(yn)

n=0

Conversely, if all correlation functions are known, the generating functional can be found from the
summation of its Taylor expansion:

Zlnnl=1+) % / dyidlys - dOyu (e () - e())n(y) ). (1.2.237)

n=1

Straightforward extension of the definition of a Gaussian stochastic process (section 1.2.1) to a field,
implies that the Gaussian random field satisfies the decomposition property

{(yDe(y2) - o(yut1)) =0 [=0,1,2,...,00

I
(Do) o) = Y [ [teGi)ewi) (1.2.238)
a=1
where the sum runs over all the different ways in which the 2/ indices 1, 2, ..., 2/ can be subdivided into
I non-ordered pairs (i1, j1), (i2, j2), ..., (in, jn). Thus (1.2.237) can be rewritten as
[} i 1
(=" 2! / d. d.s / /
zZ =1 — d%yd
=1+ @b 2 [ Yy () e»ey))n(y)

=1

1
= exp {—5[ / dy ddy’n(y)«o(y)go(y’))n(y’)“. (1.2.239)
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Therefore, for Gaussian stochastic fields or processes the generating functional is uniquely defined by
the two-point correlation functions (called also covariances). One possible application of this result is
the representation of the classical canonical partition function in terms of functional integrals (we shall
consider this application in more detail in chapter 4, section 4.2).

Let us express the probability distribution Q[¢(x)], corresponding to the generating functional
(1.2.239), in terms of the two-point correlation function {¢(y)@(y")). To this aim, consider (@ (y)p(y’))
as the integral kernel of an operator acting on the appropriate Hilbert space of functions u(y) in R

u(y) — / d%y (p(Me(y))u(y) (1.2.240)

and assume that this operator is positive definite, i.e. all the eigenvalues A of the equation

/ dYy (0o N ur(y) = rur(y)

—00

are positive. The eigenfunctions ui (y) are assumed to form an orthogonal and complete set, so that

o(y) =Y aur(y) () =Y bru(y)
k k

0 I (1.2.241)
ay = / dy p(ur(y) by = / dy n(y)uk(y).
—00 —00
The substitution of (1.2.241) into (1.2.239) gives
1 2
Zlbi] = exp{ -5 Xk:)\kbk} (1.2.242)

while the substitution of (1.2.241) into (1.2.235) results in

Z[bk]zl_[/ dakQ[ak]exp{iZakbk}. (1.2.243)
kYT k

Comparing (1.2.242) and (1.2.243) and having in mind the value of the Gaussian integral, we obtain

Qla] = ! 9 1.2.044
[akl—]:[mexp 3 (1.2.244)

and hence {
Qlp(y)] = C exp {—5[ / d%y ddy/¢(y)<¢(y)¢(y/>>lm/)“ (1.2.245)

where C is the normalization constant.

Thus we see that the probability distribution functional Q[¢(y)] of a Gaussian random field ¢(y)
has in the exponent of (1.2.245) the inverse of the correlation function, while the generating functional
Z[n(y)], given by (1.2.239), has in the corresponding exponent the correlation function itself.

< Explicit calculation of the generating functional for quadratic exponent (path integral for a driven
harmonic oscillator)

In the last part of this subsection we shall show that generating functionals are very useful for the
calculation of a wide class of path integrals. This method of calculation is crucial for the development of
perturbation theory in statistical and quantum physics, especially in quantum field theory (see chapter 3).
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In fact, the path integrals which we are going to calculate now are various correlation functions.
Therefore, in the first step, we must calculate a generating functional and then, by subsequent functional
differentiation, we can obtain any correlation functions (values of the corresponding path integrals).
However, before that we have to decide which functional probability distribution Q[x(7)] to choose:
it should be as general as possible but still allow an explicit calculation of the corresponding generating
functional. From our experience with finite-dimensional integrals and the examples of the path integrals
considered in the preceding sections, we may conclude that the exponential in [x (7)] must be maximally
quadratic in the random variable.

Thus we consider the following generating functional:

t
Zn(r)] = / dwx(t) exp {—/ dt V,(x, 7,')} (1.2.246)
C{xp,0;x,1} 0

where
V,(x, 1) = k*x* (1) —n(t)x(r) kel (1.2.247)

Recall that at n(r) = O this path integral is closely related to the transition probability of a Brownian
particle moving in the field of an external harmonic force (cf (1.2.93) and (1.2.92)) and the path integral
with non-zero 1(7) is called sometimes the generating functional for a driven harmonic oscillator.

There are different ways to calculate the integral (1.2.246). One way of calculating it would be to use
the semiclassical approximation which gives an exact result in the case of Gaussian integrals, as discussed
in detail in section 1.2.6. However, to provide the reader with a variety of methods and to illustrate the
general discussion on the Fourier mode expansion method presented in the preceding subsection, we shall
calculate (1.2.246) by means of Fourier decomposition.

First, we rewrite the integral (1.2.246) in the form

t
/ dwx(t) exp {—/ dt Vy(x, r)}
C{x0,0;x¢,1} 0

) dwx(t) exp{— "dt V, (x,7)}
— [/ dwx(t)i| Jetun 0ix. Jo a7 Vs . (1.2.248)
Clx0,0;x:,1} fC{xO,O;x,,t} dwx(7)

After the scaling of the time variable t as

s & ; 0<s<l1 (1.2.249)
the ratio in (1.2.248) becomes
1 1 2 1

Jeteo0n TTi—odx Gy exp{ = [ by fo ds (32)° +1 [ ds Vo (o), 19)] | Laash

1 2
/C{xo,O;x,,t} 1_[5120 dx(s)exp {_ﬁ /0 ds (Z_)sc) }

(All the other common factors in the Wiener measures in the numerator and denominator drop out.) Since
we are going to calculate the integrals exactly, we can decompose paths into two parts, x.(7r) and X (7),
in an arbitrary way, i.e. x.(7) need not necessarily be the most probable (extremal, classical) trajectory.
We choose it to be the classical trajectory for a free particle, so that

xc(s) = x0 + (2, — x0)s (1.2.251)
xc(0) = xo

Xe($)ls=1 = xc(T)e=r = x;.
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We still use the notation x.(s), though it is really the classical trajectory only for the exponential in the
denominator of (1.2.250). Let us rewrite the latter in terms of Fourier coefficients

N2
exp: (x xo) }1—[ / day, exp{ o e, } (1.2.252)

where the a,,, m = 1,2,3, ..., N are defined by the Fourier expansion of X (s):
N
X(s) =Y _~2aysin(rns).
n=1

To avoid possible errors, we have used the time-slicing regularization with N + 1 sites on the interval
s € [0, 1]; @, R, are eigenvalues of the finite differences (cf the preceding subsection).
Now we make the change of Fourier variables

am —> by =mmay, m=1,2,3,...,N (1.2.253)
with the Jacobian

N
]_[ — (1.2.254)
el am’

We perform in the numerator of (1.2.250) the same transition to the Fourier variables a,, and the
substitution (1.2.253), so that the Jacobians (1.2.254) in the numerator and denominator of the ratio cancel
out. Now we can pass to the continuous limit ¢ — 0, N — oo (¢ is the value of the time slice). As a
result, the product of the integrals in (1.2.252) becomes

]_[ / dbpm exp: } ]_[ Van Dt. (1.2.255)

m=1

Let us turn to calculating the numerator. After decomposing the paths into the background x.(s) and
fluctuation X (s) parts, the function V), takes the form

Vi = k2x2(s) —n(s)x(s)

2f6) + X = —57() (1.2.256)

4k2

where

[=%
a
=

1(s)
f(s)

n(z(s))

1
xe(s) = 537(5).

[=%
a
=

The Fourier decomposition of the functional in the exponent reads

1
/dsVn(x,s) ——I+k22(fn+—). (1.2.257)
0
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Here

f) =" fu2sin(nms)
n=1
2
fn V2

= E(XO - (—1)”)5) - 2_k2n”

1
M = \/5/ ds 7(s) sin(nms)
0

00 1
=Y = [ asito

n=1
(we assume that / < 00). After the substitution

bm

by —> cp = —— m=1,2,3,...,N
' V2Dt
(1.2.250) becomes

its Jacobian, ]—[,‘f:l /4Dt cancels out (1.2.255), up to the factor ]_[,fle (1/4/27), and the whole ratio

t = 1 [® 2 2
exp —ml }:[lg 7oodcm exp _T_kt Sm +

The integrals under the product sign in the latter equation are given by

2
V2Dt )
Cm
mn

de

-

m kzl
2

2
1 [ c2 V2Dt
I, = — dep expy —— fm + Cm
27 J_ o n
_1 -1
4DK* 1%\ ° 5 o 4Dkt
14 52 exp y —k lfn 14
TN

(1.2.258)
Note that the first factor in the right-hand side of (1.2.248) is nothing but the transition probability Wp for

2n2

a free Brownian particle. Combining this factor with the ratio in that equation, we arrive at the following
expression for the generating functional:

t o0
4—](21}]_[1,1.

(1.2.259)
n=1
However, this formula is still inconvenient for practical use. To convert (1.2.259) into an explicit
expression, we first note that (Gradshteyn and Ryzhik 1980)

ad 2 sinh y
[T{1+52
n=1

y
y
Insertion of this into (1.2.258) and (1.2.259) yields

Z[n(1); (x4, t|x0, 0)] = Wp(xy, t|x0, 0) exp {—

1
k
Z[n(1); (x, t|x0, 0)] = [

2
27D sinh(2k«/5t)i|




Wiener path integrals and stochastic processes 107

— 2,2\—1
xexp: %}exp{k%i[nn—f( —%) :“

n=1

(1.2.260)
Finally, the formulae
1
_1) _
Z( ) y +112712 y  sinhy

Z 1 coshy

y2 4+ nzrr "y sinhy
5 i sin(nms) sin(nws’) __ sinh(y min(s, s7)) sinh(y (1 — max(s, s”))) (1.2.261)

y2 +n?x? N ysinh y

n=1

together with the relations

Zi nr sin(nys)  sinh(y(1 —s))
y2+n2n2 sinh y

n=1

> nm sin(nmws)  sinh(ys)
2 (=1t =
Z( ) y2 +n2n? sinh y

which follow from (1.2.261), allow us to present (1.2.260) in the form (for completeness, we restore an
arbitrary initial time ()
Z[n(z); (xz, t|x0, 10)]
[ k ]% ) (x2 + x2) cosh(2k~/D(t — 19)) — 2x0%;
— xp 1 —
274/ D sinh(2k/D(t — 19)) 2+/D sinh(2k+/D(t — 19))

t 4 inh(2k~/D(t — 7)) sinh(2k~/D(z" — 19))
N / d / dr’ n3
XeXp{ 0y e k sinh(2kv/D(t — 19))

t x08inh(2kv/D(t — 1)) + x sinh(2k+/D(t — t9))
d 1.2.262
XCXP{/,O T sinh(2k+/D(t — 19)) ( :
t
= W™ (x,, t]x0, 0) exp{/ dr/dr/n(r)c,,m(r, r')n(t/)}
to
t
X exp { / dt n(z)xc(ha““>(z)} (1.2.263)
fo

where W,fharm) (x¢, txp, 0) is the transition probability (1.2.132) for the harmonic force, Gy (7, T’)

defines the exponent bilinear in external source 1n(7), xc(harm) defines the exponent linear in n(t). The
latter is nothing but the solution of the classical equation with harmonic force:

jééharm) — 4Dk2x§harm)‘

With the explicit expression (1.2.263) for the generating functionals in hand, we can easily calculate
a variety of different path integrals (correlation functions), differentiating (1.2.263) by n(r) and then
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putting this external source, if necessary, to zero (also, if we deal with a free Brownian particle, putting
k = 0). For example,

o
-

t
(x()x () = / dWX(t)X(tl)X(tz)eXp{—kZ/ dfxz(t)}
Cixo.10; %1} 1

0

)
n(r2) 8n(11) =0
= [Grip(t2, 11) 4+ x8%™ (1) 8™ (1 ) W™ (x, tx0, 10). (1.2.264)

Z[n(z); (x, tlxo, t0)]

Here we have assumed that g < ] <t < t.
The explicit form of this expression, together with a number of other path integrals obtained from
the generating functional Z[n(7); (x, t|x0, 0)], is presented in supplement II (volume II).

1.2.9 Physics of macromolecules: an application of path integration

Macromolecules are very long, chainlike molecules. Both artificially synthesized macromolecules
forming a variety of technologically important polymers and natural biological ones exist. The latter
are the basic material for living beings. Essentially, they are strings of small groups of atoms which
are called monomers or repeating units. The successive repeating units of a macromolecule are strongly
bound by chemical bonds, hence their mutual distance is almost constant. However, in many cases, the
repeating units can easily be rotated with respect to each other, so that the molecule as a whole—although
of a fixed length—is extremely flexible. These two features of real macromolecules form the basis of the
random walk model of macromolecule statistics and, in turn, of the application of path-integral techniques
for solving some problems in the statistical physics of macromolecules. In fact, different forms of these
long chains (with fixed or free ends or with the ends subject to some constraints) serve as the physically
most illuminating illustration of the concept of path integration.

The aim of this subsection is to give the reader an idea about this branch of physical chemistry and
make him/her familiar with path-integral methods of solving some problems. The reader may find a more
extensive discussion in, e.g., Wiegel (1983, 1986), Kleinert (1995), Barber and Ninham (1970) and de
Gennes (1969).

<> The random walk model

In the random walk model, a configuration of a macromolecule consisting of N identical repeating units
is represented by a random walk of a fictitious particle with N steps, each of a fixed length €. This length
£ equals the average distance between two successive repeating units in the molecule. Depending on
the interactions between the repeating units, we should impose certain constraints on the random walk
configurations. In the first approximation, we take into account only interactions responsible for a fixed
distance between the units of macromolecules and all other monomer—monomer interaction effects are
neglected altogether. This corresponds to free discrete random walks.

Denote the probability density that a free random walk which starts at the origin of coordinates will
reach the point r after N steps by w(r, N). The first of these probability distributions reads as

w(r, 1) = @)~ 18(|r| - 0) (1.2.265)

because the wandering fictitious particle can appear with equal probability at any point of the sphere of
radius ¢ with its centre at the origin. For N > 1, the distributions can be calculated in a recursive way
from the relation

w(r, N +1) = @dre>)~! /d3r' w(r', NS(r —r'| — £) (1.2.266)
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which expresses the fact that the probability w(r, N + 1)d>r of the event that the step N + 1 ends in
the vicinity d3r of the point r equals the probability w(r’, N) d3r multiplied by the transition probability
from r’ to r, integrated over the whole volume. The actual calculation of functions w(r, N) can be carried
out by a Fourier transformation with the result

L s e (sinke\Y
w(r, N) = dke — (1.2.267)
2 ke

as an exact integral representation for the probability distribution.

We shall derive explicitly only the asymptotic behaviour of w(r, N). For N > 1, the probability
density w(r’, N) in (1.2.266) is a smooth function of r’ and can be expanded in a Taylor series around
r'=r:

2

3 3
ow 1 0“w
w(’, N) = w(r, N) + E 1 (rf — ri)a—ri + 7 E l(rl-/ — ri)(r;» - rj)m +--- (1.2.268)
i= i,j=

ow(r, N

N+ =wr N
wr, N+ 1) =wlrN)+—

(1.2.269)

where r; denotes the ith Cartesian coordinate of the vector r and where we treated N as a continuous
variable. Substitution of the expansion into (1.2.266) gives

2

ow ¢
—~— Aw+ O A? 1.2.270
oy g Awt ( w) ( )
where A denotes the Laplacian operator
R L R

=—+—+—
axz  9y? 972

Comparing the left-hand side of (1.2.270) with the first term on the right-hand side, we conclude that in

the limit N — oo, we should keep N¢? fixed. Since 8/dN ~ 1/N and £> ~ 1/N, we obtain that dw/dN

and ¢2 A w are of order N™!, but ¢4 A2 w is of order N=2. Hence in the limit N — oo, £ — 0, and

N2 = constant, we obtain the equation

ow _ & (1.2.271)
N -V 2.
which is nothing but the diffusion equation with the ‘diffusion constant’ £2/6.
Thus, as it has been shown in this chapter, the probability density of the endpoint of the chain
molecule in the form of a Wiener integral reads as

w(r, N) = W(r, N|0, 0)

N
- / [ &) D) GO Rk (12072
Cl0.0:r.N} _g /202 dv/3 /2027 dv/3 /2027 dv/3

where

3 (dr\?
Lo = . 1.2.273
0= 22 (dv) ¢ )

The integrand in the Wiener integral (1.2.272) is a measure for the density of polymer configurations
which are close to some continuous curve r(v). Of course, if a finer description of the chain configurations
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is necessary, we should use neither the differential equation (1.2.271) nor the path integral (1.2.272) but
instead use the recursive relation (1.2.266).

From this short consideration of the path-integral technique in polymer physics, we can derive two
lessons:

e Different shapes of polymer chains play the role of paths over which path integrals are integrated,
so that the paths acquire direct physical meaning, as distinct from the original notion of particle
trajectories; these paths can really be observed and thus they are illuminating manifestations of the
concept of path integration (‘incarnation’ of path integrals).

e The ‘time’ variable on paths may have different physical meanings: for a Brownian particle and in
quantum mechanics (as we shall learn in the next chapter) it does indeed denote the time variable; in
the statistical physics of macromolecules, it is a number of monomers; in quantum statistical physics
(see chapter 4), it takes the meaning of inverse temperature.

<> The Feynman—Kac formula in the theory of polymers

The Bloch equation and the Feynman—Kac formula also find important applications in polymer physics.
For example, consider now the case in which space is filled with ‘dust’, i.e. with small impenetrable
particles of any size which act as an excluded volume for the macromolecules. Let V(r) denote the
fraction of space from which the endpoints of the successive repeating units of the molecule are excluded.
In this case, the recursive relation (1.2.266) for free polymers has to be replaced by

w(r, N +1) = @dre>H)~ 1 - V(r)]/d3r/ w(r', NS(r —r'| — £) (1.2.274)

for polymers in such a ‘dust-filled’ space. Following the procedure for the derivation of (1.2.270), we

obtain
dw ¢? 40
N :—Vw—i—gAw—i-(l - VO A” w). (1.2.275)
Hence in the limit
N — oo £—0 V-0

2 _
N{“ = constant (12276)
Z= constant
the differential equation becomes
w _2 vy (1.2.277)
—=—Aw-Vw 2.
N 6

i.e. the Bloch equation. The corresponding Feynman—Kac formula reads as

N
dx(v) dy(v) dz(v) { /N }
,N) = [ —| dvL 1.2.278
wir, V) /C{0,0;r,N} o V202 dv/3 /202w dv/3 /2027 dv/3 P o Y ( )

where

Ly =2 (Y Ly 1.2.279
v—w(dv>+ (r). (1.2.279)
When the forces between the repeating units of a macromolecule are taken into account (e.g., forces
restricting the angles of their mutual positions), the calculation of the number of chain configurations
becomes much more difficult and requires more involved consideration. But path-integral methods still
prove to be very powerful and fruitful. For details, we refer the reader to de Gennes (1969) and Wiegel

(1986).
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1.2.10 Problems

Problem 1.2.1. Prove that the increments of a Brownian path are independent.
Hint. As follows from the very definition of transition probabilities (cf (1.1.50)), we have

P{x (1) — x(t0) € [a1, b1], x(t2) — x(t1) € [az, b2], ..., x(ty) — x(tu—1) € [an, bul}

nooap
=l_[/ dy; W(yis ti —ti—1)
i=1v4%

where
W(yi; ti — ti—1) £ W(xi —xi—15 ;i — ti—1)
= Wixi, filxi—1, ti—1).
On the other hand, ,
./;-‘ dyi W(yi; ti — ti—1) = P{(xi — xi—1) € [ai, bil}.
Thus

P{x(t1) — x(t0) € la1, b1], x(12) — x(11) € [az, b2, ..., x(tn) — x(ta—1) € [an, bnl}

= H]P’{x,' —Xi—1) € [a;i, b;i1}
i=1

and this proves the independence of increments.

Problem 1.2.2. Derive the Fokker—Planck equation for higher-dimensional (e.g., a three-dimensional)
space.

Hint. In a three-dimensional space, the equation has the form
aw :

Problem 1.2.3. Derive the Fokker—Planck equation corresponding to the Langevin equation for a
Brownian particle with inertia.

Hint. The general form of the equation is

oW N EY% N 9 (AW] 92BW
w9 _
ot dx v v

where W = W(x, v, t), while A = A(x,v,t) and B = B(x, v, t) are statistical characteristics of the
process, analogous to those in (1.2.15) and (1.2.16).

Problem 1.2.4. Show that a space- and time-homogeneous Gaussian stochastic process, with an
appropriate dependence on time of the exponent of the probability distribution, satisfies the conditions
(1.2.15)—(1.2.17). Write down explicitly the form of the exponent for such a Gaussian distribution.
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Solution. Space and time homogeneity of a Gaussian process implies that the transition probability takes

the form
W (x;, t|xo, o) = \/@e—f@—m)()&—)Co)2
b4

where f(t) is some function of time (the first factor, </ f(t — #p)/m, is defined by the normalization
condition). Thus we have to calculate the integrals (for simplicity, put 7o = 0)

<(xz — xo)”> _1/f@® /oo dx, (x, — xg)e— OG0’
t tV o )

_ L@ /oo dx el Ox
tV o )

Such an integral can be calculated using the standard trick: we first calculate the integral

00 o2 0o _ a2
I £ / dx e~b¥'For — %5 dxe Vi)
—0o0 —00
1 o? /w }2 T o?
= —e% dye™ = —e#
Vb —0 N

by the completion of the square in the exponent.
Then the integral of interest is obtained by differentiation:

o dn
/ dx x"e™0 = — I (@)
da

—00

a=0

All the integrals with odd powers of x vanish just because of the antisymmetry of the integrand:
*© 2
/ dxx>te ™ =0  n=0,1,2,...
—00

so that the conditions (1.2.15) and (1.2.17) are satisfied automatically with A in (1.2.15) equal to zero.

The averaging of x2 gives
2 00
- 1 t
hm<u> im L [7© [ e
t—0 t t—0t .4 —00
1
= 2B = constant

lim
1—02tf (1)
and hence

F() (1.2.280)

—_— —.
1—0 4Bt
Averaging the higher powers gives
_ n 1
lim<u>— lim————— —>0 n=46,....

= l1im —
1=0 t 1—0 2t f1/2(¢)

Note that the transition probability (1.1.35) obviously satisfies condition (1.2.280), so that the
corresponding Fokker—Planck equation coincides with the diffusion equation.
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Problem 1.2.5. Prove the relation (1.2.29) which means that the derivative of a Wiener process is the
white noise.

Hint. We must show that
dd ', =680 —1)
— —min(t', 1) = —1).
dt’ dt
This can be achieved by the representation of the minimum function in the form

min(?’, 1) = 0@t — ') + 16 — 1)

where 8(7) is the so-called symmetric step-function:

~  def 0 t<0
o) = % tr=0 (1.2.281)
1 t>0.

Then the equality
d ~
—O(r) =48
7 (1) =480
gives the required result.

Problem 1.2.6. Prove that the §-functional §[xX(t) — v(t)], when inserted into the path integral (1.2.69),
leads indeed to the constraint (1.2.70).

Hint. If, instead of taking the ¢ — 0 limit, we insert (1.2.66)

N i i N

1 i+1 _ i . . . .
[T-8(— —v ) =o' —x' —vie)
i=1 € € i=1

into the corresponding discrete approximation of the path integral (1.2.69) and then integrate gradually
over x;, x%, o xév, we obtain the §-function in (1.2.70).

Problem 1.2.7. Calculate the integral (1.2.69) for a particle with inertia using the variational method and
integral representation for the §-function, providing the constraint (1.2.71).

Solution. We start from the Fourier transform of the §-function in (1.2.69):

1 [ .
ba)= - / dweiwa (1.2.282)
T J—c0

so that (1.2.70) becomes

1 o0
W (x;, vy, tx0, vo, 0) = —/ dw exp {—iw(x; — x0)}
27 J_ o

L dv(r) t )
— d . _
: /C{vo,O:v,,z} H) Vrdt eXp{ /o ARG 1wv(r))}

00 t
= B(t)/ dw exp{—iw(x; — xp)}exp {—/ dt (ﬁg(t) — iwvc(r))} (1.2.283)
—oo 0
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where B(t) is the factor which does not depend either on the values of path endpoints (cf section 1.2.6),
or on the Fourier variable w (because the latter enters only the linear part of the exponent). As usual, v,
is the solution of the Euler equation (extremal ‘trajectory’; actually, in this case, extremal velocity):

20, +iw =0
(1.2.284)
ve(0) = vo ve(t) = vy
Simple calculations give the solution
ve = —Isz2+ar+b (1.2.285)
vy — vy 1w
= — b = vy. 1.2.286
a ; 7 vo ( )
The value of the functional in the exponent of the integrand in (1.2.283) is
b wi v+ (v —vp)?
/(;dr(vf—lwvc)zw—lwttz + ! ; .
Thus the transition probability proves to be
2
v — v
Wi, v txo. 10, 0) = B(®) exp {—%}
o0 wi . v 4w .
X dw expq§— + 1wt —iw(x; — xp) ¢ . (1.2.287)
0 48 2

The integral (1.2.287) is Gaussian and can be calculated:

48 12 2 — )2
W (x1. vr, £]x0. v0, 0) = B(?) t—f exp {—t—3 (x, —xg— @z) - M} . (1.2.288)

The normalization condition for the transition probability,
o
/ dx; dvy W(x;, v, t|x0, v9,0) = 1 (1.2.289)
—0oQ

gives the normalization constant B(¢), and finally the transition probability proves to be

V12 12 2 — )2
W(xs, v, £]x0, v, 0) = —= exp {——3 <(xt — Xxp) — v+ v t) _ @ w) } . (1.2.290)
Tt t 2 t

Problem 1.2.8. Check that the transition probability (1.2.72) (or (1.2.290)) is the fundamental solution of
the Fokker—Planck equation

oW oW 19°W

o Vx40
Try to give a physical interpretation for this equation.

Hint. To simplify the calculations, we can put xo = vg = 0. For a particle with inertia, it is the velocity
that is directly subject to the action of a random force (cf (1.2.59)). Physically, this follows from the
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fact that the position of a particle with inertia cannot be changed abruptly. Thus the transition probability
(or the corresponding density, cf (1.1.1)—(1.1.3)) must satisfy the diffusion equation with respect to the
velocity, but the time derivative must now be the total derivative:

d oW  ox oW
—W=— 4+ =
dt ot ot ox
ow n ow
=—4+v—.
at dax
Problem 1.2.9. Derive the transition probability for the stochastic equation
X+tkx=¢ (1.2.291)

and check that it is the fundamental solution of the Fokker—Planck equation

ow _dW _ 3 oW) 192w
— t+v— — —(kvW) = - —.
ot ox v 4 92
Hint. Represent the stochastic equation as the system
v+ kx = Ti¢g
x—v="T¢

which is equivalent to (1.2.291) in the limit 7> — 0 and combine the methods considered in the
sections 1.2.2-1.2.4.

Problem 1.2.10. Show that the formula (1.2.38), derived in the microscopic approach based on the
Langevin equations and the change of variables, and (1.2.93), derived from the Fokker—Planck
equation (1.2.87), are consistent.

Hint. Write down the one-dimensional version of (1.2.93), calculate the integral in the exponent of the
forefactor and the function V from (1.2.92).

Problem 1.2.11. Consider the Brownian motion on a plane subject to an external force with the
components
F, = —wny Fy = wnx. (1.2.292)

Check that this force is non-conservative and find the transition probability.
Solution (Wiegel 1986). The inequality of the derivatives,

VFc 0y
ay ax

shows that the components FY, F, cannot be represented as derivatives of a scalar function (potential) and
hence this is a non-conservative force field. The classical equation of motion (1.2.109) reads

Xe = —wYye
. (1.2.293)
Ve = wXc.

In the absence of fluctuations (D = 0), the trajectory of the system is the circle

X2+ y2 = x2(0) + y2(0)
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through the initial position x.(0), y.(0) and the particle moves with constant angular velocity w. In the
presence of Brownian motion, the potential (1.2.92) has the form

w2

v 22
4D(x +y9)
and the equations of motion (1.2.111) read as
d? d
fe _ a)zxC — 2a)i
dt? dt
dzyC 5 dx.
iz =Ty

The general solution of this equation is a spiral:

Xc(T) = rocos(wt + ¢o) + soT cos(wt + Yp)
ye(T) = ro sin(wt + ¢o) + so7 sin(wt + Yo)

in which the constants rg, so, ¢, ¥ are determined by the initial position and velocity at 7o = 0, in the
following way. For t = 0, we have

xc(0) =rocos¢o  ye(0) = rosingo
so ro and ¢ are the polar coordinates of the initial position in the (x, y)-plane. Also, for the velocity, we
find that
%c(0) = — wye(0) + 50 cos Yo
Ye(0) = @xc(0) + 50 sin Y.

The extremal value of the Lagrangian is found upon substitution of the solution x.(t), y.(t) into (1.2.107)

and integration over 7; this gives
2

/zd Lire(m)] = 20! (1.2.294)
T L[re(7)] = —. 2.
0 ¢ 4D
The parameter sq is determined by the requirement that the trajectory passes through r at the final time .
This condition gives the equations

Xxc(t) = rocos(wt + ¢o) + sot cos(wt + Vo)

ye(t) = ro sin(wt + ¢o) + sot sin(wt + o)
from which we find that

sg1? = [xe — ro cos(t + ¢o)1* + [ye — ro sin(wr + ¢o)]°.

Substitution of (1.2.294) and the last formula into (1.2.112) gives

1
W(x,y,t|xo, yo,0) = ®(t) exp {—[[xc — rocos(at + ¢o)* + [ye — ro sin(wr + cbo)]zl} .

4Dt
(1.2.295)
The function ®(¢) is found from the normalization of (1.2.295) to be

o(r) = .
® 4w Dt
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This is an exact result for the transition probability because for the force (1.2.292) the exponential is
quadratic and, as we have studied in section 1.2.6, the semiclassical method used here gives exact results.

Problem 1.2.12. Show that a set of Fourier coefficients of a process X (r) representing Brownian
stochastic fluctuations, i.e. when X (t) = x(t) — x¢(7), are independent random variables.

Hint. Using the fact that
1. l Xt 2 /
(X X;) = 5 min(r, 7)) - (7) T

(we have put xog = 0 for simplicity) and that

2 [t ) T
an:\/;./o dt sm(nrr;)X(r)

(A an) = Sy

prove the equality

which is equivalent to the required statement.
Problem 1.2.13. Prove the formula (1.2.197) for summation by parts.

Hint. Write the left-hand side sum of the relation (1.2.197) explicitly and rearrange terms so as to obtain
the right-hand side of the relation.

Problem 1.2.14. Prove the orthogonality and completeness relations (1.2.210) and (1.2.211).

Hint. The orthogonality relation follows by rewriting the left-hand side of (1.2.210) in the form

N*‘[ {m(m b } {in(m—irk) ”
Re Z exp exXp| ————J
(N+1) (N+1)
where the sum has been extended by two trivial (j = 0 and j = N + 1) terms. The sum in this expression
being a geometric series, it can be easily summed. For m = k it is equal to unity, while for m # k it yields

2 1\ [1 — exp (i — k) exp iz (m — K)/(N + 1)}

———Re -
N+12 o 1 —exp {imr(m — k)}
B 1 —exp {im(m + k)} e).(p {imrm +k)/(N + 1)} . (1.2.296)
1 —expf{im(m + k)}
It is easy to check that
1 —exp{in(m — k)}exp{in(m —k)/(N+ 1)} [1 forevenm —k # 0
1 —explin(m — k)} | purely imaginary for odd m — k.

For the second term in the square brackets in (1.2.296), this also holds true for even and odd m + k # 0,
respectively. Since m =+ k are either both even or both odd, the right-hand side of (1.2.296) vanishes for
m # k. The proof of the completeness relation (1.2.211) can be carried out similarly.

Problem 1.2.15. Using the Feynman—Kac formula, find the probability that a trajectory x(t) of the
Brownian particle (moving in a one-dimensional space) satisfies the condition x(tr) < a for all t:
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0 < t < t. In other words, find the time which is necessary for the Brownian particle to reach the
point x = a with a given probability.

Solution (Schulman 1981). The probability

p() dg P{x(t) =a,x(t) <a,t <t}

is given by the Wiener integral with unconditional measure and the characteristic functional y,[x(7)] of
the trajectories subject to the condition
x(t) <a
as an integrand, i.e. if
1 ifx(r) <a,0<t<t
0 otherwise

Xalx (@] = |

then
p(t) = / dwx () xalx(T)]. (1.2.297)
C{0,0;t}

We can write this characteristic functional in terms of the fictitious potential V, (x):

t
Xalx(7)] =CXP{—/0 dt Va(x(f))}

with
0 ifx <a
+oo ifx > a.

Va(x) = {

This form of the characteristic functional converts the path integral (1.2.297) into the standard Feynman—
Kac form and we can deduce immediately the differential equation for the corresponding transition
probability:
AW (xz, 110, 0) D32W(xt, 710, 0)
at B 3x,2

which we should complete by the obvious boundary condition

— Va(x)W(xs, 110, 0)

W(a,t]0,0) = 0. (1.2.298)

The solution of this equation with the correct boundary behaviour can be found by the standard method
of images (also called the reflection method). Taking into account that in the domain x < a the potential
equals zero, we conclude that the transition probability must be a combination of the standard transition
probabilities for the ordinary diffusion equation which corresponds to two types of path: (i) going directly
from the initial point to x; and (ii) bouncing off the infinite ‘wall’ at x; = a (see figure 1.14) before
reaching the position x; at the time 7.

Thus the solution takes the form

1 _X_,2 B _ 2a — xt)2
JanDr | P ape [ TP 4Dt

and the probability under consideration is

Wa (-xts tl()v O) =

a
p(t) = / d'x[ Wa (X[, t|05 0)

—00
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Xt

Figure 1.14. Two typical paths in the constrained region considered in problem 1.2.15: one going directly to x, the
other bouncing off the ‘wall’.

1 /“ ol Ll (2a — x;)?
= X |exp{———} —expl —+——
JarDt ) P 3 P 4Dt

2 a x2
= / dx; expy ——— ¢t .
Vam Dt Jo 4Dt

Obviously, the method used here could be generalized to deal with all sorts of questions about confinement
in various regions. We shall consider these types of problem in more detail in the next chapter on quantum
mechanics.

Problem 1.2.16. Calculate the determinant of the operator

()

in the space of functions X (r) with zero boundary conditions, X (0) = X (¢) = 0, with the help of
¢ -regularization (in other words, derive the formula (1.2.227)).

2
In det —d—
dt?
N=1

Solution.

I
5
—1®
|9
N3
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d (Y
= \z (2s)

The latter equality follows from the definition of the Riemann ¢ -function (1.2.225). Thus we obtain

s=0

2

d? t ,
Indet (7= ) = ¢ (0)In — —2/0)

and, using the value of the ¢ -function at the origin (see, e.g., Jahnke and Emde (1965)):

£0) = —3
we have finally

dZ
In det ) = (constant)z.

Problem 1.2.17 (Stochastic integrals). Let x(t), to < T < t, be a trajectory of a Brownian particle and
f (x(7)) some smooth function. The so-called Ito stochastic integral (Ito 1951) (see also, e.g., Kuo (1975)
and Simon (1979)) is defined as follows:

N—-1

[ ren € tim 3 -x s
X ‘X’j:O

0
x; =x(1;) t-=l0+l(l—lo)
J j J N
xy=x()=x;  xo=x(0).
Prove the following important formula (the analog of Stokes formula for the Ito integral):
Xt P 1 t 82
/ i LEO) ey p ) — —/ FRCArACIO) (1.2.299)
o ax 2 Ji 9x2

Note that for a linear function f (x), the Ito integral satisfies the ordinary Stokes formula (first two terms
in (1.2.299)). This shows, in particular, the correctness of the transformation (1.2.35) for the Ito stochastic
integral.

Consider also the more general definition of stochastic integrals:

N—1
x’ def . ~
/ dsx f(x(1)) = lim Z(X-/“ —xj) f(x}) (1.2.300)
X0 N—oo =0
where
Xj=x;+Arxjt1 —xj) 0<Aac<l1 (1.2.301)

and find the analog of the Stokes formula for them.

Solution. Consider the identity

N—-1

FO) = o) = Y [ (xjsn) = fx))]

j=0
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and, using the assumed smoothness of f (x), expand each term around X j (cf (1.2.301)). This gives

N-1

o= fxo) =Y L GNEj1—x)+5f G =22)(xj41—x)*+O((xj41 — x) )] (1.2.302)
Jj=0

If we choose A = 0, the first term within the square brackets on the right-hand side, in the limit N — oo,

becomes the Ito integral. The second term in the sum is of the order (Ax)? and for an ordinary Riemann
integral would disappear. But Brownian paths are non-differentiable and

Ax ~ A Art.

Therefore,

lim Z fIAxj = lim Z f(x(zj)AT
J J

t .2
_ / gr 2@
1 8)62

0

This proves the Ito formula (1.2.299). In fact, equation (1.2.302) immediately gives analogs of the Stokes
formula for arbitrary A and, in particular, proves transformation (1.2.35) (ordinary form of the Stokes
formula in the case of linear functions) for stochastic integrals (1.2.300).

Further details and a rigorous mathematical treatment of the Ito integral can be found in Kuo (1975)
and Simon (1979).



Chapter 2

Path integrals in quantum mechanics

The aim of this chapter is to expand the concept of the path integral to quantum mechanics. The Wiener
path integral which we considered in chapter 1 and the Feynman path integral in quantum mechanics
have many common features. We essentially use this similarity in the first section of the present chapter
reducing, in fact, some quantum-mechanical problems to consideration of the Bloch equation and the
corresponding Wiener path integral.

On the other hand, there exists an essential difference between the Wiener path integral in the theory
of stochastic processes and quantum-mechanical path integrals. The origin of this distinction is the
appearance of a new fundamental object in quantum mechanics, namely, the probability amplitude. A
quantum-mechanical path integral does not express a probability itself directly, but rather the probability
amplitude. As a result, it cannot be constructed as an integral defined by some functional probability
measure in contrast with the case of the Wiener integral (recall the close interrelation between the notions
of probability and measure which we discussed in chapter 1). Moreover, path integrals derived from
the basic principles of quantum mechanics prove to be over discontinuous paths in the phase space of
the system and only in relatively simple cases can they be reduced to the (Feynman) path integrals over
continuous trajectories in the configuration space. We shall discuss this topic in sections 2.2 and 2.3.

The natural application of path integrals in quantum mechanics is to solve problems with topological
constraints, e.g., when a particle moves in some restricted domain of the entire space R? or with non-
trivial, say periodic, boundary conditions (e.g., a particle on a circle or torus). Though this type of problem
can be considered by operator methods, the path-integral approach makes the solution simpler and much
more transparent. We shall consider these topics in section 2.4.

We are strongly confined to work in the framework of phase-space path integrals (or, at least, to start
from them) in the case of systems with curved phase spaces. The actuality of such a problem is confirmed,
e.g., by the fact that the celebrated Coulomb problem (quantum mechanics of atoms) can be solved via the
path-integral approach only within a formalism developed on a phase space with curvilinear coordinates
(section 2.5).

The last section of this chapter is devoted to generalizations of the path-integral construction
to the case of particles (or, more generally, quantum-mechanical excitations) described by operators
with anticommutative (fermionic) or even more general defining relations (instead of the canonical
Heisenberg commutation relations). Path integrals over anticommuting (Grassmann) variables are
especially important for gauge field and supersymmetric theories of the fundamental interactions in
quantum field theory, as well as in the theory of superconductivity, which we shall discuss in subsequent
chapters.

The very important topic of path integrals with constraints in quantum mechanics will be postponed
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until chapter 3, since its immediate use will be made in the treatment of quantum gauge-field theories in
the same chapter.

2.1 Feynman path integrals

In this section, after a short exposition of the postulates and main facts from the conventional operator
formulation of quantum mechanics, we shall prove the relevance of path integrals for quantum-mechanical
problems (i.e. prove the Feynman—Kac formula in quantum mechanics), derive the important properties
of the Hamiltonian operator and describe the semiclassical Bohr—Sommerfeld quantization condition.

The reader familiar with the basic concepts of quantum mechanics can skip, with no loss,
section 2.1.1, using it, in case of necessity, only for clarification of our notation.

2.1.1 Some basic facts about quantum mechanics and the Schrodinger equation

Quantum mechanics (see, e.g., the books by Dirac (1947), von Neumann (1955) or any textbook
on the subject, e.g., Davydov (1976) or Landau and Lifshitz (1981)) describes the behaviour of
microscopic objects (elementary particles, atoms or molecules) and processes with physical
characteristics (with the dimension of an action) comparable in values with the Planck constant,
i = 1.05 x 10727 erg s. For macroscopic objects, the Planck constant can be considered to be
of negligible value and thus the classical mechanics describing such objects corresponds to the
limit # — 0 of quantum mechanics.

To measure some physical quantity related to a micro-object, we have to use a macroscopic
device which changes its macroscopic and quasistable state as a result of the interaction with
the microscopic object. A result of this measurement cannot be predicted definitively even if
all possible information about the conditions, under which the measurement takes place, is
available. Thus the results of quantum-mechanical measurements are random quantities and
guantum mechanics studies their statistical characteristics. This fact brings quantum mechanics
close to the theory of stochastic processes and explains the generality of some mathematical
methods (in particular, path integrals) applicable to the analysis of stochastic processes both in
classical physics and in quantum mechanics. Physical quantities, whose possible values can be
measured by some physical experiment, are called observables.

< Postulates of quantum mechanics

We recall here some basic postulates of quantum mechanics.

Postulate 2.1. Quantum-mechanical states are described by non-zero vectors of a complex separable
Hilbert space H, two vectors describing the same state if they differ from each other only by a non-zero
complex factor. To any observable, there corresponds a linear self-adjoint operator on .

The space # is called the space of states of the physical system and the elements of H are
called state vectors. We will always imply that state vectors have unit length (i.e. unit norm in
). Any operator will be denoted by a ‘hat’: A

The observables Ay, ..., A, are called simultaneously measurable if their values can be
determined with arbitrary precision simultaneously, so that in any state v+ € #, the random
variables Ay, ..., A, have a joint probability density (or probability distribution, if the random
variables take a discrete set of values), wy (A1, ..., An).
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Postulate 2.2. Observables are simultaneously measurable if the corresponding self-adjoint operators
commute with each other. The joint probability density (probability distribution) of simultaneously
measurable observables in a state ¢ € H has the form
Wy (A oy An) = (Way o, 1) (U, 1Y)
= 1y, 91 @.1.1)

where (---|---) denotes the scalar product in H and v, ..
operators Ay, ..., Ay, i.e.

are the common eigenfunctions of the

n

A\,'I//)L],._., —Alﬁkl ,,,,, An i=1,...,n.

Recall that for an operator A, with a dense domain of definition D c #, the conjugate
operator AT is defined by the equality

(ATy|p) = (Y|Ad).

The operator Alis symmetric on the linear set D C H if

(Aply) = {(plAY)

holds for any ¢, y € D. If the domains of definition of A and AT coincide, a symmetric operator
is called self-adjoint or Hermitian and we write A=A

Thus to any physical quantity there corresponds a Hermitian (self-adjoint) operator A, which
has a complete set of eigenfunctions vy, = v, satisfying

Ao (x) = haWa(x) 2.12)

with real eigenvalues A, (we shall use the simplified notation 1, when speaking about the
eigenvectors of a single operator; the index a labels different eigenvalues of A4). The set of
all eigenvalues is called the spectrum of an operator A, which could be a discrete and/or a
continuous subset of R (the reality of the eigenvalues follows from the self-adjointness of the
operators corresponding to observables).

Since the set {y,} of all eigenvectors of a self-adjoint operator Ais complete in 7 and can
be orthonormalized, any vector y» € # can be represented by the series:

=> cVa ca€C (2.1.3)

where a runs over all the eigenvalues of A (if the operator A has a continuous spectrum, the
sum is substituted by an integral). The coefficients ¢, of this expansion are expressed through
the scalar product

ca = (Yal¥) (2.1.4)
which, according to postulate 2.2, gives the probability amplitude that a measurement of the

observable A gives the value 1, if the system is in the state . The corresponding probability is
equal to

w, = leal® = [(Waly)I*. (2.1.5)
Thus, the mean value of the quantity A in the state ¢ reads as

o~

Aoy = 1AW) = 3 haw = 3 haleal® (2.1.6)
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and the dispersion reads L
Dy A)? = ((A — (A)y) )y (2.1.7)

Note that a mathematically rigorous formulation (von Neumann 1955) of these postulates
uses the so-called spectral theory of operators (Reed and Simon 1975) and, in particular, the
unity resolution by projection operators.

The most important physical characteristic of any quantum-mechanical system is its energy.
The corresponding operator is denoted by H and is called the Hamiltonian operator of the
system. The following postulate states that A defines the time evolution of a quantum system.

Postulate 2.3. Let a state of a system, at some time 7y, be described by a vector ¥ (#9). Then, at any
moment 7, the state of the system is described by the vector

Y (1) = Ult, 1)y (10) (2.1.8)

where U (t, tp) is a unitary operator: U0 =00 = 1, called the evolution operator. The wavefunction
¥ (¢) is differentiable if it belongs to the domain of definition Dy of the Hamiltonian H at least at r = 1y
and, in this case, the following relation holds:

Ay (1)

— = HY0) (2.1.9)

ih
where £ is the Planck constant.

Relation (2.1.9) is the basic equation of quantum mechanics and is called the Schrédinger
equation.

If two time translations are performed successively, the corresponding operators U are
related by the following composition law:

Ut to) =0, U, t0) 1 € (to,1). (2.1.10)

This composition law is the analog of the Markovian property for transition probabilities in
the theory of stochastic processes (cf chapter 1). Note, however, that, strictly speaking,
the Markovian property concerns probabilities while the operator U governs an evolution of
probability amplitudes. Another distinction from the case of stochastic processes is that now
the operators U form a representation of the Abelian group of time translations (recall that the
transition probabilities of chapter 1 define only a semigroup). The reason for this distinction is
evident for the particular case of a conservative system. For such systems, Hamiltonians do not
depend on time and the postulate 2.3 can be reformulated as follows:

Postulate 2.3'. Evolution operators U(t, 1) form the continuous one-parameter group generated by the
operator —iH /h, i.e.

V() = U1, o)1) = e FHE=10)y (z0). 2.1.11)

Itis clear that due to the purely imaginary (oscillating) exponent, the sign of the time difference in
(2.1.11) is not essential for the general properties of the final state (e.g., for its normalizability).
Thus we might consider an evolution in the backward direction which is defined just by the
inverse operator

Uto, 1) = U1, 10).

In fact, the existence of the reverse operator for any U is stated in postulate 2.3 where this is
declared to be a unitary operator.
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From the group property of the evolution operator, we can derive the following statement:
a state of a system does not change in time (does not evolve) if it is represented by an
eigenfunction of the Hamiltonian operator.

Such a state is called stationary and the eigenfunction equation

Hvy = Enin (2.1.12)

is called the stationary Schrédinger equation.

In the case of time-dependent Hamiltonians (non-conservative systems) the relation
between the evolution operator and the Hamiltonian is a little bit more involved and requires the
notion of a time-ordering operator T which, when applied to an arbitrary product of operators
depending on the time variable, R R

0;,(t,) -+ 0 (1))

reorders the time successively. More explicitly, we define

T(0;, (ti,) -~ O3, (1)) = On(1a) Op—1 (ta—1) - - O1 (11) (2.1.13)
where the times ¢,, .. ., t; satisfy the causal condition
nH<p<--<th—1 <ty.

We use for the time-ordering operator T a different notation from that for any other operator
(boldface print instead of ‘hat’), because T acts on other operators, not on the Hilbert space
vectors.

Using this time-ordering operator, the evolution operator for a non-conservative quantum-
mechanical system can be expressed through the corresponding time-dependent Hamiltonian
as follows (see problem 2.1.1, page 149):

: 13
U(t,to)zTexp{—%/ dtH(t)}. (2.1.14)
to
In any case (for time-dependent or time-independent Hamiltonians), the evolution operator
satisfies the equation

(ih% - ﬁ(z)) Ul(t, to) =0 (2.1.15)
Ulto, to) = L (2.1.16)

The group (Markovian-like) property (2.1.10) of the operators U is the fundamental property
of the evolution operators. It is the most substantial property and provides the basis for the
existence of the path-integral formalism in quantum mechanics (in analogy with the derivation of
path integrals for Markovian stochastic processes in chapter 1).

The next postulate expresses the important superposition principle: if a system can be in a
state i or in a state ¢, it can also be in states corresponding to a superposition of these states,
i.e. to their arbitrary linear combinations

O =a1Y +mp ar,ay € C.

However, there are exceptions from this situation, the so-called superselection rules, separating
the Hilbert space of a system in the direct sum of subspaces which correspond to different
eigenvalues of some specific observables, e.g., the electric charge.
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Postulate 2.4. To any non-zero vector of a Hilbert space H belonging to some superselection sector, there
is a corresponding state of the system and any self-adjoint operator corresponds to a certain observable.

A sum of vectors from different superselection subspaces (superselection sectors) do not
correspond to any physical state. We shall not concentrate on the mathematically rigorous
definition of superselection rules (see, e.g., Jauch (1968)), since this is not important for our
aims, and restrict ourselves to the previous intuitive remark.

< Dirac’s notation in quantum mechanics

Dirac proposed an effective and convenient notation in quantum mechanics. In his notation, a
state vector in the Hilbert space # is denoted by |y) and is called a ‘ket’. The scalar product of
two vectors, |¢) and |¥) is {(p|y), where (p]|, called ‘bra’, denotes the vector conjugated to |¢).
The mean value of an operator A in the state |v), in Dirac notation, is

o~

(A)yy = A= (y|Aly).
The wavefunction in the x-representation, ¥ (x), is interpreted as

V(x) = (x|y) (2.1.17)

so that it is the projection of |¢) onto the state |x) with the sharp value of the position, i.e. |x) is
the eigenvector of the position operator x with the eigenvalue x:

X|x) = x|x).
Similarly, a wavefunction v/ (p) in the p-representation of states reads as

v (p) = (pl¥)

with | p) being the eigenvector of the momentum operator p:
plp) = plp).

We note that

1.
x|p) = ——eP¥/h,

The orthogonality relations for the eigenstates |x) and |p) can be written as

(x|x") = 8(x — x") (2.1.18)
(plp") =8(p—p). (2.1.19)
Note that in this chapter, as well as in the next one, we consider only pure states, which

can be represented by a single vector of the Hilbert space. Consideration of mixed states we
postpone until chapter 4.
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< Correspondence principle

It is natural to require that in the case of macroscopic objects the laws of quantum mechanics
become close to the laws of classical mechanics. More generally and more precisely, this
condition is formulated as follows: if the de Broglie wavelength of a particle is much smaller
than the characteristic sizes of the problem under consideration (e.g., characteristic length of
variation of the potential energy), the movement of the particle must be close to the one defined
by the classical trajectory. Recall that the de Broglie wavelength Ap; of a particle with momentum
p is defined as

[=%
=

roe &
Pl
This requirement expresses the important principle of correspondence.

An analogous limit is well known in wave optics: if the wavelength A is close to zero, the
optical phenomena can be described by the so-called geometric optics where ray propagation is
defined by the Fermat principle, which is very similar to the principle of least action in classical

mechanics. Using this analogy, we can expect that the wavefunction of a particle will behave like
Y (x, t)|ag,—0 = Cexp {%S(x, t)} C = constant (2.1.20)

where S is the action. If
S>h (2.1.21)

the exponent in (2.1.20) becomes rapidly oscillating due to variation of the particle position x,
and then the trajectory of the particle is defined by the minimum of the action S. This important
fact proves to be especially illuminating in the path-integral approach to quantum mechanics.
The reader, being already familiar with the semiclassical approximation of Wiener integrals,
may guess the reasons for this property. We shall discuss the peculiarities of the quantum-
mechanical case (mainly due to the purely imaginary exponent in (2.1.20)) in this chapter
(section 2.2.3).

< Canonical quantization

The central part of the quantum-mechanical formalism is the canonical quantization, based on
Hamiltonian (or canonical) mechanics. Recall, that in classical Hamiltonian mechanics, the
basic variables are the (generalized) coordinates x; (k = 1, ..., d; with d being the number of
degrees of freedom of the system) and the canonically conjugate momenta p; which enter the
Hamiltonian H = H (xx, px) and are obtained from the Lagrangian L(x, xx) as

aL

= . 2.1.22
X ( )

Pk

In classical mechanics, the equation of motion for a dynamical variable F(xx, px), without
explicit dependence on time, can be written in the form

oF _ {H, F} (2.1.23)
ar o
where .,
dA 0B QA 3B
{A,B}:Z - = (2.1.24)
Opr 0xx  Oxk Ok

k=1
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is the so-called classical Poisson bracket. In particular, (2.1.24) gives

{Pr, x1} = Sui kil=1,...,d
{xk, x1} =0 {Pk, pi} =0

0Xk oH

TR H ) = (2.1.25)
at opk

opk JH

Pk _(H, ppy = -2

” {H, pi} ™

The canonical quantization consists in the substitution of the canonical variables x;, px by
the operators xi, pr, acting on the Hilbert space of states of the system, and in the substitution of
the Poisson brackets for them by commutation relations, so that the quantum analog of (2.1.25)

becomes
[Xk. Pr] = ihdu k,i=1,...,d

~ A~ o~ (2.1.26)
[Xk, x1] = [Pk, pi1 =0
and the quantum equations of motion read as
N PN N N
—lhaF(xk, Pk) = [H Xk, pr), F Xk, pi)] (2.1.27)
where H is the quantum Hamiltonian. Here the commutator of operators is
A8 Y AB - BA. (2.1.28)

The number of degrees of freedom is not important for our discussion and, for simplicity, we
shall consider the case d = 1 in what follows.

For this simple system, all observables have the form A= A(X, p), where A(x, p) is some
function. It is clear that, in general, substitution of the variables x, p in the functions A(x, p)
by the operators x, p is an ambiguous operation. In particular, for the monomial x!p*, we can
choose different orders of non-commuting operators, e.g., x' p* or p*x’ or some other. Different
prescriptions lead to different quantum systems (with the same classical limit). Thus an ordering
rule is an essential part of the quantization procedure. We shall discuss this point in detail,
as well as its influence on path-integral construction, in section 2.3. Note, however, that for
functions of the form

A(x, p) = A1(p) + A2(x)

choice of ordering is not essential. Fortunately, the Hamiltonians of many important systems
have just this form. In this and the next sections, we shall consider this type of system.

< Elementary properties of position and momentum operators

In the coordinate representation (2.1.17), the operators x and p corresponding to the position
and momentum of a particle and satisfying (2.1.26) have the form

XY (x) = xy(x) (2.1.29)
PY(x) = —ihde v (x). (2.1.30)
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Here v (x) are some functions from the Hilbert space H = £>(R) of square-integrable functions,
with the scalar product

(p|¥) = /dx @* ()P (x). (2.1.31)
The operator p is unbounded and has a complete system of generalized eigenfunctions
PYp(x) = pYp(x)  peR (2.1.32)

In the representation (2.1.30), the eigenfunctions are defined by the differential equation

_ihaxl/fp(x) = p¥p(x)
which gives

1 .
x) = ———¢lPx/h eR 2.1.33
1//;7( ) \/ﬁ p ( )

(with a suitable normalization). This is a generalized eigenfunction, because ¥, (x) ¢ L>(R), i.e.
it is not a square-integrable function. Instead, it is a distribution: if ¢ € S (the set of Schwarz test
functions: all derivatives ¢® (x) o % exist and lim,_, o x"¢® (x) = 0 for any n and k), then
there exist the integrals

s £ / dx 5 (0p(x) = len_h / e My (x) dx (2.1.34)
where ¢(p) is the Fourier transform of ¢(x). The last equation can be inverted and
- 1 ipx/h
<P(X)=/dpfp(p)lﬂp(X)= m/dpep @(p) (2.1.35)

as is well known from the theory of Fourier transforms. This tells us that any function ¢(x) from
S (and after suitable generalization, even from H) can be expanded in the set of eigenfunctions
¥, (x), p € R, i.e. the set of eigenfunctions of p is complete.

Similarly, the operator X has a complete set of generalized eigenfunctions

XYy (x) = yiry (x) (2.1.36)
which are given as the Dirac §-function:
Yy (x) = 8(x — y). (2.1.37)
This can be rewritten as
p(x) = /w(y)l/fy(x) dy (2.1.38)

and means the completeness of the set v/, (x), y € R.
The mean value of an operator A, made of x and p in a state described by a wavefunction

¥(x), is given by
(A)y = /dx Y (X)AY (x)

with the dispersion Dy A,

Dy A)? = (A — (A)y)P)y = f dx ¥ (x)(A — (A)y) ¥ (x) (2.1.39)
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which is in general non-zero.
Taking into account the fact that the eigenfunctions of the position operator x are §-functions,
we can derive the physical interpretation of the integral:

b
]P’:/ dx |y ()P [a,b]CR (2.1.40)

is the probability that the position of the particle described by v (x) is in the interval [a, b].
Analogously, the integral

1
V2mh

has the following interpretation: |v/(p)|? is the probability density for the distribution of the particle
momentum in the state v (x).

V(p) =

/ ¥ dx e 17X/ My () (2.1.41)

<> The basic quantum-mechanical problem: the harmonic oscillator

The first substantial problem in quantum mechanics is that of the quantum harmonic oscillator.
One can say that a huge number of quantum-mechanical problems are somehow related to this
fundamental system. For example, describing movement of an atom in molecules or in a solid
body is reduced to this problem. Another important example is the quantum electromagnetic
field which is nothing but an infinite collection of harmonic oscillators (each field frequency
corresponds to an oscillator).

In classical mechanics, the term harmonic oscillator is used to denote a particle moving in

the quadratic potential
V(x) = m_a)2x2
2

where x is the coordinate of the particle. The total energy, expressed in terms of the phase-
space variables x and p, i.e. the Hamiltonian, reads as

(2.1.42)
In the one-dimensional case and in the coordinate representation, the Schrédinger equation for
a harmonic oscillator has the form
BN B 8%y mo® ,
ih—=—-————+ — . 2.143
o = T T N (2.1.43)

The essential peculiarity of the Hamiltonian (2.1.42) is the factorization property: after
introducing the complex coordinates in the phase space:

1 < [mw n i ) (2.1.44)
a=— —_—x+ — 1.
V2 h hma)p

o ! < ne i ) (2.1.45)
a = — —_0X — ..
V2 h hma)p

the Hamiltonian function (2.1.42) takes the form

H(p,x) = hwa*a. (2.1.46)
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In quantum mechanics, the coordinates (2.1.44) and (2.1.45) become the Hermitian

~
1 (\/%A+ i A)

a=— — X+ —
V2 h hma)p

conjugate operators @, a":
Af 1 < [mw_ i A)
a'=— —X———p].
V2 h hma)p

The canonical commutation relation (2.1.26) implies the basic relation for these new operators:

(2.1.47)

[@,a'1=1. (2.1.48)
In terms of these operators, the quantum Hamiltonian is written as
H(p,x) = ho@a+1). (2.1.49)
and satisfies the commutation relations

[H,a]l = — hwa (2.1.50)
[H,a"] = hoa'. (2.1.51)
The essence of the solvability of the harmonic oscillator problem consists in two facts.

First, if ¥ € £2(R) is an eigenvector of H with an eigenvalue A and afy # 0, then @ty is
the eigenvector with the eigenvalue A + 1. Second, the function

-1/2 x? h
Yo(x) = (kk/) eXPY\—5 2 k=4/—

2k mw
is the eigenfunction with the lowest eigenvalue (ground state):

~ hi
Hyro = Twl//o (2.1.52)
ayo =0. (2.1.53)

All other eigenfunctions v can be found by the repeated action of the operator a':

a . (2.1.54)

1
Yik+1 = T
Also, it is easy to check that the operator a lowers the eigenvalues of the Hamiltonian by one
unit:

1
Yi—1 ﬁm//k. (2.1.55)
Thus the operators @, @' are called lowering and raising operators, respectively. Another name
for these operators is annihilation and creation operators. Correspondingly, the state v is also
named the vacuum state (absence of particles).

Itis known that the functions v (x) have the form v (x) = constant x o Hx(x), where Hy(x) is
some polynomial. The functions v, are called Hermite functions and the polynomials Hy(x) are
called Hermite polynomials. Being eigenfunctions of the symmetric operator H, the functions
¥ (x) form an orthonormal system and a complete basis of £*(R).
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< A particle moving in an arbitrary potential

For a particle moving in some potential V (x), the Hamiltonian has the form

~ 1
H=—p"+V®
2m
2

I
= - %ag + V(x) (2.1.56)
(in the second line we have used the coordinate representation). In what follows, we shall
assume that this Hamiltonian is a Hermitian operator. The Schrddinger differential equation
should be supplemented by the initial condition

Y (x, D= = ¥(x, 10) = Yo(x) (2.1.57)

where vy(x) = ¥ (x, 1p) is the wavefunction of the particle at the time ¢ = 1.
In the case of unbounded motion in the space (all x € R are allowed), there are no boundary
conditions, and some restrictions at infinity follow just from the normalization condition

||w||2=/ dx |y (x, 0> =1 (2.1.58)

(in other words, the functions v (x) are square integrable: y € £>(R)). If the evolution operator
U(t, to) (2.1.8) is unitary (this is a necessary self-consistency condition in quantum mechanics),
the normalization (2.1.58) is satisfied at any time .

The solution of the Schrédinger equation becomes simple, if we know the eigenfunctions of
the Hamiltonian, i.e. the functions ¢,(x),n =0, 1,2, ..., satisfying the equation

Hpu(x) = Engn(x). (2.1.59)

Here we have assumed, for simplicity, that H has only a discrete spectrum, generalizations to
continuous or combined (discrete and continuous) spectra being straightforward. The solution
of the Schrodinger equation (2.1.9) is then given as

V(x, 1) = che—”f"’/%,, (x) (2.1.60)

n

where ¢, are defined by the initial condition

Yox) = Y cpe En0/ g, (x) (2.1.61)

and read as _
cn = (gl o)l Eno/h, (2.1.62)

Here the orthonormality of the systems of eigenfunctions has been used.

Thus, the solution of the eigenvalue problem (2.1.59) (the stationary Schrédinger equation)
is equivalent to the full solution of the quantum-mechanical problem in question. But, in general,
this is a complicated problem, which can be solved exactly only in few cases. Therefore, powerful
approximate methods are of great importance.

In Dirac notation, the Schrddinger equation is written as an abstract equation in the Hilbert
space ‘H R

ho |y (1)) = H|¥ (1)) (2.1.63)
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with the initial vector |y (0)) (we put 7o = 0, for simplicity). Its formal solution satisfying the given
initial condition is

() = e_i’ﬁ/hlt/f(on t>0 (2.1.64)
where the exponent is defined in the standard way as the series expansion
o . n .
—itH/h _ ﬂﬁnzl_zﬁ 2.1.65
e ;} p FH (2.1.65)

We refer to solution (2.1.64) as a formal one, since the calculaﬂon of the action of A" on [y (0))
for an arbitrary n is a non-trivial problem (if the eigenstates of H are not known).

< Transition amplitudes (propagators) in quantum mechanics

To any operator acting on a Hilbert space, we can put in correspondence its integral kernel,
which is nothing other than matrix elements of the operator in some basis of H formed by the
eigenfunctions of a self-adjoint operator (or a set of mutually commuting operators). Let {y,} be
an orthonormal basis of 1 (in general, A stands for the set of eigenvalues of a complete set of
commuting operators). Then the integral kernel K4 ()/, 1) of an operator Alis

KoV, 2) = (U |A1Y)

so that the action of the operator Aonan arbitrary vector |¢) € H in the A-representation, i.e.
the wavefunction ¢ (1) dzet (¥ le), is expressed through K4 (), 1) as follows:

(Ap)(3) = (Y1 |Alp) = f A (Y| Al ) (W L)
= /dx Kah, M)o\). (2.1.66)

The latter expression justifies the name, integral kernel. It is easy to verify that the kernel K4 of
the product A = A A, of two operators A| and A; is expressed via the convolution of the kernels
K4, and K4,:

Ko\, A) = /dk’ Ka, (W M) Kpy (W, ). (2.1.67)

Thus, in the x-representation (i.e. in the basis of eigenfunctions of the coordinate operator),
the integral kernel of the evolution operator is defined as

K (x. t|x0. 1) = (x|e— 1O~ /7|0y (2.1.68)

This is a basic object allowing us to express the solution of the Schrédinger equation (2.1.9),
satisfying initial condition (2.1.57), as follows:

(e.¢]
v = [ ko mreen 1o (2.1.69)
—00

To obtain this relation, we multiply (2.1.64) from the left by (x| and insert the unit operator

o0
= / dxo Ix0) (xol

—00



Feynman path integrals 135

on the right-hand side.
Knowledge of the Hamiltonian eigenfunctions (2.1.59) allows us to write the kernel in the
following convenient form:

K (x, tlxo, t10) = Y _ e En=0/ R, (x)p* (xp). (2.1.70)
n

Here the summation sign implies a summation over discrete eigenvalues as well as an
integration over the continuous eigenvalues.

The reader may easily recognize in (2.1.68) an analog of the transition probability in
stochastic physics, discussed in chapter 1. However, we must always remember that in quantum
mechanics we deal with probability amplitudes as basic objects. Thus, the kernel (2.1.68) is
called the transition amplitude or propagator.

The composition law for the evolution operators (2.1.10) and the completeness of the
(coordinate) basis in H give an important relation for the propagators

o0
K (x2, 12|x0,0) = / dxy K (x2, 12|x1, 11) K (x1, 11|x0, 0) 0<nh<=<n (2.1.71)

—00

which is a close analog of the ESKC relation (1.1.45). To prove (2.1.71), we must take the matrix
element of (2.1.10) between (x| and |x¢) and insert the unit operator

o
1= / dx’ |x"y (x|
—00
on the right-hand side. Then

oo

(x|U(t, t0)|x0) = / dx" (x|U(t, ") |x") (x'|U (', 10)]x0).

—00

< Example: the propagator of a free particle

Toillustrate the meaning of propagators (transition amplitudes) in quantum mechanics presented
here, let us calculate, as a simplest example, the propagator of a free particle with the
Hamiltonian

Hy=—p*=——0> (2.1.72)

For this aim, we need the generalization of the Gaussian integral formula for complex coefficients
in the exponent of the integrand:

o 2 T 824
/ dxe ¥ +/‘J’de=\/ieﬁ /G xeR, a,eC (2.1.73)
—00 o
where
Rea >0 B is arbitrary (2.1.74)
or
Reax =ReB =0. (2.1.75)

Note that for purely imaginary constants (the case (2.1.75)) the integral exists, from the
mathematically rigorous point of view, only in the sense of distributions (generalized functions)
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because of the oscillating (not decreasing at infinity) behaviour of the integrand. This means,
according to the general theory of distributions, that the rigorous sense can be attributed to this
integral only if the purely imaginary exponent exp{—i(ax> + bx)} (a, b € R) is integrated together
with an appropriate test function (with a suitable behaviour at infinity). In fact, case (2.1.74) can
be treated in that sense, too: the real part exp{—nx?} (1 € R) of the exponent can be considered
as a test function,

/oo d —ax?+px _ /oo —nx? —iax?+Bx _ .
xe dx = dxe e dx o =n+ia. (2.1.76)
—0oQ —0oQ

Sometimes, to be careful with the integration, we introduce an infinitesimal positive real part for
a even in the case (2.1.75) and sets n = Re« equal to zero at the very end of the calculations.
This procedure is usually called the in-prescription. Essentially, the result (2.1.73), (2.1.75)
for purely imaginary « can be obtained from the genuine Gaussian formula for real « by analytic
continuation and the in-prescription defines the bypass rule around the singularity (branch point)
at Ima = 0, to produce the proper phase:

* .2 T ib2/(4a)
/ dx exp{—i(ax’ + bx)} = .| —e?/G) (2.1.77)
S 1a
Using (2.1.73), the evolution operator for the free Hamiltonian Hy (2.1.72) can be derived
directly (problem 2.1.3, page 150):
K (x. 1]x0,0) = (x]e” 0/ |xp)

_ (2:1171;)1/2 exp [iz%(x - xo)z} . (2.1.78)

Again, we see a close analogy with the transition probability for a Brownian particle discussed
in chapter 1, except for the basic difference that the exponent in (2.1.78) is purely imaginary.

<> Energy-dependent propagator

As seen from (2.1.68), the propagator K depends only on the difference of times, i.e.
K (x, t|xg, to) = K (x, x0; t — tg). (2.1.79)

It is often simpler to use the energy-dependent Green function G(x, xo; E) instead of the
propagator K (x, xo; t) = K (x, t|xo, 0). The two are related by the Fourier transform:

Gx, x0: E) = /oo dr e P'PK (x, xo; 1)
ih J_
1
= A
(since K (x, xo;t) = 0 for ¢t < 0). The integral (2.1.80) can always be made to converge if the
energy E becomes slightly complex with a small positive imaginary part (the in-prescription).

The transform (2.1.80) of the series (2.1.70) gives the expansion for the energy-dependent
Green function

OO .
dteE/MK (x, xo; 1) (2.1.80)

@n (x) @, (x0)
G(x,x0; E) = R 2.1.81
(x, x0; E) Xn: E_E, ( )
Since the spectrum of A is real, singularities arise when Im E = 0. For a discrete spectrum, we
identify the poles of G with the location of bound states and the corresponding residues with the
bound state wavefunctions. For a continuous spectrum of H, the function G has a cut.
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2.1.2 Feynman-Kac formula in quantum mechanics

The basic observation underlying path integrals for time evolution of quantum-mechanical transition
amplitudes was made by Dirac (1933) on the role of Lagrangians in quantum mechanics. He observed
that the short-time propagator is the exponential of {iS/A}, where S is the classical action of the system
under consideration (see also Dirac (1947)). This eventually led Feynman to the invention of quantum-
mechanical path integrals in configuration space (Feynman 1942, 1948) (see also Feynman and Hibbs
(1965) and references therein). This complex-valued path integral, which now bears Feynman’s name,
gives a convenient expression for the propagator of the Schrodinger equation

t

K(.XI,tlx(),O) Z/

nMexp{i/tdr (lmXZ_V(X)>} (2182)
Clxo,0:x1.1) rzo\/% h'Jo 2

Later, Kac (1949) (see also Kac (1959) and references therein) realized that the analog of Feynman’s
formula with a real exponent can be mathematically rigorously justified on the basis of the Wiener
functional measure and path integral and that it can be applied to problems in statistical physics and
the theory of stochastic processes. That is how formula (2.1.82) and its statistical counterpart (1.2.94)
acquired the name ‘Feynman—Kac formula’.

In this book, we do not follow the historical development. Instead, we introduced and discussed the
Feynman—Kac formula in the preceding chapter in the framework of the theory of stochastic processes
and Wiener integrals, and now we can use these results for quantum-mechanical problems.

< Relation between the Schrodinger equation for a free particle and the diffusion equation
If a particle is free, i.e. V (x) = 0, the Schrodinger equation (2.1.9) with the Hamiltonian (2.1.72) becomes

ay _ ih 3%y

=35 (2.1.83)

and closely resembles the diffusion equation (1.1.18) with the formal diffusion coefficient

D = —. 2.1.84
QM = 5 ( )

Therefore, we can immediately write the solution of (2.1.83):

Yx, 1) = (2.1.85)

1 x?
————exp | — .
/47 Domt 4Dqwmt
However, it differs fundamentally from the genuine diffusion equation: now the ‘diffusion coefficient’

is purely imaginary and thus the function ¥ can not be normalized: as we discussed in the preceding
subsection, the integral

00 1 x2
dx ——exp{—
00 V4m Domt 4Domt
exists only in the sense of generalized functions. This is related to the fact that in quantum mechanics
the function ¥ has no direct interpretation as a probability distribution (recall that the meaning of
probability distribution is attributed to the squared absolute values of wavefunctions, ||?). In addition,
the solutions of the free Schrodinger equation, i.e. plane waves, are non-normalizable even after squaring:
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we should make an appropriate superposition of this state (a wave packet) to obtain a localized, square-
integrable function. Using the formal analogy with the diffusion equation we can immediately write the
representation of the solution of the free Schrodinger equation in terms of the path integral (i.e. write the
Feynman-Kac formula for this particular case):

t

dx(7) 1 Lo,
Ko(x, tlx0, 0) Z/ 7%1){——/ dv (2.1.86)
C{xo,o;x,,z}g\/m 4Dom Jo

which, after substituting (2.1.84), takes the form

t

d i [!
Ko(x. t]x0, 0) :/ I1 &exp{%/ dt %xz} (2.1.87)
Clx0,05x1,1} 7 %ﬂ dt 0
Thus the formal Feynman integration ‘measure’
t .
d t
dex() =[] ﬂ exp {%/ dt %xz} (2.1.88)
e=0 /2y dr 0

m

is complex valued and contains an oscillating factor instead of a decreasing exponent as in the Wiener
measure. Thus (2.1.88) is certainly not a true measure on some set of trajectories. We shall discuss the
reasons for this in more detail in section 2.2.1. In the present section, we shall try to use for quantum-
mechanical problems our knowledge about path integrals borrowed from the theory of stochastic processes
(i.e. from the preceding chapter). This is possible due to Kac’s discovery that if we consider the operator

e"H/M instead of e /" we arrive at the Wiener measure and path integral.

< Analytical continuation to purely imaginary time in quantum mechanics

Of course, using the Wiener-Kac approach, we obtain information about e~"H/7 and not about the
fundamental object of quantum dynamics, the evolution operator e itH/ h.AHowever, if we want to study
eigenfunctions, it is hard to claim that e 7#/" is any more basic than e *#//"_ Indeed, as we shall see in
this section, the path-integral consideration of the latter operator allows us to deduce general properties of

the Hamiltonian spectrum. Besides, this operator gives the lowest eigenvalue A of a Hamiltonian:
o = — lim 1~V In(y |~ /Ay (2.1.89)
t—0
where  is an arbitrary vector with non-zero projection on the eigenstate /o with lowest eigenvalue:
Hvro = rotho.
Moreover, if Aq is a non-degenerate eigenvalue and (y|vp) > 0, then
Yo = lim (e~ 2 HIhy =5 e=tH/hy, (2.1.90)
—00
(see, e.g., Simon (1979)).

The consideration of the operator e
imaginary time:

—tH/h in quantum mechanics can be treated as the transition to

t — —it. (2.1.91)
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Such a transition has a strict mathematical background, because the solutions of the Schrodinger equation
can be analytically continued in the time variable ¢ to the lower complex half-plane. The analyticity, in
turn, is the consequence of the assumption about the positivity of spectra of physical Hamiltonians (this
provides the good behaviour of the operator e ¥ in the lower half-plane of the variable z € C). Note
that, from a physical point of view, the positivity of the Hamiltonian spectrum is necessary for the stability
of the corresponding system.

This fact is especially important for quantum field theory and is basic for Euclidean quantum field
theory (see, e.g., Simon (1974)). We shall deal with it in the chapters 3 and 4. The central object of this
theory is the Euclidean Green functions which, under the so-called Osterwalder—Schrader conditions,
prove to be equivalent to the Green functions of the corresponding field theory in ordinary Minkowski
spacetime (i.e. to theory with real time). It is essential that according to the Wightman reconstruction
theorem (see, e.g., Simon (1974) and Glimm and Jaffe (1987)) all theory is defined by a set of Euclidean
Green functions satisfying the Osterwalder—Schrader conditions (or, equivalently, by the corresponding
Green functions with real time). The great advantage of Euclidean field theory is the possibility to interpret
quantum fields as generalized Markovian random fields and, hence, to apply the methods of classical
statistical physics.

In this section, we have a much more modest goal: using the possibility of a transition to imaginary
time, to consider path integrals for operators of the form e ~*/" and to derive from this path integral some
properties of quantum Hamiltonians and Bohr—Sommerfeld semiclassical conditions.

Before proceeding to this consideration, it is necessary to stress that the previously mentioned
possibility of substitution 1 — —it by no means implies that we may just forget about real-time
formulation and work with Wiener integrals only. For many quantum-mechanical (including field
theoretical) problems, this way (transition to imaginary time Green functions and then reconstruction
of the results in real-time formulation) is redundant and highly inconvenient. Thus, together with
the Wiener—Kac path-integral approach to quantum-mechanical problems, the real-time Feynman path
integral (2.1.82) and more general phase-space path integrals (see next section) are widely used.

< Feynman’s proof of the Feynman-Kac formula

As aresult of its close relation with the Feynman—Kac formula for the Bloch equation and Wiener integrals
we can readily use the result of section 1.2.5 to prove that the path integral (2.1.82) gives the solution of the
Schrodinger equation (2.1.9) with the Hamiltonian (2.1.56) (i.e. the Feynman—Kac formula). However,
since this result is of great importance and for reader convenience, we also present here independently the
less rigorous but illustrative genuine Feynman proof.
The starting point of the proof is the quantum-mechanical analog of the ESKC equation for the
propagator K :
o
/ dx; K(x¢, T|x0, 0)K (x¢, t|xr, T) = K (x4, t|x0, 0). (2.1.92)
—00
According to Wiener’s theorem from chapter 1 and the previously mentioned analogy between Feynman
and Wiener integrals, we must integrate over the set of continuous functions. It is known that the set
of such functions can be approximated uniformly on the set by piecewise linear functions, the accuracy
depending only on the number of linear pieces. This means that the integrand in the Feynman—Kac
formula for short time intervals can be approximated as follows:
i t i ~
exp {—E/ ds V(x(s))} = exp {_ﬁ(t — t)V(xt)} +6 (2.1.93)

T

where 8 —> 0, and this approximation error does not depend at small (+ — t) on a chosen trajectory (due
T—>1



140 Path integrals in quantum mechanics

to the uniform convergence). Thus we obtain the following approximation of the propagator for a short
time interval:

K(x, t|xe,7) = / dpx (s) I:exp{—i(t — t)V(xt)} +5~]
Clxe,T5x:,1} h

)2 :
exp |~ — L= 1)V

= +34 (2.1.94)
where § —> 0.

2ih(t—1)
V T m
Tt

Substituting this approximation in the ESKC equation (2.1.92), we get

o exp |~ — L= 1)V
K (x4, t|xg,0) = / dx; K(x¢, T]xg, 0) +45. (2.1.95)
. JeEm
T
m
For K (x;, t|x0, 0), we can use the Taylor series expansion around x;:
aK(-xtv 7:|XO7 O)
K (xz, t]x0,0) = K(x, T|x0,0) + T(xr —Xxr)
t
19%K (x;, T|x0, 0
_M(h x4 (2.1.96)

2 8)C12

so that using the Gaussian integrals (see supplement I, volume II), we convert the integral ESKC equation
into a differential one:

K (x1,1|x0,0) = K (x¢, T|x0, 0) (1 - %(r - T)V(xt))

L iR 2K (i, T, 0)

3 r—1)+ Ot —r1 2 . 2.1.97
Rewriting (219 ;) in the form

K (x1, t|x0,0) — K(xr, T|x0,0)  ih 9?K (x;, T|x0, 0)
t—1 T 2m 9x,2

i
- ﬁV(Xz)K(xr, 7|x0,0) + O((t — 1))
and taking the limit T — ¢, we obtain that K satisfies the equation

9K (x;,t|x0,0) ik 32K (x;, Tlx0,0) i
e P el PV (x)K (xy, T|X0, 0 2.1.98
o7 > Py - (x1)K (x, T|x0, 0) ( )

i.e. the Schrodinger equation (2.1.9) with the Hamiltonian (2.1.56).

< Feynman path integral and action functional

A very important remark about the Feynman—Kac formula is that the exponent in the integrand of (2.1.82)
is nothing but the physical action functional

t
S[x(0)] déf/ dr L(x(1)) (2.1.99)
0
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where the Lagrangian L for a particle has the form

mx2(z)
2

L(x(7)) = — V(1)) (2.1.100)

so that the Feynman—Kac formula can be rewritten as follows:

t .
dx(®) _ision

K (x;, t]x0,0) = / (2.1.101)

C{x0,0;x¢,1} =0 \/W
m

Therefore, from this representation for the propagator in terms of path integrals (Feynman—Kac
formula), it is revealed that in quantum mechanics not only the classical trajectory, given by the extremum

of the action,
0S[x(t
x®1 _ (2.1.102)
Sx (1)
is present, but all the continuous trajectories which bring the particle from the point xq to the point x; are
essential and each path gives its own contribution.
Recall that in the case of stochastic classical processes, the limit of zero temperature T — 0 (or
zero diffusion coefficient D) gives the deterministic behaviour of a system. In quantum mechanics, the
contribution of a path is defined by the factor

enSIx()] (2.1.103)

with the Planck constant / playing a role analogous to that of temperature in statistical physics. In the limit
h — 0, the integrand in (2.1.101) becomes rapidly oscillating and the only essential contribution comes
from the extremal (classical) trajectory x.(t) defined by (2.1.102) which, in the case under consideration
(i.e. for trajectories with fixed initial and final points), is equivalent to the Euler—Lagrange equation

4oz _ 9k _ g (2.1.104)

We shall consider this semiclassical limit in detail in section 2.2.3.

2.1.3 Properties of Hamiltonian operators from the Feynman-Kac formula

The aim of this subsection is to illustrate the applicability of path integrals to the investigation of the
general properties of quantum systems. Namely, we shall study the spectrum of the Hamiltonian (2.1.56)
with the potential energy satisfying the conditions

Vix)>0 Vx) —— 400 (2.1.105)

|x]—00

and we shall show, following Ray (1954) and using the path-integral technique, that this spectrum is purely
discrete:
HYm = M¥n  Ap ——> 0. (2.1.106)
n—oo
As we have discussed in the preceding subsection, in considering a Hamiltonian spectrum we may
convert the Feynman path integral into the Wiener one via analytical continuation to purely imaginary
time. After this transition, we convert the Schrodinger equation into the Bloch equation considered in



142 Path integrals in quantum mechanics

section 1.2.5, with its fundamental solution given by the Feynman—Kac formula (1.2.94). On the other
hand, the same fundamental solution can be represented, similarly to expression (2.1.70), as

K (xr, 11x0,0) = Y &4, (x0) Yrn (x1) (2.1.107)

where the completeness

D Y (x0) ¥ (x:) = 8(x; — x0) (2.1.108)

of the set of eigenfunctions of a self-adjoint operator has been used (the transition to imaginary time
converts a quantum-mechanical Hilbert space into a real Hilbert space, and thus we have dropped the
complex conjugation sign in (2.1.107) and (2.1.108)). Although we work in imaginary time and, hence,

mathematically deal with the Bloch equation, we have in mind an application in quantum mechanics and,

) def . .
therefore, use for the propagator the notation Kg (x;, f|xq, 0) = K (x¢, it|xg, 0) instead of Wy (x;, t]|xq, 0)

as in section 1.2.5. Note also that, since we do not know in advance the properties of the spectrum, the
sum in (2.1.107) implies in general summation over the discrete part of the spectrum and integration over
its continuous part.

< Relation between discreteness of Hamiltonian spectrum and compactness of the evolution
operator

In fact, the property of the operator U (1) = U (t, 0) which we are going to prove with the help of the path-
integral representation (Feynman—Kac formula) is that it transforms a unit ball in the Hilbert space # into
a compact subset of H, in other words, U (¢) is a compact (fully continuous) operator. The compactness

of the subset is understood here in the sense of the norm ||y || dg Wy in H, induced by the scalar
product. The point is that, according to the Hilbert—Schmidt theorem (Reed and Simon 1972), such an
operator has the sought type of spectrum, i.e. a purely discrete one.

To prove the compactness of U (1), we use, without a proof, the following criterion (see, e.g., Reed
and Simon (1972)):

Proposition 2.1. The subset
oo
/ dxo K (x¢, t|xg, 0)o(x0)

—00

is compact if, for any y¥o(xo), the following conditions are fulfilled:

[ee) [’} o0 2
/ dx, (V1 (x0))? = / dx,< / donB(xt,ﬂxo,owo(xo)) <R (21109

—0o0 —00 —00

00 2
/ dx; (/ dxo Kg(xy, t|x0, 0)1//0()6())) < €. (2.1.110)
[x¢|>X (e)

—0o0
Here the initial wavefunction is square integrable:
> 2
/ dxo Yy (x0) =1
—00

and the quantities R and X (¢) do not depend on ¥ (x).

Thus to prove that the evolution operator defined by the integral kernel (2.1.82) is compact, we must
prove the conditions (2.1.109) and (2.1.110).
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< Proof of the compactness of the evolution operator

To simplify the formulae, we have chosen the time and/or coordinate units so that
2h
=

1

(cf (1.1.89)).

First, we shall show that (2.1.109) is correct, i.e. that the function ¥ (x;) obtained with the help of
the propagator Kp(xs, t|xg, 0) as a result of the evolution of a system, belongs to L2(R) (in other words,
¥ (x;) is square integrable). Indeed, a wavefunction at the moment ¢ can be written as the Wiener integral
with unconditional measure (in the present case, this means integration over trajectories with arbitrary
initial points and fixed final point):

o0 t
Vi (xe) = / dxo wo(XO)/ dwx(s) exp {—/ ds V(X(S))}
—00 C{x0,0;x;,t} 0
t
= / dwx (s) ¥o(xo) exp{—/ ds V(x(s))} (2.1.111)
C{0;x¢,t} 0

where the set of trajectories in the second path integral has arbitrary initial points. In the space of
functionals integrated with Wiener measure, we can introduce the scalar product (see problem 2.1.7,
page 152)

(Alx ()1 B[x(s)]) =/ dwx(s) Alx(s)]IB[x(s)]. (2.1.112)

C{0;xy,1}

This means that expression (2.1.111) can be considered as the scalar product of the functional ¥ (xg)
(here 1o(xo) is considered as a type of degenerate functional: {[x ()] = Yo (xo), defined by a value of
the function v at the point xo) and the functional exp{— fot ds V(x(s))}. Thus the well-known Cauchy—
Schwarz—Bunyakowskii inequality for vectors of any Hilbert space, i.e.

(W) * < (W 1¥)(ple) (2.1.113)
can be applied:
W2 (x;) 5/ dwx (s) Y3 (x0) dwx(s) exp{—Z /tds V(x(s))}. (2.1.114)
C{0;x,,1) Clxs,1;0) 0
Taking into account that
exp {—Z/Otds V(x(s))} <1 (2.1.115)

for any x(¢), due to condition (2.1.105) (positiveness of the potential), the inequality (2.1.114) can be
made stronger:

Yi(x) < / dwx () ¥ (x0) / dwx(s)
C{0;x;,1} C{0;xy,1}

exp {_ (xt—x0)? }

e 13
= /Oodxowg(xo)T (2.1.116)
so that o N
/ dw?(xz)ff dxo ¥ (xo) = 1 (2.1.117)
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and condition (2.1.109) has been proved. Relation (2.1.117) also means that the evolution operator
defined by the integral kernel Kg (x;, t|xo, 0) is a contraction operator. The correctness of the condition
(2.1.110) is again proved with the help of the Cauchy—Schwarz—Bunyakowskii inequality (2.1.114) but
the necessary estimations are technically more involved and cumbersome. Interested readers may find
them in appendix B.

Thus the operator with the integral kernel given by the Feynman—Kac formula (1.2.94), i.e. the
evolution operator R
U 1) = e_%
is a compact (fully continuous) operator in the Hilbert space 7. Such an operator satisfies the conditions
of the Hilbert—Schmidt theorem (Reed and Simon 1972), according to which the spectrum of this operator
is purely discrete, with finite multiplicity, and its eigenvalues form a sequence tending to zero. Therefore,

the Hamiltonian operator H has the same properties, except that its eigenvalues tend to infinity:

An — +o00. (2.1.118)

The generalization of this consideration to the case of a Hamiltonian in a higher-dimensional space
(as well as the generalization of the actual Feynman—Kac formula) is straightforward.

2.1.4 Bohr-Sommerfeld (semiclassical) quantization condition from path integrals

Let us remember some basic facts from the standard formulation of the semiclassical approximation
(for extensive consideration, see textbooks on quantum mechanics, e.g., Schiff (1955), Davydov (1976),
Landau and Lifshitz (1981) or special monographs, e.g., Maslov and Fedoriuk (1982)).

The basic object of the WKB approximation is the local classical momentum p(x) of the particle

p(x) =+/2m(E — V(x)) (2.1.119)

which we have already introduced in section 2.1.4 (cf (2.1.137)). In terms of this quantity, the stationary
Schrodinger equation (2.1.12) acquires the form

[—720% — p?(0)]¥ (x) = 0. (2.1.120)
To develop the WKB expansion, the solution of this equation is sought in the form
Y(x) = eSH/h (2.1.121)

where the exponent S(x), called the eikonal, after substitution into (2.1.120), proves to satisfy the Riccati
equation
—ihd2S(x) + [0:S(x)]* — p*(x) = 0. (2.1.122)

If p(x) = p = constant, i.e. V (x) = 0, this equation is easy to solve:
S(x) = px + constant (2.1.123)

and (2.1.121) becomes a plane wave. In this case, the first term in equation (2.1.122) exactly vanishes. For
slowly varying functions p(x) we can develop an approximate expansion with respect to the first term.
Since the Planck constant / appears as a factor in this term, it may be used to count the powers of the
smallness parameter Swkg, the exact expression for which turns out to be the following (see, e.g., the
previously cited textbooks):

def

€

O p(x)
p(x)

2
px)

h
SWKB ﬂx . (2.1.124)
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Note that the first factor in dwkp is nothing but the de Broglie wavelength Ap; corresponding to the
momentum p(x) and the whole quantity swkp measures the relative variation of the effective momentum
p(x) over the de Broglie distance Ap;. As usual, the WKB expansion is valid only if the parameter dwkp
is small enough:

dwks < 1. (2.1.125)

Although Swkp is the true physical dimensionless parameter of the expansion, in mathematical
manipulations it is convenient to imagine 7 as a small quantity (note that Swgp is proportional to 7)

and to expand the eikonal around Sp(x) dg S(x)|p=0 in a power series in h:
S =8y — ihSi 4 (—ih)>Sy + - -.

Inserting this semiclassical expansion into (2.1.122), we obtain the sequence of WKB equations

k+1
8?81( + Z 0xSm0xSk+1-m = 0 k=0,1,2,3,... (2.1.126)
m=0
from which Sy, S1, Sz, . .. can be successively found. Keeping only the first-order terms Sp and Sy, we

arrive at the (not yet normalized) WKB wavefunction

Ywka(x) = ﬁei%f dyp), (2.1.127)

This is the simplest generalization of a plane wave to the case of slowly varying p(x). The explicit
solution of (2.1.126) shows that the contribution of S,, S3, ... is indeed small if the WKB condition
(2.1.125) is fulfilled. In the classically accessible region, where V(x) < E and, hence, p(x) is real,
Ywks is an oscillating function; in the inaccessible region with V(x) > E, it decreases exponentially.
Sewing together the function in both regions and the condition of normalization, we arrive at the Bohr—
Sommerfeld quantization condition

b
/ dx p(x) ~ (n+ Hmh (2.1.128)

where n is a positive integer, n € Z. We have used the sign of an approximate equality because
the relation (2.1.128) is obtained only in the semiclassical approximation. Note also that the condition
(2.1.125) is fulfilled only for large integers, n > 1. Thus, in fact, we can truly rewrite (2.1.128) as

b
/ dx p(x) =~ nmh. (2.1.129)
a
We are going to prove this approximate equality using the path-integral technique.

< Reformulation of the Bohr—Sommerfeld condition to be suitable for the proof by path integration
We shall assume that the potential energy in the Hamiltonians under consideration satisfies the conditions
(1) Vix)>0
(2) Meas{x : V(x) < A}|rsoo ~ CAY (2.1.130)

(3) Meas {x D SUP|y < Vix+y) < k} [rso0o ~ CAY a > 0, C are some constants.
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The measure (‘volume’; cf the explanation of this term in the proof of the Wiener theorem, section 1.1.3)
Meas{x : f(x) < a}

of the values of a variable x satisfying the condition f(x) < a, a € R for some continuous function f (x),

can be calculated with the help of the integral

[e.¢]

Meas{x:f(x)<a}=/ dx6(a— f(x)) (2.1.131)
—00
where 6(x) is the step-function. Conditions (2) and (3) mean that the two measures have the same
asymptotics in X.
We shall study the properties of the eigenfunctions of the operator
H= 182+V() (2.1.132)
=—39.2 X). 1.

That is, we shall prove that the number of its eigenvalues A, satisfying the condition A,, < A for a given
constant A can be estimated via the properties of the potential (Ray 1954). More precisely,

1

1 2
~ — Meas x,y:V(x)—i—y— <Ag. (2.1.133)
Ik A1 T 2

In fact, the relation (2.1.133) coincides with the Bohr—Sommerfeld quantization condition (2.1.129).
Indeed, let us rescale the coordinate:

Jm
X —> —|]——X
h
after which the operator (2.1.132) becomes the usual energy operator, i.e. the Hamiltonian,
~ |2 L.
H=———+V 2.1.134
man2 T (x) ( )
where
Vix)y=V (%x)

In terms of this new variable, condition (2.1.133) becomes

b
%fa dx \/2m(E — V (x)) ~ Z 1

E,<E

(2.1.135)

E/Ey>1

where we have denoted, as usual, the eigenvalues of the Hamiltonian by E,, (instead of 1,,, as in (2.1.133))
and expressed

2
Meas {x,y:V(x)—i—y? < E}

as the integral over the coordinate x (see figure 2.1). The condition (2.1.135) is nothing but the Bohr—
Sommerfeld quantization condition:

b
/dx,/Zm(E—V(x))%nnh n> 1 (2.1.136)
a
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S = {x,yly;+V(x) < E}

2
Figure 2.1. Visualization of the domain S, where the variables x and y satisfy the condition ‘7 +Vkx) < E.

which can be rewritten also as

%lass_ical pdx =n2mh n>1

region

where p is the classical momentum of the particle corresponding to the energy E:

p=+/2m(E - V() (2.1.137)

and n is the number of eigenvalues satisfying the condition E, < E.

< Proof of the Bohr—Sommerfeld condition by a path-integral method

Now we turn to the proof of the relation (2.1.133).

As usual in this section, we consider the Schrodinger equation in imaginary time, i.e. the Bloch
equation (1.2.95) with fundamental solution (1.2.94), which we denote in this chapter by Kp to stress its
relation to quantum mechanics. As we have pointed out in the preceding subsection, we can also present
the latter as follows

K (xr, 11x0,0) = Y &4, (x)¥u (x0) (2.1.138)
n
where A, are the eigenvalues of the Hamiltonian (2.1.132):

ﬁl//n = )\nl//n
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and v, are the normalized eigenfunctions:

/ dx Y ()Y (x) = Suk.-

—00

To approach the Bohr—Sommerfeld condition, we need the following lemma.

Lemma 2.1. The propagator K has the following asymptotic representation

o0
/ dx Kg(x, t|x, 0)

—00

1 o0
~ ?/ dxe VO, (2.1.139)
t—0 Y% —00

The proof of this lemma is technically rather cumbersome and we have placed it in appendix C. Here,
in the main text, we give only heuristic arguments for the correctness of the lemma:

(i) Since Kp is the transition amplitude for the Bloch equation, the left-hand side of (2.1.139) can be
presented with the help of the Feynman—Kac formula as follows:

o o0 1
/ dx Kg(x,t]x,0) = / dx/ dwx(t) exp {—/ dt V(x(t))} (2.1.140)
—00 —00 C{x,0;x,t} 0

where C{x, 0; x, t} is the set of closed trajectories with the initial and final points at x.
(ii) The Wiener path integral in (2.1.140) is defined via the discrete-time approximation and in the limit
t — 0 we can use for the approximation just one time interval:

! 1 —tV(x)
dwx(t) exp{— dtV(x(r)) ——> ——e
Cfx,0:x,1} 0 1—0 2t

so that after the integration over x we obtain the right-hand side of the relation (2.1.139).

The relation (2.1.138) gives (with a normalization of the eigenfunctions)

o0 o0
/ dx Kg(x, t|x,0) = Ze_)‘"’ =/ e_’”du( Z 1). (2.1.141)
—00 n 0

An<u

The function g(u) = an -, 1 1s a piecewise constant, steplike function (and, hence, its derivative gives
the sum of §-functions; this proves the latter equality in (2.1.141), see problem 2.1.9, page 153). Let us
write the right-hand side of (2.1.139) in a similar form:

1 e 1 [ 2
/ dxe VW = —/ dxdye (VO
NS 27 J_ oo

N2t
[ee) yZ
/ e "d,[Measqx,y:V(x)+ oo<u
0

so that (2.1.139) becomes

o) 1 oo yz
/0 e‘“’du< Z 1) :E/o e "d, |Meas{x,y: V(X)+7 <ug]-. (2.1.142)

An<u
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Now the Bohr—Sommerfeld condition in the form (2.1.133) follows from (2.1.142) and the Tauberian
theorem (see, e.g., Widder (1971)) which links the asymptotic behaviour of a Laplace-Stiltjes transform

f@, .
fa) = /O e " df (u)

and the original f(u). Loosely speaking, this theorem states that functions f1(«) and f>(u) have the same
asymptotical behaviour at u — oo, provided that their images fi (t) and fi(t) have the same asymptotics
att — 0. For the reader’s convenience, we present a simplified version of the Tauberian theorem together
with a sketch of its proof in appendix D.

Thus relation (2.1.142) and the Tauberian theorem give

>

An<u

1 2
~ — Meas{x,y: V) + % <u (2.1.143)
2 2

u—0o0

which is equivalent to the relation (2.1.133) and, hence, to the Bohr—Sommerfeld quantization condition
(2.1.136).

The generalization to higher dimensions is straightforward: we might just substitute the coordinates
x, y by d-dimensional vectors and repeat all the process. In particular, (2.1.143) takes the form

>

An<u

L ! . y?
_WMeas x,y.V(x)+7<u .

u—0o0

2.1.5 Problems

Problem 2.1.1. Find the expression for the evolution operator of a quantum-mechanical system in the case
of a time-dependent Hamiltonian.

Hint. In the time-sliced approximation, when an interval (¢, #p) is sliced into a large number N + 1 of small

intervals of length ¢ = (¢ — #9) /(N + 1), the solution of the Schrodinger equation with a time-dependent
Hamiltonian has the form

i [! ~ i [y ~
Y(t) = (1——/ dTN+1H(TN+1))(1—_/ dTNH(TN))
h N h tn—1
o
X e X <1 - 1] dry ﬁ(n)>¢(z0).
h to

Thus the evolution operator is given approximately by the product

~ i t ~ i gl ~
U(f,to)%<1——/ dTnii H(TN+1)>"'<1__/ dr H(Tl)).
h N h fo

In the limit N — oo, this gives

. . t . N2 pt 2 . .
U(f,lo)wl—l/ dt H(T1)+<—l> / dT2/ dty H(t2)H (1)
h fo h fo fo

i\ [t 12 2} ~ ~ ~
+(_1) f dt3/ dfzf do HepHe) H@m) +- (2.1.144)
h ) ) Iy
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which is called the Dyson series.
The time-ordering operator T allows us to write the Dyson series in the compact form (2.1.14).

Problem 2.1.2. Show that the quantum propagator defined by (2.1.68) satisfies the Schrodinger equation
with the boundary condition
K (x, t|x0, 10)l1=1p = 8(x — X0)

def . .
and that the retarded propagator K (ret) (., t|xo, to) = 6(t — to)K (x, t|xo, tp) is the Green function of the
Schrodinger equation.

Hint. The first statement follows from the operator equation (2.1.15) and the orthonormality condition for
coordinate eigenvectors (2.1.18):

(x| xg) |y, = (x]x0) = 8(x — x0).
The retarded propagator satisfies the inhomogeneous Schrodinger equation
[ihd, — H (—ihdy, x; ) 1K TV (x, t|x0, t0) = ih8(t — t0)8(x — x0)

and hence, by definition, is a Green function. The non-zero right-hand side arises from the term (cf the
discussion on transition probability in the preceding chapter)

[3:6 (¢ — 10)1{x [T (¢, 10)1x0) = 8( — 10){x x0).
Problem 2.1.3. Derive the propagator (2.1.78) for a free particle using the operator method.

Solution. Using the completeness of the momentum basis and the explicit form of the matrix element
(x| p), we have

Ko(x. t]x0, 0) = (x| H/M|x0)

o0 it
:/ dp(x|exp{——p }Ip><p|x0>

NS 2mh
*° it
= d ——p?
/m pexp{ S }<x|p><p|xo>
o it .
=oh dp exp {—MPZ +ip(x —XO)}
—00
m /2 . m 2
— - — (x — . 2.1.14
(Zniht> e"pilzm (= x0) } (2.1.145)

Problem 2.1.4. Using the explicit expression (2.1.78) for the propagator of a free particle, find the
wavefunction ¥ (x, t), given that

Y (xo, f0) =

1 x2
expy ———= | .
o2 P17 402
Hint.

1//(x,t)=/ dxo Ko(x, t]xo, t0) ¥ (xo, to)

—00
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Note that

w(-xs t) l—>—tz w(-x()v t())

Problem 2.1.5. Give one more heuristic (non-rigorous) proof that
o
Vix, 1) =/ dxo K (x, t|xo, t0) ¥ (xo, fo)
—0oQ
satisfies the Schrodinger equation, using direct differentiation of the propagator represented by the

Feynman path integral.

Hint. Taking into account that we do not integrate over x (¢) in the path integral representing K (x, t|xo, t),
we obtain

9 T dx(r) i 1
—v(x, 1) = / 7%10{—/ dt (—mi — V(x)>}1/f(xo,to)
ot C{Xog();XtJ}f:l_;[O /Zin:;h dt h Jy 2

== (3820 = vaw) v,

The coordinate differentiation is performed using the discrete-time approximation:

9 /’d; (220 - V@) = Jim i G N Py
ax Ji, Zx o N—oo 0XN+1 s 2 (At)? A
. m2(xN — XN-1)
= lim —mMm——~ =
N—oo 2 At

mx (1)
(note that here we have chosen a particular way of discretization). This gives

32 9 iy d (1 [T /m
—Y(x, 1) = — d 7l —( = dt(—'zt—V t)
8le//(x ) 3% Jer o Fx(7)e ax(h/,o 5% ) (x(1))

3 (mx)2 )
= \7 Y(x,

where we have assumed that the final coordinate x = x(¢) and velocity x(¢) are independent: g—;‘ = 0.
Substitution of these results into the Schrodinger equation confirm once again that K (x, #|x, f9) given by
the Feynman path integral defines time evolution of a quantum-mechanical state. Of course, this proof is
not mathematically rigorous, but has the advantage of being direct and instructive.

Problem 2.1.6. Using the Feynman path integral show that the transition amplitude K (x, t|xg, fp) can be
written as the series

i 9] t
K (x, t|x0, t0) = Ko(x, t]x0, o) — ﬁ/ dx' / dt’' Ko(x, t|x', 1)V (x', ") Ko(x', 1’| xo, 10)
—0o0 )
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N2 poo t "
1
+(—ﬁ) / dx" dx’ / dr’ / dr’ Ko(x, t|x”, )YV, ") Ko(x", t"|x', 1)
1o )

—00
X V(-x/v t/)KO(-x/s t,I)C(), t()) + -

where Ko (x, t|x’, t) is the propagator for a free particle. Interpret the result.

Hint. Expand the exponent in the Feynman—Kac formula:

K (x, , = d dtV
(x, t]x0, o) fc e px(wz ( f T V(x, r))

and use the Markovian property of a propagator to convert each term in this series to the required form.
If the potential energy is small compared with the kinetic one (e.g., contains a small constant factor),
the series can be considered as the perturbation expansion.

Problem 2.1.7. Show that the formula (2.1.112)
(Alx()]IB[x(®)]) =/ dwx(s) Alx()]B[x(1)]
C{x;,t;0}

for functionals integrated with (unconditional) Wiener measure satisfies all the axioms for a scalar product
in Hilbert spaces.

Hint. Verify explicitly that all the axioms for a scalar product are indeed satisfied for the defined
composition of functionals.

Problem 2.1.8. Starting from the inequality

1
Kp(x,t|x,0) = / dwx(s) exp {—/ ds V(x(s))}
C{x,t;x,0} 0

1
< 1/ dwx(s)/ ds exp{—tV (x(s))}
C{x,t;x,0} 0

derive the inequality

/00 dx Kg(x,t]x,0) < —/ d?;/ ds exp{—tV (§)} T
- ﬁ/_m d€ expl—1V (£)).

These inequalities are used for the path-integral derivation of the Bohr—Sommerfeld quantization
condition (see appendix C, equations (C.7) and (C.8)).

Hint. The integral on the right-hand side of (C.7) obviously exists and hence we can change the order of
the integrations:

1

' '
—/ dwx(s)/ ds exp{—tV(x(s))} = l/ ds/ dwx(t) exp{—tV(x(s))}. (2.1.146)
I Jeix,0;x,1) 0 rJo C{x,0;x,t}
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The path integral obtained contains a degenerated functional and can be calculated:
o
[ dwew ept-vaon = [ dwx(r) expl—1V (€))
C{x,0;x,t} —00 C{x,0:&,5:x,1}

)
= / d§ exp{—1V(§)} dwx(T) dwx(t)
—00 Clx,t;€,s} C{&,s;x,0}

- o[- 57 [ 22
/oodé‘ exp{—tV(§)} Nes )

(recall that C{x, t; &, 5; x, 0} denotes the set of trajectories passing through the point & at the moment s).
Integrating (C.7) over x and using the ESKC relation, we obtain (C.8).

Problem 2.1.9. Prove the relation (cf (2.1.141))

/oo e "d, Z 1= Ze_k"’.

0 An<u n

Hint. Write the sum on the left-hand side as follows:

Zl: Z@(u—kn)

An<u all A,

and use the fact that the derivative of the 8-function gives the §-function.

Problem 2.1.10. Find the energy levels E,, (n > 1) for a harmonic oscillator potential V (x) = maw*x?/2,
using the Bohr—Sommerfeld quantization condition in one dimension.

Hint. Calculate § p dx as a function of the energy and use the Bohr—Sommerfeld condition.

2.2 Path integrals in the Hamiltonian formalism

In the preceding section, we reduced the problem of path-integral construction in quantum mechanics
to that in the theory of stochastic processes, using the possibility of transition to imaginary time which
converts the Schrodinger equation into the Bloch equation. This allows us to apply the Wiener path
integral, constructed in chapter 1, to quantum-mechanical problems. However, this possibility by
no means denies the necessity of construction and use of the evolution operator and its path-integral
representation in real time. In the preceding section we have introduced, after Feynman, such an integral,
in analogy with the Wiener path integral and proved that the Feynman integral satisfies the Schrodinger
equation. As we shall show later (especially in section 2.3), this way gives an important, but restricted
type of quantum-mechanical path integral. Thus, the general problem of construction and applications of
path integrals in quantum mechanics requires its derivation directly in the real-time formalism and from
the standard operator approach.

In this section, we start from such a derivation and discuss why the quantum-mechanical real-time
path integral cannot be based on some integration measure (in contrast with the case of the Wiener integral,
cf chapter 1). Then, to get some preliminary practice with the quantum-mechanical path integrals, we
calculate them for the simplest systems: a free particle and the harmonic oscillator. The next subsection is
devoted to the important semiclassical (WKB) approximation in quantum mechanics formulated in terms
of path integrals. We have already met this approximation in the preceding section, when deriving the
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Bohr-Sommerfeld quantization condition. In section 2.2.3, we shall essentially expand this consideration
with many technical details, while in section 2.2.4, we shall discuss the relation between the eigenvalues of
a quantum Hamiltonian and the classical periodic orbits (the so-called periodic orbit theory). In addition,
in this subsection we shortly present some peculiarities of quantum systems with chaotic behaviour in the
classical limit.

In section 2.2.5, we consider a particle in a magnetic field facing, for the first time, a Hamiltonian
with operator ordering ambiguity, and discuss the influence of the latter on the path-integral construction.

In the last subsection, we illustrate the general fact that the path-integral methods derived in quantum
mechanics can be successfully applied in other areas of physics. Namely, we shall briefly discuss the
formal similarity of quantum-mechanical problems with a specific type of optical problem.

2.2.1 Derivation of path integrals from operator formalism in quantum mechanics

For simplicity, we start from the consideration of a point particle moving in a one-dimensional space and
our aim is to derive a path-integral representation for the Green function (2.1.68).

Feynman realized that due to the fundamental composition law (2.1.10) of the time evolution
operator, the amplitude (2.1.68) can be sliced into a large number of time evolution operators, each shifting
a state for a small time interval

r—1

N +1
INy1 =1

e=t;j—tj_1 = j=0,...,N+1

where N is a large positive integer. Explicitly, (2.1.68) can be rewritten as follows:

K (x, t|xo, 10) = (x|Ut, tn))U (tn, ty-1) - - -
Uy, tj—1) - Uz, 1)U (11, 10) | x0). (2.2.1)

When inserting a complete set of states between each pair of the operators U:
o
/ dxjl|xj){xjl =1 j=1...,N
—00
the Green function becomes a product of N integrals:

N N+1

o
K (x.tlxo.t0) = [ [/ dx,} [T &G ti1xj-1.t5-0) (22.2)
j=1=7m j=1
where
X = XN+1 I =1IN+1.

The integrand is the product of the amplitudes for infinitesimal time intervals:
K(xjotjlxj, 1) = (xjle e HO M ) (22.3)
with the Hamiltonian operator H, which in general can be time dependent.

Further derivation of the path-integral representation for the Green function crucially depends on the
properties of a chosen Hamiltonian operator.
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< Derivation of the phase-space path integral for Hamiltonians without terms containing products
of non-commuting operators

The simplest case corresponds to Hamiltonians having the standard form of the sum of a kinetic 7 (p, t)
and potential V (x, t) energy:

H(p,x;t)=T(p, )+ V(x,1) (224)
with the potential V (x, t) being a smooth function of the coordinate x. In this situation, the time
displacement operator,

exp {—1%ﬁ} = exp {—i%(f + V)} (2.2.5)

is factorizable for a sufficiently small &, according to the Baker—Campbell-Hausdorff formula (see
supplement I'V, volume II)

2
exp {—i%(T n V)} — exp {—i%V} exp {—i%T} exp {—iﬁR} (2.2.6)
where the operator R is defined by the series
-~ i~ ~ 1 ~ ~ = 1 ~ ~ =~
RY %[v, T - % (g[v, V.70V, 71, T]) + 0. 22.7)

The omitted terms of order €2, &3, . .. contain higher commutators of Vand T.

The R-term is suppressed by a factor £2 and we may expect that in the limit €2 — 0 of infinitesimally
small time slices it has a vanishing contribution. We shall clarify this point later; for the moment, let us
just drop this term and see the resulting expression for the time evolution amplitude (2.2.1). First, we
calculate in this approximation the amplitude for an infinitesimal time displacement:

. A~ oo . S~ - o~
(xj|e—18H(p,x,l])/h|xj_l> ~ / d.x <xj|e—18V(X,I])/h|x>(xle—IST(p,l])/h|xj_l>
—00

9] —~ oo . ~
_ / dx <xj|efie\/(f,t,-)/h|x)/ ﬂeip_,‘(xij,l)/hefisT(pj,t,-)/h
o0 27h

—00

*© —ieV(xj,t;)/h * dp;j ; i(x=x;_1)/h.—ieT(pi,t;)/h
= / dx §(xj —x)e Tl / ne”f Xxj-D/ e Pt
00 —o0 &0

* dp;j i i~ ~
= 7ooﬁexp ﬁpj(x—xj_l)—ﬁs[T(pj,tj)+V(x.,~,tj)] . (2.2.8)

Inserting this into (2.2.1), we obtain the finite approximation for a path integral in a phase space

N o NHE oo g .
K(x,flxo,fo)=l_[[/ dxj} l_[ [/ ;';Jexp{;LSN(PL...,PNH;XO,...,XN+1)} (2.2.9)
o

j=1 %0 j=1

where Sy is the sum

PR Xj—Xj_

Sy = ;e[pj’f"—ﬂ(pj,xj,z,)] (2.2.10)
in which we can easily recognize the finite approximation for the action of the system under consideration
(a point particle with the Hamiltonian H (p, x, t)).

Another way of heuristic derivation (that is, based on neglecting terms similar to the operator Rin
(2.2.7), without proper mathematical justification) uses the Taylor expansion of the exponentials for small
e. We suggest the reader should carry out such a derivation as a useful exercise (problem 2.2.1, page 190).
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< Justification of the path-integral derivation: the Trotter product formula

To clarify the approximation which we made by neglecting the R-term in (2.2.8), let us consider, at first,
the time-independent Hamiltonians and smooth potentials. In this case, we can show that in the limit
e — 0, the approximate relation (2.2.8) becomes the exact equality. This follows from the so-called
Trotter product formula, which reads as

. . . N
exp{—%(f—to)ﬁ}zj\}ijnw (exp{—%SV(Y)}eXp{—%Sf(@}) . 2.2.11)

The Trotter formula implies that the commutator term R from (2.2.6) which is proportional to £2 does not
contribute in the limit N — oo.
The heuristic proof of the formula is as follows. We note that

i ~ i <\
exp{—ﬁ(t—to)H}=<exp{—ﬁsH}>

and write the difference between the operators with and without R-terms in a peculiar way (denoting, for
. def ;
brevity, A = %):
—AT/N .—AV/N\N —2(T+V)/N\N
(e /Ng /)—(e("")/)

_ [efﬁ/zvefxﬁ/zv _ ef)\(?Jr/V\)/N](ef)n(’T\JrV)/N)Nfl

+e
TR (ef)\f/Nef)\/V\/N)Nfl [efﬁ/Nefx\?/N _ efx(ﬂ\?)//v]' (2.2.12)

—Af/Ne—AV/N[e—,\f/Ne—M?/N _ e—x(f+\7)/N]e—A(f+\7)(N—z)/N

The right-hand side of the identity (2.2.12) contains the factor

[ T/Ne=2V/IN _ o=MT+V)/N) (2.2.13)

which by (2.2.6) is of order £2. Hence, in the limit, the difference is zero.

In effect, we have given a non-strict proof of the Trotter formula. However, the difference in (2.2.13)
contains operators and hence a correct consideration must use a more precise and clear meaning of words
like ‘of order 82’, etc. In other words, we have to operate with some sort of norm, to speak about the order

of a quantity. Recall that the norm || - || of an operator A acting on a Hilbert space ‘H is defined as follows:
~ def A
IA] £ sup 14y (2.2.14)
ven V1

Here ||¢|| is the Hilbert space norm for any ¢ € H:

lol € Vigle). 2.2.15)

If the Hilbert space H in (2.2.14) is finite dimensional, the norm of a self-adjoint operator Ais just equal
to its largest eigenvalue: R
|A]l = max{A;} (2.2.16)
l

where {A;} is the set of eigenvalues: :4\10 =AY, i =1,...,d (problem 2.2.2, page 191). For an infinite-
dimensional Hilbert space, calculations of the norm are not reduced, in general, to the determination of the
maximal eigenvalue of an operator and the limiting procedure (supremum) in the definition is required.
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To apply this operator norm for the proof of the Trotter formula, we note that, by assumption, the free
Hamiltonian Ho = T( P, t), the total Hamiltonian H=T + V and the potential energy V are self-adjoint

operators. Hence the corresponding operators e'’ T/ h eit VIh and i f/P gre unitary and, therefore, their
norms are equal to unity,

TR = 1R = et R = 1 (2.2.17)
because any unitary operator A (:4\*;\\ = AAT = 1) is norm preserving: ||Z¢/|| = ||¥|l. Thus, using

(2.2.17) and the operator identity (2.2.12), we obtain

([ T/NeAVINYN _ (o= @+V)/N)N 1y

< [ M TINgMVIN _ =2 @+V)/N (o= MT+V)/NYN=1

i ”efﬁ/Nefo/N[efxf/lvefw/lv _ efx(ﬂ\?)/N]efx(ﬂ\?)(/vd)/Nw”

4ot ”(efxr/zvefw/zv)/vfl [ef)\T/Nef)»V/N _ e—A(TJrV)/N]I//”

=NO 0 2.2.18
(N2>Nj<:o ( )

where the limit is uniform in 7 and we have taken into account that (exp{ —)»(/T\+ V) /NPTy for0 <t <t
is a compact set in H.

This completes the sketch (mathematically rather superficial) of the following theorem (Trotter
1959):

Theorem 2.1 (Trotter product formula). Let A and B be self-adjoint operators on a separable Hilbert space
so that A + B, defined on D(A) N D(B), is self-adjoint. Then

N—oo
Note that, if we consider real exponentials, e ™’ (A+B) ,e ! A et B , the Trotter formula is proven under
the additional condition that the operators A and B are bounded from below. For further details, see, e.g.,
Nelson (1964) and Simon (1979).

< Continuous limit for the phase-space path integral

Under the conditions of the Trotter product formula, the discrete approximation (2.2.9) is correct and
we can pass to the continuum limit. The continuum limit for the action is without subtleties (the
approximation (2.2.10) is an ordinary Darboux sum):

t

Slp.x] = sli_f)%SN = / dt (p(1)x(r) — H(p(1), x(1))). (2.2.20)

fo

Evidently, this is the classical canonical action for the paths x(z), p(z) in the phase space, with the
boundary condition x (fy) = xg, x(f) = x.

In the same limit, i.e. ¢ — 0, N — o0, the product of infinitely many integrals in (2.2.9) will be
called a path integral over the phase space and will be denoted as

N N+1
D 0 0 Jp-
/ (1 p(T)F[p(r),X(‘L')] dé lim |:/ dxjj| [/ ﬂj|
Clxo.to;3x,1} 21 h N%ooj:1 —c0 . 00 2mh

X F(p1,.... DN+15 X0 - -y XN+1) (2.2.21)

=
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where F[...] is an arbitrary functional and x 41 = x. Here we have introduced the conventional notation
Dx(t), Dp(r) for the infinite-dimensional ‘volume elements’ which we shall extensively use in what
follows. Note that, by definition, in the finite-N expression, there is always one more p;-integral than
the x j-integrals in the product. While xo and xy41 are held fixed and the x j-integrals are performed for
Jj=1,..., N, each pair (x;, x;_1) is accompanied by one p-integral for j =1,..., N + 1.

This asymmetry in the integration over x and p is a consequence of keeping the endpoints fixed in
the position (configuration) space. There exists the possibility of proceeding in a conjugate way, keeping
the initial and final momenta po and p fixed (see problem 2.2.4, page 192). In this case, the finitely
approximated path integral has the opposite asymmetry—there is now one more x j-integral than the p ;-
integrals—and the resulting path integral reads as

_ N % dp; N+1 00
U(t, ~ 'l dx;
(plU(, 10)| po) 1_[[/_0o ML] [/_m x,}
J=1 J=1
i Pj— Pj-1
Xexp{ﬁZe[—xj'%—H(pj,x]-,tj)}}. (2.2.22)

A path-integral symmetric in p and x arises when considering the quantum-mechanical partition
function defined by the trace (cf chapter 4)

Z(t.10) & Tre i/, (2.2.23)

In the coordinate basis of the Hilbert space, the trace becomes an integral over the amplitude
(x|U (t, ty)|x0) with x = xq:

o
Z(t,tg) = / dx (x|U(t, to)]x). (2.2.24)
—0oQ
The additional trace integral over xy1 = xo makes the path integral for Z symmetric in p; and x;:

N+1

" dx - ~ ok, ~dni1_TT " dxjdpj 2225
N l_[ & l_[ 2nh| l_[ 2rh | (2.2.25)

j=1

It should be noted that, starting from the momentum representation, we would obtain the same expression
for the partition function (2.2.24), though the time-slice approximation for the actions in (2.2.10) and
(2.2.22) are different (problem 2.2.2, page 154).

With definition (2.2.21), the time amplitude (Green function) can be written in the short form

K (x, t|x0, 10) = / Dx&eis[f’“wf)]/h. (2.2.26)
Clxo,t0:x,t} 2 h

Here C{xo, to; x, t} is a path in the phase space with fixed initial and final positions (and arbitrary
momenta).

What is the mathematical meaning of this ‘integral’? Or, formulating the question in a more practical
fashion, how do we calculate it?

Attempts to attribute to this expression a traditional meaning, in the spirit of the Wiener continuous
integral, as an integral defined by a measure in a functional space, have met too many difficult problems
in this case. Another extremal point of view stating that expression (2.2.26) is nothing but ‘a hieroglyph’
for encoding the (combinatorial) properties of perturbation theory in quantum mechanics seems to be very
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restrictive. We shall understand the path integral (2.2.26) as a limit of finite-dimensional approximations.
However, it turns out that for more general types of Hamiltonian than those considered in this section,
these path integrals are sensitive to a choice of the discrete approximation, the ambiguity in this
dependence being of the same nature as the general ambiguity in the quantization of classical systems
(operator ordering problem). In section 2.3, we shall discuss and substantiate the limiting procedure
(on the rigorously ‘physical’ level). We shall clarify the set of trajectories in the phase space which are
essential for the integral (2.2.26) (supporting the phase path integral). It turns out that these trajectories
are necessarily discontinuous (in sharp distinction to the Wiener path integral, cf section 1.1.3). Moreover,
the set of functions which contributes to the phase-space path integrals is not uniquely defined: we can
vary the sets of trajectories increasing the smoothness of the coordinates for an account of smoothness of
momenta and vice versa. However, it is impossible to make both coordinates and momenta continuous.
This fact is in accordance with the fundamental uncertainty principle of quantum mechanics.

< Reduction of the phase-space path integrals to the configuration Feynman path integrals for
Hamiltonians with quadratic dependence on momenta

In the preceding section, we considered another type of path integral in quantum mechanics, in which
integration is carried out over trajectories in configuration space only. As we have already noted, in his
original paper, Feynman discussed only this quantum-mechanical path integral. The relation between the
two types of integral can be easily established for the case of Hamiltonians of the form (2.2.4), with the
standard kinetic term

p?
H=—+4+V(x,1) (2.2.27)
2m
for which the discrete action (2.2.10) takes the form
N+1 X P2
—Xj- J
—— =V, t)]|. 2.2.28
Z € |:p] . m (x; J):| ( )

Since this expression is quadratic in the momenta, we can integrate them out. The standard method for
doing this is a square completion, i.e. first we rewrite (2.2.28) as follows:

N+ 1 Xj—Xj_1 > om Xjp—Xj-1 ’
SszX_;S 5 (P =T m) S () Ve | (2.2.29)

Integrating over momentum variables in the time-sliced phase-space path integral we arrive at an
alternative representation of the Green function:

K(x.tlx.10) = lim_ (2.2.30)

where Sy now reads as
N+1 . 2
Sy = Ze[ ( /- 1) —V(xj,tj)i| (2.2.31)

with xy4+1 = x. In the continuum limit, the sum (2.2.31) converges toward the action in the Lagrangian
form

t
S[x]:/ dt L(x, x) (2.2.32)
fo
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with the Lagrangian
L(x,x) = Ex —V(x,1). (2.2.33)

Thus, in the continuum limit, the functional integral takes the form of the Feynman path integral
considered in the preceding section:

i 1
K (x. t]x0, 10) = / dre(r) et Jo 47V
C{xo to;x,t}

t
C{xo to;x,t} =0

27‘[1h dt
= / Dyox(z)eFSHO] (2.2.34)
C{xo to;x,t}
Here D, x(7) stands for the ‘measure’
d
Dyrx(r) & ]_[ _dx@ (2.2.35)

=04/ %Z'l—lhdf

Correspondingly, in the discrete approximation with time slices of thickness &, we shall use, for brevity,
the notation

def 1
Dox(1) =

(2.2.36)

< Why the quantum-mechanical path integrals are not defined within integration measure theory

Expressions (2.2.34) are Feynman’s original formulae for the quantum-mechanical amplitude (2.1.68).
They consist of a sum over all paths in configuration space with a phase factor being the action
S[x]. It is necessary to mention that various attempts to define this integral outside the framework
of a discrete approximation have been made. They require rather involved mathematics, and although
definitely of general interest, have not thus far turned out to be analytically powerful and with impressive
practical results. Thus we shall not discuss them here, referring the reader to the reviews and papers by
Albeverio and Hgegh-Krohn (1976), Mizrahi (1976), Truman (1978), DeWitt-Morette et al (1979) and
Cartier and DeWitt-Morette (1996). Very roughly, we might say that these attempts aim to construct a
mathematically profound generalization of the in-prescription, used for the correct definition of finite-
dimensional complex Gaussian integrals (cf (2.1.77)).

The general reason for the impossibility of constructing a measure for the Feynman integral has
its origin in the fundamental properties of quantum mechanics and its essential distinction from classical
statistical physics and the theory of stochastic processes. Indeed, as we pointed out in chapter 1, a measure
appears inevitably in any theory which contains probabilities. Thus we might expect to encounter a
measure if considering an expression for some probability. But in quantum mechanics we deal with
the more fundamental notion of a probability amplitude! By ‘more fundamental notion’ we mean that
knowledge of an amplitude immediately gives the corresponding probability, but the former contains more
information about a quantum-mechanical system than the latter. The distinction between the notions is
the root of the difficulties with measure definition in the case of the Feynman integral.

It is worth recalling that speaking about the movement of a quantum-mechanical particle in terms of
a path it took from here to there easily leads to contradiction and confusion. The standard counterexample
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to such an idea is the well-known two slit experiment (see, e.g., Dirac (1947) and Schiff (1955)). An
electron passes through either (or both) of two slits on its way to a screen. The screen is a detector for
position and an interference pattern can be seen. Any attempt to verify that the electron went through one
slit or the other by a localization of the electron destroys the interference pattern. If we tried to describe
this experiment in terms of the classical notion of paths as in the theory of stochastic processes, we would
use conditional (transition) probabilities W (x, t|x’, ¢’), satisfying the fundamental Markovian property

o
W (x, t|xo, to) = / dx' Wx, tlx', YW, ' |xo, to) t' e [to, t]. (2.2.37)

—00

Such a description does not give any interference pattern. In quantum mechanics, there is a different
rule: we work with probability amplitudes K (x, ¢|xo, o) which also depends on two states and satisfy the
similar relation

o

K (x, t|xo, to) =/ dx K (x,tlx’, YK, t'|x0, to) t' € [to, 1] (2.2.38)

—00

but only the square of the absolute value |K|? is interpreted as a probability. Due to this distinction,
although there is the integral in (2.2.38), we cannot say that the system was either in x| or x; or . .. at the
time ¢/, since then we should have a relation similar to (2.2.37) for |K |2, but this contradicts (2.2.38).

The same reasoning is applicable to the Feynman path integral. Although it represents a sum over
paths, there is no assertion that the system followed definite paths with certain probability (and, hence,
no measure appears in the path-integral construction). Rather, we compute probability amplitudes for the
paths and sums the amplitudes.

As we have learned in the preceding chapter, it is the Markov property of transition amplitudes that
is the cornerstone for their (Wiener) path-integral representation. In the case of quantum mechanics the
similar Markov-like relation (2.2.38), this time for transition amplitudes, lies at the root of path-integral
construction (recall that the Markov-like relation (2.2.38) is the direct consequence of the completeness
axiom in quantum mechanics, cf section 2.1.1). Using (2.2.38), we can reduce any transition amplitude
to the composition of those for infinitesimal time displacements (i.e. to the discrete approximation for the
path integral). Then the only question is what to take for the Green function K (x, r+¢€|y, t) corresponding
to this infinitesimal displacement. It was Dirac (1933) who first observed (see also Dirac (1947)) that the

exponent
s
X 1—
P

is a good approximation for the Green function in the case S < 7 (S is the action of a quantum-mechanical
system). In particular, this happens when the action is small because of the small time interval over which
K is supposed to propagate. Consequently, for a short time ¢, the propagator from y to x is approximated
by K (x,t + ¢|y, t) =~ exp{iS/h}. This is the heuristic ground for the Feynman path-integral construction
in quantum mechanics.

2.2.2 Calculation of path integrals for the simplest quantum-mechanical systems: a free particle
and a harmonic oscillator

Before we proceed to a more profound discussion of the properties of the phase-space integral (the
analog of the Wiener theorem: determination of a set of essential trajectories which we must integrate
over; the relation to the quantum-mechanical operator ordering problem), let us acquire some practical
experience with this path integral by considering a few examples of quantum-mechanical systems and the
semiclassical approximation for its calculation.
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< Path-integral calculation of the transition amplitude for a free particle

According to (2.2.26),

Dp i . P
Ko(x, t|xo, 1) = Dx——exp3 — dt | px — — (2.2.39)
C{XO,I();X,I} Zﬂh h to 2m
and, after integration over momenta, the Feynman integral takes the form
i ! m . 2
Ko(x, t|xg, t9) = Dxexpi— dt —x“ ;. (2.2.40)
C{xo,t0;x,t} h o 2

The time-sliced expression to be integrated is given by (2.2.30) and (2.2.31), where we have to set
V(x) = 0. The calculations literally repeat the ones we carried out in section 1.1.4, with only the change
that we must use the imaginary integration formula (2.1.77) instead of integration of real Gaussians. The
calculations yield the free-particle amplitude

Ko(x, 110, fo) ! im (x — x0)” (2.2.41)
X, t|xo0, to) = expy ————}. 2.
0% FiR0- 0 2Tkt = to)/m P72 r—to

This amplitude agrees with the result in the operator approach which we obtained in section 2.1.1 (cf
(2.1.78) and problem 2.1.3, page 150).

Another calculation method for this simple integral is the mode expansion, as discussed in
section 1.2.7. This method is more involved and seems to be superfluous for the simple case under
consideration, but it turns out to be useful for the treatment of a certain class of non-trivial path integrals,
after a suitable generalization. Therefore, we also present it here.

Recall that when calculating Wiener integrals in chapter 1, we split all paths into the classical
trajectory x.(7) plus deviations X (7):

x(1) = xc(7) + X (7). (2.2.42)

The classical trajectory for a free particle has, of course, the same form (1.2.118) as for a free Brownian
particle:

xe(T) = x0+ ); :foo (t —10) (2.2.43)
and is defined by the same equation of motion
X.=0. (2.2.44)
The deviations vanishing at the endpoints
X)) =X@#)=0 (2.2.45)

are now called the quantum fluctuations of the particle trajectory.
When inserting the decomposition (2.2.33) into the action, we observe that, due to the equation of
motion (2.2.44) for the classical trajectory, the action separates into a sum of the classical and purely

quadratic fluctuation terms:
t t t
—m/ dtch—i-—/ dt X?
) 2 )

fo

t
/ dr (x% + X%]
fo

t t
ﬂ/ dt [£2(1) + 2i(1) X (1) + X2(1)] = ﬂ/ dr 32+ miX
2 to 2 fo

-4
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The absence of a mixed term is a general consequence of the extremality property of the classical path,
88| x(r)=xe(r) = 0. (2.2.46)

This implies that the fluctuation expansion around the classical action

Se ¥ Shxe] (2.2.47)

can have no linear term in X (7), i.e. it must start as

S0t / dT/O ar (Sx(t)éx(t) x(r):xc(t)X(T)X M (2249

The amplitude now factorizes into the product of a classical amplitude eS¢/ h and a fluctuation factor

ot —19):

Ko(x, t]x0, to) = €5/ (t — 10). (2.2.49)
For the free particle, the classical action is
' RY
Se = / dr 252 = m (x — x0)” (2.2.50)
0 2 2 t—tp

The fluctuation factor is given by the path integral

. t
¢>(r—z0)=/ Dd,X(z)exp{l/ ﬂ)’(z} (2.2.51)
C{0.1:0.10} hJiy, 2

Since X () vanishes at the endpoints and due to time translational invariance, the fluctuation factor ¢ can
be determined from the normalization condition for the amplitude as in the calculation of the transition
amplitude in section 1.2.6. However, it is instructive and useful for more involved cases to calculate this
factor explicitly.

Explicit evaluation of this factor requires the calculation of the multiple integral (i.e. the path integral
(2.2.51) in the discrete-time approximation)

N
M — ¢ / s“‘)} 2.2.52
o 0) = «/27t1h8/m /1:[1 [ «/anhe/mi| exp { ( )

where S/(\fl) is the time-sliced fluctuation action
N+1 2
X, —Xi_
st = %g 3 (’7”> . (2.2.53)
£
j=1

At the end, we have to take the continuum limit

t—1
n— 0o e = — 0.
N+1

Making use of the finite-difference operators (1.2.195), the action (2.2.53) can be rewritten in the
shorter form

N+1
M _m 5(6) v )2
Sy’ = ¢ Z(a X;)%. (2.2.54)
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Inserting now the expansion (1.2.209) into the time-sliced fluctuation action (2.2.53), the
orthogonality relation (1.2.210) results in

N N+1
m = m -
s§ = > § O(a“)x,)z = e » 1 QuQpar, (2.2.55)
Jj= n=

and the fluctuation factor (2.2.52) becomes

oMt —19) = ﬂszms'zma,i} . (2.2.56)

1 N dx; al i

T U | e e n
2mihe/m joi Lo 2mihe/m i h2
In full analogy with the calculations in section 1.2.7, after the change of the integration variables (1.2.209)

and (1.2.212), the integration of (2.2.56) can be performed with the help of the Gaussian formula (2.1.77)
with the result:

1

V27ih(N + 1)e/m
1
= = ¢t — 1p). 2.2.57
Tt om0 T (227
Combining this factor with the contribution from the classical path, we again obtain for the amplitude
of a free particle the formula (2.2.41).
It is straightforward to generalize this result to a point particle moving through any number d of

¢M(t — 1) =

Cartesian space dimensions. If x = (x1, ..., x4) denotes the spatial coordinates, the action is
m (',
S[x]=— drx”. (2.2.58)
2 Ji

Being quadratic in x, the action is the sum of the actions for each component. Hence, the amplitude
factorizes and can easily be found from the one-dimensional case (2.2.41)

| i m (x —x0)?
e = im@x—x)”| 2.2.59
0%, 1o, 10) = (e exP:h 2 11 } o2

< Transition amplitude for the harmonic oscillator

A further problem which can be solved along similar lines is the time evolution amplitude of the linear
oscillator:

fletho-0) / Dx {iS[ ]}
. fo)= X expy 7 Slp,x
Clxo.tix.t)  27h i

= / Dyex exp {lS[x]}
C{xo,to;x,t} h

exp {ihsc[x]} bo(t — to). (2.2.60)

Here the canonical action S[p, x] for a harmonic oscillator is

! . I, mw? 2
Slp,x] = dt | px — —p"— —x (2.2.61)
P 2m 2

0
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and the Lagrangian action S[x] reads correspondingly

" m
S[x] = / dt 3()&2 — w*x?). (2.2.62)
i1

0

After reducing the phase-space path integral to the Feynman (configuration) one, the calculations are
again very similar to those in section 1.2.7. The classical part of the action has the same form as (2.2.62):

t
Se[x] = / d;%(xg—wzxg) (2.2.63)
fo

and the solution of the corresponding boundary-value problem

¥e = —xc
(2.2.64)
x(ty) = xo x(t) =x
reads . . )
xe(t) = xsinw(t —fy) +xpsinw( — 7 . (22.65)

sinw(t — ty)
After a simple calculation (using an integration by parts), we can rewrite the classical action in the form

nmaw

_ 2 2 _ _
= Sinaa Sl —10) [(x° + x5) cosw(t — tg) — 2xx0]. (2.2.66)

The fluctuation factor is defined by the fluctuation part of the action
t m .
sMix) = / dt E(X2 — 0’ X?) (2.2.67)
fo

and to find it explicitly, we have to calculate the multiple integral (path integral in the time-sliced
approximation):

) S dx; im N ©F6) _ 2
t—1t it B 2 Xi[-0©3® — X
o 0)= V2 1h8/m 11:[1 |:/oo «/Znihe/m]exP{h 28 Z: it @ 1k k}

o0 day,

N .
mﬂ[/mm}ﬂe {5 @ -] @26

n=1

where a, are the coefficients of the Fourier expansion of X (t) (cf the case of a free particle and the
calculation in section 1.2.7).

Calculation of this integral is similar to that of the free particle but with the important distinction that
the eigenvalues

- 1 b/
Quy — o = [2 —2cos ( . g)} — (2.2.69)
& r—1
of the operator in the exponent of the integrand (2.2.68) may be negative for a large enough time interval
(t = 10).

At first, let us consider the case of strictly positive eigenvalues. Then the Gaussian formula gives

1

P = 1:[1 Ve (R Q2 — 0?)

(2.2.70)
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By introducing an auxiliary frequency @, satisfying

LW Ew
sin — = —

2 2

the product of the eigenvalues can be decomposed into the known result for the free-particle fluctuation
factor and the standard product formula (Gradshteyn and Ryzhik (1980), formula 1.391.1)

N .2 .
l_[ (1 __ sin“ b ) _ 1 sin(2(N + 1)b). 2.2.71)
sin

2 _nn sin2b (N +1)

n=1 2(N+1)

Indeed, separating the free-particle determinant as a factor (cf section 1.2.7), we obtain
N N N 2 = 2
- - e (2,2, — )
]_[ (2, Qp — 0?) = ]_[ &2 ]_[ ZQ—’Q
m=1 n=1 €738 3en

n=1
N L2~
| (1 - M) . (2.2.72)
n=1

2 nm
SIN 3N+

I
=i

The first factor is equal, as we know, to (N + 1), while the second is found from (2.2.71), with b = we/2.
As a result, we arrive at the fluctuation determinant

N
det(—e(0®8® — ) = [ [1e* (0 — )] =
N

n=1

in@(t — t
sino{t — fo) (2.2.73)
Sin Ew

and the total fluctuation factor

oMt — 10) = —— Sin e (2.2.74)
O amihim\ esina( —t0) -

Here +/i is assumed to mean e/, The result (2.2.74) is valid for positive eigenvalues and, in particular,
as easy to check using (2.2.69), for the time interval satisfying the inequality

b4
t—t) < =. (2.2.75)
w
If t — to grows larger than 77 /@, the smallest eigenvalue Q1€ — w? becomes negative and the resulting
amplitude carries an extra phase factor e"7/2 and remains valid until  — 7y becomes larger than 27 /@,
where the second eigenvalue becomes negative and introduces a further phase factor e =17/,

To automate the appearance of correct phases, we might use the in-prescription (cf section 2.1.1). In
the present case, it is convenient to realize it as an infinitesimal shift in the frequency w to the complex
plane, ® — w — in. The oscillator amplitude with such an addition has a damped behaviour, g—lot—nt
as if energy dissipation existed in the system. We have to note, however, that the quantum description of
non-conservative systems with energy dissipation is an involved and subtle subject and we will not pursue
it further here. Instead, we shall consider the in-prescription as a formal trick. With n # 0, we can use the
universal Gauss formula (2.1.73), valid for complex numbers with a positive imaginary part. Now, each
time that r — o passes a multiple of 7 /@, the square root of sin@(r — 1) in (2.2.74) passes a singularity
in a specific way, defined by the in-prescription which ensures the proper phase. In such a way, we can
consider any value of t — .
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In the continuum limit ¢ — 0, the fluctuation factor becomes

1 w
ot —19) = oL / r—— (2.2.76)

Combining the classical and fluctuation factors, we obtain for the time evolution amplitude of a harmonic
oscillator the expression

1 w
K =
(x, t]x0, 10) Wm

1i mw 5 2
X € —— cosw(t —ty) —2 . 2.2.77
xp{zhsmaxt_nﬂﬁx +xdcosw(t - 1) xxd} 2.2.77)
The result can easily be extended to any number d of dimensions, where the action is
! m
S[x] = / dt — (%2 — 0’x?). (2.2.78)
Io 2
Being quadratic in x, the action is the sum of the actions for each component leading to the factorized
amplitude
1 1) a/2
K(x,t|xo, 19) = - -
. tlxo.10) = T2 (sma)(t — ro))
L0 12y cosalt — 1) —2exal L. (2.279)
X expy--————[(x“ 4+ x7) cosw(t — tg) — 2xx0] ¢ . 2.
P12n2sine — 1) 0 0 0

We want to stress once again the following point concerning calculations using the Fourier mode
expansion. At first sight, the fluctuation factor in the continuum limit may be calculated via the continuum

determinant |

— - .
e—0 /2mwihs/m \/det(—af —?)

¢ — 1) (2.2.80)

But the point is that the determinant det(—at2 — ?) is strongly divergent (because its eigenvalues grow
quadratically) and only a combination of the two singular factors in (2.2.80) may result in a finite
expression. For its accurate calculation, we need what is called a regularization, the most natural and
physically transparent being discrete time-slicing which we have just used in the actual calculation of the
fluctuation factor and, as we have found, the fluctuation factor can be written in terms of the ratio (cf
section 1.2.7) of the determinants for a harmonic oscillator and a free particle

$(t —10) ~

(2.2.81)

_1
1 dety (—e29@9®) — 242y | 2
V270t — to)/m dety (—e29®)9(®))

_1
1 det(—=9? —w?) | °
H -
e—0 /271h(f — )/ m det(—d?)

1 lo_o[ a),zl —w? |
V2rih(t —10)/m w?

_ 1 w(t — o)
~ 2mihjm m : (2.2.82)

(S
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<> The harmonic oscillator with time-dependent frequency: calculation by the Gelfand-Yaglom
method

Now let us consider a slight generalization of the oscillator problem in terms of path integrals, namely,
the harmonic oscillator with time-dependent frequency w(t). The associated fluctuation action is still
quadratic:

foom o o 2 2
Sa[X] = dt E(X —w ()X°) (2.2.83)
fo
and the fluctuation factor is
i
P(t,t9) = / Da: X (1) exp {—Sﬂ[X]} . (2.2.84)
C{0.1:0,10}) h

Since w(t) is not, in general, translationally invariant in time, the fluctuation factor now depends on both
the initial and final time and not only on their difference. The time-sliced approximation for the fluctuation
factor is similar to (2.2.81):

1
I dety (—e20©3© _ g2p2)]
oMt 1) = —— ety (e RN I (2.2.85)
2Tt — tg)/m dety (—g29(©)9(®)
Here w? denotes the diagonal matrix
2
®n
w? = (2.2.86)

2
@]
with the matrix elements a)? = ot i)

The calculation of the determinant for the matrix 89 — £2w? is quite a difficult problem both in
the discrete and continuous cases. But we can reduce the calculation to the solution of the difference or
differential equation by the Gelfand—Yaglom method (Gelfand and Yaglom 1960) which we have already
used in section 1.1.4 (cf example 1.4). The determinant (in the time-sliced approximation) we have to
calculate is (cf (1.1.104) and (1.1.106))

pW) = dﬁt(—825(8)8(6) — &%) (2.2.87)
2 — %0} -1 0 0 0
-1 2 — &2, -1 0 - 0
2.2
_ 0 —1 223, —1 0 0
0 0 -1 2-&%3 -1 0
0 0 -1 2—&%w? -1

Proceeding in the same way as in section 1.1.4, we can obtain for D?) the difference equation
0w + w3 D™ =0 (2.2.88)
or, in a more explicit form,

DN+D _ 2 p) 4 p(N=D)
82

+ %, D™ = 0. (2.2.89)
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The initial conditions are
DY = (2 - %w?)

(2.2.90)
D? =2 —-¢e2wd)(2 - &2wd) — 1.
In the continuum limit, the difference equation transforms into the differential equation
(9% + &?(1))D(t) =0 (2.2.91)
for the renormalized function
~ def
D(tj) E €D, (2.2.92)
with the initial conditions .
D(th) =0 D(ty) = 1. (2.2.93)
The sought ratio of the determinants is equal to the value of l~)(r) att:
det(—9% — w?(t ~
det(=0, ") _ 5y, (2.2.94)

det(—d?)

Of course, equations (2.2.91) and (2.2.93) cannot be solved for the general time-dependent frequency
2
w(1).

2.2.3 Semiclassical (WKB) approximation in quantum mechanics and the stationary-phase
method

In chapter 1, we learned that in the special case of a small diffusion constant, the stochastic behaviour
of a Brownian particle becomes very close to the deterministic behaviour governed by the laws of the
ordinary classical mechanics. As we have mentioned in section 2.1.1, in some special situations, a
quantum system also behaves similarly to its classical analog. In fact, we have already dealt with such
a situation in section 2.1.4, when deriving the semiclassical Bohr—Sommerfeld quantization conditions
from path integrals. In that case, we were interested in the characteristics of a system at higher eigenstates
(large eigenvalues) and found that a (classical) potential function essentially defines the properties of the
corresponding quantum system. This reflects, in particular, the well-known physical fact: if an electron
in an atom is highly excited, its wave packet encircles the nucleus in almost the same way as a point
particle in classical mechanics. The regular method for calculation of quantum-mechanical amplitudes
by expanding them around classical expressions in powers of contributions from quantum fluctuations
is known as the semiclassical, eikonal or Wentzel-Kramers—Brillouin (WKB) approximation (see, e.g.,
Davydov (1976) and Maslov and Fedoriuk (1982)); recall that section 2.1.4 contains a short collection of
basic facts on this approximation).

As usual, we start and, as a matter of fact, confine ourselves to the one-dimensional case. The multi-
dimensional variant of the WKB approximation is essentially more complicated from the technical point
of view and we shall discuss only the results and make comments on the qualitative distinctions from the
one-dimensional case.

< Stationary-phase approximation for finite-dimensional integrals

Assume that the typical fluctuations of the action S[x(7)] in the time evolution amplitude

K (x, t|x0, t9) = / Dyex (7)elSF@I/A (2.2.95)
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are large compared to the Planck constant /. If we consider an analogous finite-dimensional integral of
the type

/ dx elf M/ (2.2.96)

the Riemann—Lebesgue lemma (see, e.g., Reed and Simon (1975)) guarantees that for a good enough
function f(x), it converges to zero for i — 0. The heuristic reason for this is that in the latter limit, the
integral becomes a sum of rapidly oscillating terms canceling each other. For small but non-zero A, the
evaluation of (2.2.96) proceeds by using the stationary-phase approximation. Quite often, this method is
also called the saddle-point approximation. Canonically, the latter name is attributed to the calculation at
A — oo of the integrals of the form

/ dz M@ zeC
c

where f(z) is a holomorphic function on the complex plane C and C is some contour. This method implies
the deformation of the contour C to a new one, passing through the stationary point (saddle point) of f(x)
in the direction of the steepest descent of Re f(z) (that is why the method is also called the steepest
descent method). Since we are interested in the integrals (2.2.96), where x and f(x) are real quantities,
we prefer to refrain from using the last two names and to use the first of the three. For small £, the phase
el/ /7 in (2.2.96) varies rapidly, except the point (or points) x. where

df (x)
dx

=0.

X=X¢

Thus the Riemann-Lebesgue lemma implies that the dominant contribution to the integral comes from
regions of x where f’(x) vanishes and it is reasonable to expand f(x) about the point of stationarity, x.
(we suppose, for simplicity, that f(x) has only one such point):

1 1
FO) = flxe) + 56— xe)? £ (xe) + i x) () 4 (2.2.97)

Neglecting the contributions from the cubic and higher terms, the integral (2.2.96) can be evaluated using
the complex Gaussian formula (2.1.77)

/ PRRICYIN ;Zih)eifuc)/& (2.2.98)
Xc

This result is called the stationary-phase approximation. It can be shown that the higher terms in the
expansion (2.2.97) give higher-order A-terms in the expansion of the whole integral. Indeed, denoting
X = x — x., we have

. 3 4
exp{l[ld fOe) 5 1d f(xc>X4+“_“

hl3l dxd 41 dx*
i 1d3f(xe) 3 1d*flxe) oy
+h[3! dx3 BT +

iV 1 [dPfxe) ? 6
+(_> R ) G T (2.2.99)

dx3
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Differentiation of the basic Gaussian integral over the parameter a gives

n— !
/oo dx xneiax2/h — : VZ]Tih(a(nJril)L(ih)n/Z if n is even (2.2.100)
0 if n is odd.

—00

Using this result, we can see that the corrections due to the cubic, fourth-order and higher terms contain
increasing powers of i which is supposed to be small. Thus the stationary-phase expansion can be used
for small A to calculate the integral with increasing accuracy. However, the resulting series is, in general,
divergent and proves to be only an asymptotic series. Recall that a formal series

e .
> ejxd (2.2.101)
j=0

is said to be an asymptotic series for the function f(x) at x — 0, if for each N

HOE» Tt

xN

0. (2.2.102)

x—0

To distinguish clearly the asymptotic series from the more familiar convergent series, let us compare their
basic properties:

Convergent series Asymptotic series

For any & and x, there is N such  For any § and N, there is y such
that | f(x) — Z;;O cjx/| < §for that|f(x)— Zj‘v:o cjx!| < &for
al K > N allx <y

Thus, when approximating a function by an asymptotic series, we should restrict the approximation
to a reasonable number of terms, depending on the value of the (small) parameter of the expansion (for
further details see textbooks on asymptotic analysis, e.g., Jeffreys (1962)). To obtain some experience in
asymptotic expansion, the reader is invited to consider the integral

def [
g = / dx e~
0

which can be approximated by partial sums of the asymptotic series

o0

Y 00
Z( ) )»"/ dxx4ne—x2
n! 0

n=0

(see problem 2.2.6, page 192).

< Generalization of the stationary-phase approximation to path integrals

Now we return to the path integral (2.2.95) and, with the experience from the finite-dimensional case,
assume that the dominant contribution is produced by the domain with the smallest oscillations, i.e. around
the extremum of the action

3S[x(z)]=0 (2.2.103)
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with the solution x.(7) being the classical (extremal) trajectory of the particle. Let X(t) describe
fluctuations around the classical trajectory:

x(7) = xe(1) + X (7). (2.2.104)

Then the expansion of the action reads as

! 1 [ 828
S[x]:S[x]+/ dt X(t)+—/ drdt ——— X(@)X ()
¢ o 8X (D) |y, 2! S, 8x(1)8x(t') | =y,
—i—l tdrdt’dr” 5s XOXEHXE")+--- (2.2.105)
31 s 8x(7) 8x(t) 8x (") | =y, o

(recall that the linear term is absent due to the extremality condition (2.2.103)). For a point particle with
the action (2.1.99), (2.1.100), we have

1 [t 82
_ drdt ——
2!/t0 T S x(mex(t)

and the time evolution amplitude in the leading WKB approximation (i.e. if we include only quadratic
terms in the expansion (2.2.105)) becomes

! m., 1d°V(x) ,
X(z)X(z)_/todr [EX +3g X (2.2.106)

X=X¢

(x, t|xo, o) = K (x, t]xo, to)
= O(x, xc; 1, fo)e S/ (2.2.107)

where (cf preceding subsection)

s t
®(x, xe: 1, 10) = /Dd,X(r)exp{l/ de (%2 —a)2(t)X2)}
0 )
1 det(—02)
= —— (2.2.108)
V2Tt — tg)/m\ det(—9% — (7))
2
A1) = 22 V(;) (2.2.109)
mo9xT [_y

This is the fluctuation factor for a harmonic oscillator with time-dependent frequency and it is natural
to solve it by the Gelfand—Yaglom method which we have discussed in chapter 1 and in the preceding
subsection. The distinction from the general case is that the frequency (2.2.109) itself depends on the
classical trajectory and this induces the dependence of the fluctuation factor (2.2.108) on the initial xo and
final x positions of the particle. On the other hand, the specific form (2.2.109) of the frequency allows us
to present the general result of the Gelfand—Yaglom method in a more convenient form.

For the special case (2.2.109), the solution of the Gelfand—Yaglom equation (2.2.91), (2.2.93) can be
written as follows (problem 2.2.7, page 193):

dt
x2(r)

t
D = 5c(t)%c(t0) / (2.2.110)
fo

This is the required ratio of the determinants in (2.2.108). But (2.2.110) can still be transformed into a
more convenient form.
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First, we note that due to the energy conservation law
m ., 2
E = Exc + V(xc) = constant

the time dependence of the classical orbit x.(7) is given by
xf xf
z—m:/ dx#zf dx ——
X0 \lzm(E_ V(x)) X0 p(X)

where we have again used the local momentum p(x) = /2m(E — V(x)) (cf (2.1.119)) and denoted the
final point by x s. This equation defines the energy as a function of the initial xo and final x s positions
and time:

(2.2.111)

E = E(xf, x0; t — fp). (2.2.112)
The integral in (2.2.110) can be expressed through this energy as follows:

" dr , [P dr 5 (1 xdt
) =m YN =m 3

1 Xc(7) 0 P(T) 0w P7(0)
*rd *f 1 d

=m3/ —)36 :mZ/ dx _2_p

x P X0 p-oE

EN!
= —ms—éz—m(%—t) . (2.2.113)

To obtain the last line, we have used (2.2.111). The time derivative of the energy can be expressed, in
turn, via the spatial derivatives of the classical action (problem 2.2.8, page 193):

OE _ tsn) == s t— 1) (2.2.114)
— =x(®)x(tg)——S(xr,x0;t — 2.
ot O axyaxg 0T T

where
def
SCxf, x0:1 —10) = S[xe(0)]. (2.2.115)
The equalities (2.2.110), (2.2.113) and (2.2.114) yield the compact formula

D = m[—dx, 85, S(xp, x0: 1 — 10)] 7. (2.2.116)

Thus the fluctuation factor (2.2.108) in the WKB approximation receives the form

1

D(x, xc; t —tg) = ——=1+/—0x0x, S(x, X0; t — fp). (2.2.117)
¢ szn*/ o
In a d-dimensional space, the fluctuation factors are expressed via the determinant
def g 0
Vypm = det | ————S(x s, x0: 1 — 1) (2.2.118)
oxy ox) -
0
i,j=1,...,d.

This determinant of a d x d matrix is called the Van Vleck—Pauli-Morette (VPM) determinant.

In the same way as in the case of ordinary integrals, it is possible to calculate higher corrections
in h. To this aim we must expand the exponential of third and higher terms in X (7) and calculate the
corresponding path integrals (in analogy with (2.2.99) and (2.2.100)). Of course, a rigorous control of
errors in the expansion is very difficult in the functional case.
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< Fluctuation factor and geometry of classical trajectories: Maslov—Morse index and Morse
theorem

We conclude this subsection with some important remarks about the phase factor of the semiclassical
amplitude and the complications arising in the multidimensional case.

As we have learned in the preceding subsection, the fluctuation factor ¢os. for a harmonic oscillator
acquires an additional phase when part of the Fourier modes used for its calculation correspond to negative
eigenvalues. The general formula (2.2.117) with the VPM determinant reproduces the expression for ¢osc
as follows:

Slxc] = S(x, x0; t — 10)
maw

" 2sinw(t — fo)
S = —— (2.2.119)
sin[w (t — 19)]

[()c2 + xé) cosw(t — tg) — 2xx0]

and the combination of (2.2.119) and (2.2.117) again gives (2.2.76). However, we have noted that the
singular points of (2.2.119) at (t — #) = wk/w, k = 1,2, ... correspond to the appearance of new
negative eigenvalues in the Fourier mode expansions and, hence, an additional phase factor e 77/2. In the
formula (2.2.76), this phase is hidden due to the implied in-prescription, i.e. due to an infinitesimal shift
in the frequency w to the complex plane, ® - @ —in, n > 0.

Analogous situation with negative eigenvalues takes place in the WKB path-integral calculations
of the evolution amplitude for any system. The expression for the fluctuation factor of a d-dimensional
system with an explicit phase factor looks as follows:

iTv/2 9 9
O(x,xc;t — 1) = W det —ﬁ;({S(xf, Xxo;t —1p) | . (2.2.120)

Here v is the Maslov—Morse index which states how often the VPM determinant passes through
singularities along the orbit. This happens at the so-called conjugate points which are the generalization
of the turning points in one-dimensional systems.

We shall show, first, that the fluctuation factor acquires indeed the phase (—m/2) when the
determinant passes through a singularity and then comment on the Maslov—Morse index and its connection
with the singularities.

Let us use again the genuine Gelfand—Yaglom expression for the fluctuation factor, writing it in the
form

c(1)

O =B

where 5(t) is the solution of (2.2.91) and (2.2.93) (for brevity, we have chosen #y) = 0 and dropped the
indication of dependence on x, x¢). The quantity c(¢) is constant for D) # 0 but may change as ¢ passes
through zeros of 5(t) (and, hence, through singularities of the VPM determinant, cf (2.2.116)). Since
we are interested in the WKB approximation, we can restrict our attention to quadratic Lagrangians with
time-dependent frequencies. Note that equation (2.2.91) for D(r) coincides with the classical equation of
motion for such Lagrangians. Hence, taking into account the boundary conditions (2.2.93), the classical
trajectory from the origin at ¢ = 0 to a point x at a time t = ¢ can be written in the form
xe(0) = 1)
D(1)




Path integrals in the Hamiltonian formalism 175

the classical action reads as

1 mx? dD(x)
Slxe(t)] = 5 =—
2D dt |
and the corresponding evolution amplitude is
c(t) imx2 dD(r)
K(x,t0,0) = —< exp = . (2.2.121)
IDol2 " | 20Dy dr |,

Let 5(17) have a simple zero at T = 7. Substitution of (2.2.121) in the composition law (2.1.71) for
propagators

o0
K (0,1 +¢]0,0) = / dx K(0, 71 + ¢lx, 71 — §)K (x, 71 — 8]0, 0)

—00
—1/2
r:(rl—S)j| .

In the limit ¢, 5 — 0, from this relation together with the assumption that 5(1) has a simple zero at 7,
we obtain the required statement:

where ¢ and § are small, and the Gaussian integration yield

cti+e) ot -8 (e+38) dD(z)
ID(t1 +€)['2 " |D(t — 8)[1/2 D(r; —¢8) dr

c(t1 +0) = c(1] — 0)e /2, (2.2.122)

Detailed analysis shows that if 5(r) has zeros of higher order k > 1, the phase factor in (2.2.122) becomes
e 17k/2 50 that the total phase in (2.2.120) is the sum of orders k; of all zeros of D(t) (or singularities of
the VPM determinant):

V= Z ki.

all
Zeros

This number can be related to properties of the extremal trajectories of a system, using the notion of an
index of a bilinear functional and the Morse theorem.

By definition, the index of a bilinear functional is the dimension of the space on which it is negative
definite. In order to illustrate this definition, recall that the fluctuation factor ¢ (¢) is expressed via the
determinant of the quadratic variational derivatives:

828[xc(1)]
Sxi(t)8xI(z")

From the consideration of the harmonic oscillator in the preceding subsection, we know that each negative
eigenvalue of this matrix of derivatives produces an additional phase (—m/2). Thus the number v in
(2.2.120) is equal to the index of 828 (considered as a bilinear functional in the space of fluctuations).
Now we want to relate the index to the notion of conjugate points in the d-dimensional space where
a particle moves. To this aim, consider the families x (z7; p) of extremal paths leaving the initial point xo
at the time #p without specification of the endpoint but defined by their corresponding momenta p. Define
the so-called Jacobi field as
3x'(z; p)
Jik(t, p) = ——F—— (2.2.123)
opk
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which measures the deviations of trajectories with different momenta. For example, in one dimension and
with momenta close to each other, we have

x(t, p+8p) —x(z, p) = 8J (1, p) + O(5p)H).

The points t* where det Jix (t*, p) = 0 are called conjugate to x(tg) or focal points. In one dimension,
the trajectories merely reconverge at focal points; in the d-dimensional case (d > 1), the d-vectors Ji
with the components J;x (k is considered to label vectors, i labels components of the vectors) no longer
span the d-dimensional tangent space R¢ at 7 = t*.

The Jacobi field is closely related to the determinant D(t) and s nothing but the inverse of the VPM
matrix:

RENG)
dx';dx;

In particular, in the one-dimensional case, we have

S_fer s |
a oxy o 0x f0x0

Finally, we present, without proof, the Morse theorem (see Morse (1973)):

Theorem 2.2 (Morse). Let xc(r)|’T:,0 be an extremum of an action S. The index of 8§25 is equal to the
number of conjugate points to x(¢p) along the extremal curve xc(r)VT:,O. Each such conjugate point is

counted with its multiplicity.

The surfaces in the x-space, on which the Jacobi field is degenerate (has zero determinant), are called
caustics. The conjugate points are, in fact, the places where the trajectories touch the caustics.

Thus, the Morse theorem establishes the direct relation between the phase factor of semiclassical
transition amplitudes and the geometrical properties of the corresponding classical trajectories.

In the next subsection, we shall continue to study the relations between the characteristics of quantum
systems and the behaviour of classical trajectories.

2.2.4 Derivation of the Bohr—-Sommerfeld condition via the phase-space path integral, periodic
orbit theory and quantization of systems with chaotic classical dynamics

The prime goal of this subsection is to discuss a relation between the eigenvalues of a quantum
Hamiltonian (energy levels) and the periodic orbits in the classical phase space of the system. As a
by-product, we shall rederive the Bohr—Sommerfeld condition, obtained in the framework of the Feynman
path integral in section 2.1.4, and this time we shall prove it on the basis of the phase-space path integral.
In the last part of the subsection, we shall briefly discuss the peculiarities of quantum systems with chaotic
behaviour in the classical limit.

< Path-integral representation for the trace of the Green function for the stationary Schrodinger
equation

Following Gutzwiller (1990 and references therein), a connection between the periodic orbits and the
quantum properties of a system can be derived from the stationary-phase evaluation of the path integral.
The most convenient object to start with is the trace of the Green operator for the stationary Schrodinger
equation.
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Consider the stationary problem, the time-independent Schrodinger equation (2.1.12) with the
Hamiltonian of the general form (2.1.56). The corresponding resolvent of the Hamiltonian operator is
defined as follows: {

G(E) = €lgn VE_Btic (2.2.124)
In the basis of the energy eigenfunctions (2.1.12), this operator is also called the Green function of the
stationary Schrodinger equation G (x, xo; E):

Z Yn ()Y (x7)

G(x,x'; E)_l
E—E, +ie

(2.2.125)

(the addition of i€ defines the rule of bypassing the poles). Once the Green function has been obtained, we
can find the eigenvalues E,, the spectral density p(E) of the energy levels and the eigenfunctions v, (x).
In fact,

1
E TGE dxG(x,x; E) =1 —_— 2.2.126
G(E) € TrG(E) = /x(xx ) g);E_Eﬁle ( )
so that the eigenvalues are given by the poles of G(E):
1 ~
p(E) =) 8(E — E,) = ——Im(Tr G(E)) (2.2.127)
T

Yn ()Y (x") =Res{G (x, x"; E = Ej,)}

(Res{G(x, x'; E = E,)} means a residue at the pole E = E,;). Thus, even the trace G(E) of the resolvent
operator contains absolutely essential information about quantum systems and we are going to evaluate it
by the stationary-phase method.

As explained at the end of section 2.1.1 (see (2.1.81)), the energy-dependent Green function (2.2.125)
is nothing but the Fourier transform of the propagator K (x, x’; t) (the ie-rule of the pole bypassing is
related to the in-prescription for making the Fourier transform (2.1.80) convergent; see the remark after
(2.1.80)). Thus in order to derive the semiclassical expression for G(E), we have to carry out the following
steps:

(i) calculate a semiclassical approximation to the propagator;
(i) perform the Fourier transform to find the energy-dependent Green function;
(iii) take the trace.

The path-integral representation for G(E) = TrG follows from (2.1.81) and the path-integral
expression for the diagonal elements K (x, x; ¢ — tg) of the propagator K (x, x’; t — tg):

i

i (7 ~
g(E):i—;L/O dT exp ﬁET g

. T .
= i/ dT exp lET /don(xo,xo; T)
h Jo h

. T .
= l/ dT exp lET /dxof Dx(t) exp{ [x(t)]} (2.2.128)
h 0 h xo to;x0,1}

(here T = t — ty). Then, using the WKB approximation discussed in the preceding subsection (cf
equations (2.2.103)—(2.2.117)), we find

G(T) = f dxo K (xo, x0; T)
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_Z dxo @ T 1S @) (Y- T 2.2.129
= X0 ©7(xo, X0 T) exp § - Slxc™ (7): x0, x0: T (2.2.129)
o

where we have taken into account that there may be more than one classical solution (orbit) for a given
T satisfying the periodic boundary condition and distinguished them by the label «; we assume these
solutions are sufficiently separated and just sum over all of them. The quantity & (xg, xo; T) is the
fluctuation factor (see (2.2.117) for its explicit form) for each solution and S[xéa)(t); x0, x0; T'] is the
action for the ath classical solution.

< Stationary-phase evaluation of the integral over initial points (calculation of the trace):
appearance of periodic orbits

Let us apply the stationary-phase approximation again, this time to the xo-integration in (2.2.129) (of
course, this is an ordinary, not a path integration). The stationary exponent must satisfy

d

0= —S[x*(1); x0, x0; T
dxg
I o @ I o @
= | =S (v); x2, x13 TT+ —S[x;"(7); x2, x15; T
R %) dx1 X1=6=x0
= — p1+ pa. (2.2.130)

This last equality, where pj and p; are the momenta at the beginning and the end of the path, follows from
classical mechanics (see, e.g., ter Haar (1971)). Equation (2.2.130) shows that the path must not only have
the same position xq at its two ends, but also the same momentum, i.e. the path must be a periodic orbit.
In the phase space of a system, such periodic orbits correspond to tori, see figure 2.2. Thus (2.2.129)
reduces to a sum over all periodic orbits. Of course, the basic period (per cycle) of the orbit need not be
T. It could be T'/n, where n is any integer characterizing the number of traverses of the same basic orbit.
For a given T, G(T') will receive contributions from all periodic orbits whose basic period is an integral
fraction of T. Assuming that the values of T are in a one-to-one correspondence with tori in the phase
space, we replace the sum over the label « in (2.2.129) by the sum over n:

G(T) =" ¢"(T/n)exp {ihnS[xc(r); T/n]} (2.2.131)

where the factor ¢ (T /n) has come from the integration over x in the stationary-phase approximation
(analog of the fluctuation factor ®) and its calculation yields (problem 2.2.10, page 194):

T =iN?( dEa\"? _,
q)(”)(T/n):;(ﬁ) <_d_T> e (2.2.132)

where E( is the energy of the periodic orbit with period 7'/n. Thus we finally obtain

i oo i T ( =i\ dEa\'? __,
g(E):ﬁXn:/O dT exp{ﬁ(ET+nS[xc(t),T/n])};(ﬁ) <—d—T> e

. . 1/2 00

i —i dE
=—|== § —1" d -

h<27rh) e =D /0 ”ﬁ( dT

where s = T/n is the basic period per cycle.

172 .
) exp {n%(Es + Slxc(7); s])} (2.2.133)
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p-cycle

__________________________ x(t)
p(T)
x-cycle
An orbit in a configuration space The corresponding orbit (invariant torus)

in the phase space of the system

Figure 2.2. A periodic orbit in the configuration space of a dynamical system and its counterpart (invariant torus) in
the phase space of the system

< Fourier transform via the stationary-phase approximation method

The integration over s in (2.2.133) is performed, once again, by the stationary-phase approximation
method. The stationary-phase point now satisfies the condition:

_0Slxe(n):s] _
as -

E = Eq (2.2.134)
where the last equality is the standard relation in classical mechanics. On the other hand, the variable E
is the argument of the function G(E). Thus for a given E, the stationary-phase approximation picks out
the periodic classical orbit with E¢; = E. We still assume that for any s, there is only one orbit with the
basic period s, so that this period, as well as the action S, are fixed by the value of the energy and the set
of orbits is parametrized by this basic period s = s(E) or, equivalently, by the energy E(s).

A simple calculation of the integral in (2.2.133) by the stationary-phase approximation yields

i —i\? (2N (2
g(E):ﬁ<ﬁ> Xn:(—l) <——1n) ( 552 s(E)a/n

dE. 172 i
X (— ) exp {n—(Es(E) +S[xc(t);s])} . (2.2.135)
ds h

Making use of the relation
9%S[xc(r);s]  OE

9s2 s

(obtained by differentiation of (2.2.134)), the expression (2.2.135) for the trace of the resolvent can be
cast into the form:

G(E) = %;(—1)%@) exp {n%I(E)}

_is(E) explil(E)/N)
T h 1+exp{il(E)/h}

(2.2.136)
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where
1(E) ¥ S[s(E)] + Es(E) (2.2.137)

is the Legendre transformation of S.
More generally, we can consider the trace of the Green function multiplied by some observable A:

def ~~
Ga(E) o Tr G A and evaluate it by the same stationary-phase method based on consideration of periodic
orbits (Eckhardt et al 1992). By using the energy eigenvectors |, ), this more general trace takes the form

dﬁf -~ ~ 1 (I/fn|2|l/fn>
Ga(E) = TrG(E)A = 61136; E — E, +ie (2.2.138)
so that now .
PA(E) = —=ImG4(E) = Y (Yul AlY)S(E — Ep). (2.2.139)
T

n

Thus Tr G (E )Z has poles at the quantum eigenvalues, with residues given by the matrix elements of the
chosen operator A.

< Energy levels and the Bohr—-Sommerfeld condition
The relation (2.2.136) shows that G(E) has poles at the points E = E,, which satisfy
I(E)=Q2m+ )7th (2.2.140)

where m is an integer. The residue at each pole is unity, since dI (E)/d E = s. Thus the energy levels are
given in the stationary-phase approximation (that is, the path-integral variant of the WKB approximation)
by E,, which satisfy (2.2.140). This is just the Bohr—Sommerfeld quantization condition which we have
already discussed in section 2.1.4 because

s m .,
[(E) = S[s(E)] + Es(E) :/ dt (—x —v +E>
A 2

K X2
= m/ dt i’ = 2/ pdx (2.2.141)
0 x

1
(x1, x2 are the turning points of the classical orbit). In particular, for the harmonic oscillator, the
calculation of the last integral in (2.2.141) with p = /2m(E — V(x)) = /mQE — mw?x?2) together
with the use of condition (2.2.140) give the exact values of the energy levels: E,, = hw(m + 1/2); see
section 2.1.4 and problem 2.1.10, page 153.

Note that if the system is put in a box with periodic boundary conditions, then all energy levels
become discrete, and all orbits bounded. Thus the previous method can be used for all levels of the
system (even if initially it contained a continuous spectrum) and later the size of the box can tend to
infinity.

We would like to stress again that in this derivation it has been assumed that there is only one
continuous family of periodic orbits, parametrized by the basic period or energy. In particular, this helped
us to replace Y, [dT by >, n [ ds. For relatively simple single-well potentials in one dimension, this
assumption is satisfied. But even in the one-dimensional space, if the potential had several wells near
different minima, there may be several families of orbits, i.e. different orbits with the same basic periods
and energy. In higher-dimensional spaces, such a situation is even more plausible. If these families of
orbits are sufficiently separated, then the stationary-phase approximation gives an additive contribution to
G(E) from each family. An energy level appears if a member of any of the families satisfies the condition
(2.2.140) (up to this approximation). For further details on the WKB approximation and the periodic orbit
theory, see Gutzwiller (1990) and references therein.
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< Generalization to systems with classically chaotic dynamics

In classical mechanics, a trajectory p(t), x(¢) in the phase space is called a chaotic one if its maximal
Lyapunov exponent A is positive. The Lyapunov exponent is defined as

o
=

€

1
A = lim —In|w()] (2.2.142)
t—oo t

where @(?) is a tangent vector to p(t), x (t) with the condition that |@(0)| = 1. The exponential instability
of the chaotic trajectories implies a continuous frequency spectrum of (classical) motion. The continuous
spectrum, in turn, implies correlation decay; this property, which is called mixing in ergodic theory, is
the most important property of dynamical motion for the validity of a statistical description (see e.g.,
Lichtenberg and Lieberman (1983)).

While the meaning of classical chaos is beyond question, there is no universally accepted definition
of quantum chaos (see e.g., de Almeida (1988), Gutzwiller (1990) and Nakamura (1993)). The problem of
a definition for quantum chaos arose because the previously mentioned condition of continuous spectrum
for classical chaos is violated in quantum mechanics. Indeed, the energy and the frequency spectrum of
any quantum motion, bounded in the phase space, are always discrete due to the non-commutativity of
the phase-space variables. According to the theory of dynamical systems, such motion corresponds to
the limiting case of regular motion. This means that there is no classical-like chaos at all in quantum
mechanics. In order to approach an understanding of the properties of quantum systems whose classical
motion exhibits chaos, it is natural to study them on the semiclassical level. Such a study can be based
on periodic orbit theory (Gutzwiller (1990) and references therein), basic elements of which for regular
(integrable) systems we have presented earlier. The idea is to connect the behaviour of the eigenvalues
and eigenfunctions of a quantum system to the structure of the phase space of the corresponding classical
system both in the regular and chaotic region. One can again look for a correspondence between the
semiclassical ‘irregular’ spectra and chaotic orbits in non-integrable systems. Noting that even in the
absence of invariant tori (the existence of which is the characteristic property of integrable non-chaotic
systems), the xp-integration, as in (2.2.129), for the calculation of the trace of the resolvent operator (in
the stationary-phase approximation) leads to the claim that the initial and final momenta of the system
must be equal to each other (cf (2.2.130)). This, in turn, implies a patching of all (now unstable) periodic
orbits in the corresponding path integral.

Calculations in the case of chaotic systems in higher-dimensional spaces and for a more general

trace of the form G4 dg Tr /G\A\ for some operator X follow essentially the same way as that outlined
earlier for the particular case of a one-dimensional space and A= 1but technically they are much more
complicated. Therefore, we present only the final result (see Gutzwiller (1990), Eckhardt and Wintgen
(1990) and references therein). The contribution from the periodic orbits to the trace can be written in the
following general form:

» % exp {n(iScl - iﬂaﬂ)}
i h 2

- A 2.2.143
GA period m ; “’; | det(M? — 1)|1/2 ( :

where A, is the integral of the classical counterpart A(p, x) of the operator A along the orbit:

Ta
Ay =/ dt A(qu(t), pa(t)) (2.2.144)
0

the phase shift v, is the Maslov—-Morse index of the periodic orbit (cf preceding subsection, equation
(2.2.120)) and M, is the stability matrix around the orbit. The latter is a linearized Poincaré map,
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describing the time evolution of the transverse displacement from the orbit or; M, is expressed in terms of
the Lyapunov exponent A, of the orbit. The latter depends on the type of fixed point of the orbit (e.g., for
so-called monoclinic orbits with hyperbolic fixed points, det(M " _ 1) = 4sinh?(nigy /2)).

It is necessary to note that contributions to the trace Tr GA actually come from two sources: from
the periodic paths which give (2.2.143) and from the very short paths, where the propagator turns into a
delta function. To evaluate the latter part, we use a Taylor series expansion of the trajectory in powers of
the time ¢ and exploits the smallness of ¢ in evaluating the integrals. This then gives a smoothly varying
contribution G4 o to Ga(E):

dequ

gA,O = W

S(E—H(p,q)A(p,q) (2.2.145)

(A(p, q) is the classical counterpart of the operator A: N is the number of degrees of freedom), i.e. the
average of the observable over the energy shell (Berry and Mount (1972), Voros and Grammaticos (1979)
and references therein).

Thus periodic orbit theory allows us to establish a correspondence between the classical properties
(orbits) of a system and its quantum spectrum (at semiclassical level). Among other factors, this opens the
possibility to approach a general definition of quantum chaos. The point is that to discriminate classically
chaotic systems at the quantum level, the spectral statistics of the energy levels are of great importance.
In particular, it has been found that the spectral statistics of systems with underlying classical chaotic
behaviour agree with the predictions of a Gaussian ensemble, whereas quantum analogs of classically
integrable systems display the characteristics of Poisson statistics. The most used spectral statistical
characteristics of the energy levels are P(s) and A3(L). P(s) is the distribution of nearest-neighbour
spacings s; = (E;j+1 — E;) of the unfolded levels E;. This is obtained by accumulating the number of
spacings that lie within the bin (s, s + As) and then normalizing P(s) to unity. For quantum systems
whose classical analogs are integrable (regular), P(s) is expected to follow the Poisson distribution

P(s) = exp (—s). (2.2.146)
On the other hand, quantum analogs of chaotic systems exhibit the spectral properties of the Gaussian

ensemble (Berry and Tabor 1977):

P(s) = —s exp (—%2) (2.2.147)

(for systems with time-reversal symmetry) or
P(s) = (32/72)s? exp (—4s>/7)

(for systems without time-reversal symmetry).
The statistic A3 (L) is defined, for a fixed interval (—L/2, L/2), as the least-square deviation of the
staircase function N (E) from the best straight line fitting it:

L/2
As(L) = — min/ [N(E) — AE — B*dE
L AB —L)2

where N(E) is the number of levels between E and zero for positive energy and between —E and zero
for negative energy. For this statistic the Poissonian prediction is

AS(L) = % (22.148)
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while the Gaussian ensemble predicts the same behaviour for L < 1, but for L >> 1 it gives
1
A3(L) = —logL. (2.2.149)
g

Thus the spectra of regular and (classically) chaotic systems indeed exhibit quite different behaviour.
Since the trace G(E) of the resolvent contains the information about energy levels, its calculation by the
periodic orbits is very helpful for discriminating between quantum chaotic and integrable systems.

From (2.2.143) we might understand that the semiclassical quantum eigenvalues are constructed
through complicated interference between a set of periodic orbits. When applied to integrable systems,
(2.2.143) recovers the Bohr—Sommerfeld quantization conditions. In chaotic systems, however, no
invariant torus exists and « covers arbitrarily long periodic orbits. The number of orbits with a period
less than T > 1 proves to be N(T') =~ exp{CT} (C > 0 is some positive constant), i.e. exponentially
proliferating. In the trace formula (2.2.143), the real part of terms with a given period T > 1 is of the
order ~ T exp{—CT/2}. Multiplying this factor by N(T) gives a contribution exp{C7 /2}, which brings
about a serious problem of non-convergence in (2.2.143). Thus, periodic orbits are much too numerous to
provide a one-to-one connection between individual paths and quantum eigenvalues and, mathematically,
this is reflected in the inherent divergence of the formal Gutzwiller trace formula (2.2.143). Methods
to overcome such divergences have been developed in the context of general dynamical systems, where
invariant sets can be characterized by their periodic points. The key observation is that classical periodic
orbits are strictly organized, both topologically and metrically, and that this organization can be exploited
to rewrite ill-behaved sums over periodic orbits in a convergent form. Further details on periodic orbit
theory and its applications to the analysis of chaotic systems can be found, e.g., in Gutzwiller (1990) and
Nakamura (1993).

2.2.5 Particles in a magnetic field: the Ito integral, midpoint prescription and gauge invariance

In this subsection, we shall consider the construction of the path integral for a particle moving in a
magnetic field and approach the important problem of ambiguity in discrete approximations of path
integrals. As we shall see in the next section, where this problem is considered in a detailed manner,
this ambiguity is a reflection of a general lack of uniqueness in the quantization procedure for a wide class
of classical systems. In the path-integral approach, this ambiguity originates in the peculiar properties of
stochastic integrals, in particular the [fo integral (see problem 1.2.17, page 120). In the usual operator
approach, this reveals itself in the known operator ordering problem (see the next section).

< Lagrangian of a particle in a magnetic field and its discrete approximation

The Lagrangian for a charged particle interacting with a magnetic field B, derivable from a vector potential
A, le.

B=VxA (2.2.150)
reads as )
1 dx edx
L =- — -——A-V 2.2.151
2m <dr) +Cdt x) ( )

where B, A, x are three-dimensional vectors, ¢ is the speed of light, e is the electric charge. In the action,
the additional field-dependent term

e dx e

t X
—/ dt —A = —/ dx A (2.2.152)
¢ Ji dt ¢ Jx
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in the discrete approximation takes the form

N
e ~
=Y @1 —x)AF) (2.2.153)
c s
~k

k k _ P
xje[xj,xjH] k=1,2,3, j=0,...,N.

Until now we have not taken care of the precise definition of the point at which we evaluate the
potential term f dt V(x (7)) in the discrete approximation:

N
& Z V(X)) (2.2.154)
j=0

for the action. The point X; may be x; or x4 or be situated somewhere in between, say at (x; +x;41)/2.
This carelessness is based on our experience with Riemann integrals: the essential point in their definition
is that they do not depend on the choice of the points ¥ in the Darboux sum

b N
/dyf(y>=N1LmooZ(y,»+1—y,»)f(i) Y€ [y, yjil.
a j:O

However, we must remember that x(7) in (2.2.151) and (2.2.153) and in all analogous formulae is not an
ordinary variable: in the Wiener integral, it would be a sfochastic Brownian process and the corresponding
stochastic integrals have very peculiar properties. We learned this, in particular, from the example of the
Ito integral (problem 1.2.17, page 120).

Nevertheless, all the formulae we have previously derived are correct! As we shall see very soon,
the reason for this is the e-factor in (2.2.154), due to which any possible difference, caused by different
choices of the points X;, disappears. This is not the case for the term (2.2.153) describing the interaction
with a magnetic field.

< Discrete-time approximation for a path integral with a potential term and a magnetic field

To check that the V-term is insensitive to the choice of )7 ; and to make a correct choice for the A-term, we
follow again the Feynman way (Feynman 1948) and compare the evolution of a state vector defined by
the path integral and by the Schrodinger equation. In fact, we must repeat the calculations of section 2.1.2
(equations (2.1.92)—(2.1.98)) with an A-term, but for the present purpose it is convenient to do this in a
slightly different form. The techniques which we consider here will be useful for a number of problems
we shall deal with later in this book.

Using the short-time propagator (2.1.94), we can write the infinitesimal evolution ¥ (¢) — ¥ (f + €)
of a state vector as follows:

1//(xt+e9)=/d3 ( - )3/2ex I ﬂ<x_y)2—V(x+)»/(y—x))
’ Y \omine) P72 e

- %g(y—x)A(erk(y —x))}tlf(y,t). (2.2.155)

The parameters A, A’ (0 < A, A < 1) define the choice of X ;. Now let us introduce, for convenience, the
new integration variable
u=(y—x) (2.2.156)
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and expand the exponent and ¥ (y, ) in (2.2.155) about u = 0:

vixvo = e |-G () e |

i ie >
X exp{ — Eek’uVV(x) — §[uA(x) + A Z um(uV)Am(x)i| 4+ }

m=1

%y
[w(x ) +uvVy + - m;”m“”axmaxn +- } (2.2.157)

The integral in (2.2.157) can be considered as a type of averaging and, denoting for brevity

def m \3/2 3 imu?
(f @) (Znihe) /d " exp{ 2¢h }f(u)

we obtain with the aid of the Gaussian integrals (cf supplement I, volume II):

(1) ~ O

(um) =0  m=1,2,3

(umun) ~ O(e) (2.2.158)

{um 1Umy =" Umppyy »=0

«umlumg"‘quk» No(gk) k= 1,2,....
To derive the Schrodinger equation, we need the expression for the right-hand side of (2.2.157) up to the
first order in ¢. Relations (2.2.158) show that the term with the parameter A" and the derivative of the
potential disappear in this approximation. This is the reason for the insensitivity of the potential terms
to the choice of the points ¥; when they are evaluated in the discrete-time approximation. Thus, all our

previous results indeed prove to be correct. In contrast to this, the parameter A survives in the first-order
approximation and equation (2.2.157) takes the form

(X, t+6) ~ Ye, 1) — lgV(x)w(x, 1 + Aiw(x, HVA(x)

ice? ce
Az(x)x//(x t) + —V vx,t)+ —(AX)V)Y(x,1). (2.2.159)
" 2hm mc
In the continuum limit ¢ — 0, equation (2.2.159) becomes a Schrodinger-like equation:
oy n? G
1h¥ =5 —v? 1//+—(A( )V)¢+A—¢VA+ m A v+ V. (2.2.160)

Recall, however, that the correct Schrodinger equation for a particle in a magnetic field reads as

lha_lﬁf — Hay (2.2.161)
~ 1 ~\2 —~
Ay & — (ﬁ— fA) 4V (2.2.162)
2m c

where
p = —ihV. (2.2.163)
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The reader may easily check that (2.2.160) coincides with (2.2.161) only for the value A = 1/2. The latter
corresponds to the so-called midpoint prescription, i.e. evaluation of A(x) in the discrete approximation
at the points

Xj= 30+ x40 (2.2.164)

<> The midpoint prescription, gauge invariance and operator ordering problems

The specific form (2.2.162) of the Hamiltonian for a particle in a magnetic field is strongly dictated by the
requirement of gauge invariance. The point is that a physical magnetic field B = V x A proves to be the
same for a class of potentials A related by the gauge transformations

A(x) > A'(x) = A(x) + Va(x) (2.2.165)

where «(x) is an arbitrary scalar function. This implies that any physical quantity, in particular, the energy
operator (Hamiltonian), must be insensitive to the transformations (2.2.165). The special combination

(1? - Sﬁ) W (2.2.166)

which appeared in (2.2.161) is indeed invariant with respect to (2.2.165), provided the state vector i is
also subject to the corresponding gauge transformation:

Y (x) — P/ (x) = e 0@/ hey (x) (2.2.167)

(recall that the overall phase of state vectors has no physical meaning; we can detect only the relative
phase of different vectors). The generalization of this principle of gauge invariance plays a very important
role in the construction of modern realistic quantum field theory of fundamental interactions which we
shall discuss in the context of the path-integral approach in chapter 3.

Thus the correct choice (midpoint prescription) of points X; at which a magnetic field is evaluated
in the discrete approximation is crucial for reconstructing the correct Schrodinger equation (2.2.161) and
its physical properties (in particular, gauge invariance). This means, in turn, that the integral (2.2.152) is
not a Riemann but a stochastic one. If we chose A = 0, it would be the Ifo integral (see problem 1.2.17,
page 120). But this choice does not lead to the gauge-invariant result. Let us see how the requirement
of gauge invariance distinguishes between different stochastic integrals. In the continuum limit, the path
integral for the evolution amplitudes with a magnetic field is

K(x,t|x0, o) =/

Cixo,to;x,}

s t
Dyex (1) exp {%/ dv [%ﬁ —V@E) + fo} } (2.2.168)
) c

After the gauge transformation (2.2.165), the exponent acquires the additional term

ie [? . ie [*
—/ dtxVa = —/ dxVa. (2.2.169)
he Jy, he Jy,

If we use the midpoint prescription A = 1/2, then, as follows from (1.2.302), the term (2.2.169) is reduced
to the difference of « at the initial and final points:

/X dx Vo = a(x) — a(x). (2.2.170)

0
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This quantity is the same for all the paths. We have thus found that the gauge transformation (2.2.165)
induces the transformation on K:

K’(x, 110, 10) = eiea(x)/th(x, t]x0, to)efieol(x)/ﬁc
_ eiea(x)/ﬁqw(x’ ¥ (xo, tg))e e x)/he (2.2.171)

which is compensated by the state vector transformation (2.2.167). If we treated (2.2.169) as the Ito
integral (1.2.299), we would obtain an extra integral term

/ dt Via

(similar to that in (1.2.299)) and, hence, we would obtain a violation of the gauge invariance.

Does this problem with the choice of a correct discrete approximation bring something essentially
new into quantum mechanics? The answer is ‘no’. In other words, is there an analog of this problem in
the usual operator formalism? The answer is ‘yes’. In order to see this, pay attention to the fact that the
ambiguity concerns the term containing the product of the function A (x) and the time derivative X. In the
operator approach, the latter is related to the momentum operator p which does not commute with A(x).
Thus, if A,,(x) were arbitrary functions, we would not know which operator to put in correspondence
with the classical product pA(x): for example, ﬁfi A p or something else. This is a particular case of
the operator ordering problem in quantum mechanics. In the specific situation with a vector magnetic
potential, the gauge invariance dictates the specific combination and, hence, the specific ordering rule
(2.2.162). Correspondingly, in the path-integral approach, the gauge invariance distinguishes the specific
midpoint prescription.

In section 2.3, we shall discuss the general operator ordering problem and its influence on the
construction of path integrals.

2.2.6 Applications of path integrals to optical problems based on a formal analogy with quantum
mechanics

The topic of this concluding subsection is somehow aside from the main line of this section and even of
the chapter. Its main goal is to illustrate the fact that the path-integral methods developed in the framework
of quantum mechanics can be applied in quite different areas of physics. Namely, we shall briefly discuss
applications of the path-integral technique to some specific problems in (classical) optics.

The spacetime evolution of the electromagnetic field is governed by the Maxwell vector partial
differential wave equations of second order in time and space which are of the hyperbolic type. At first
glance, this nature of the wave equations seems to prevent the use of the path-integral formalism for their
solution. However, many optical problems can be studied in the scalar approximation where a single
complex scalar field u(r), called the physical-optical disturbance, is sufficient (see, e.g., Born and Wolf
(1959), Foch (1965) and Eichmann (1971)). This is true when the characteristic sizes of the problem, in
particular the variation of the index of refraction, are small over distances of the order of the wavelength.
This approximation, called quasi-geometric optics, results in the substitution of the vector wave equation
by the d’ Alembert wave equation:

n2(r) 9%u
2 or?

In order to transform the latter into an equation which can be analyzed by path-integral methods, we have
to make the following simplifications:

—Vu=0. (2.2.172)
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(i) Inorder to eliminate the time dependence (together with the second-order time derivative) we assume
waves of a definite frequency. In this way the d’ Alembert equation is converted into the Helmholtz
equation which is of second order in the space coordinates (and without time derivatives).

(ii) Many optical problems can be characterized by a well-defined direction of propagation. In this case,
the propagating field is described by the so-called paraxial wave equation which is of first order in
the coordinate along the propagation direction and of second order in the others. The paraxial wave
equation strictly resembles the time-dependent Schrodinger equation and direct use of path integrals
is now possible.

Let us discuss this approach in somewhat more detail.

< Quasi-geometric optics and path integration

The standard geometric optics of inhomogeneous media is based on the Fermat principle: a ray
propagation is defined by the extremum of the optical path length S:

Zz
S:/ dz L(x,y; %, ¥;2) (2.2.173)
Z

0

where
L=nr(1+xi2+3H1/? (2.2.174)

is the optical Lagrangian and the dots represent differentiation with respect to z. The z-axis is chosen to
be the direction of the propagation and the z-coordinate plays the role of ‘time’ while the path length S
plays the role of an action functional. One can define the canonical momenta:

nx ny
V1452452 V142452
and the corresponding ‘Hamiltonian’:
H=jpy+3ipy—L=—-0n*—pi—pp'/~ (2.2.176)

Let us now establish a relation between the ray variables x, y, pyx, p, and the physical-optical
disturbance u(r). For simplicity, we shall consider the case in which u(r) = u(x, z) is independent
of y (the generalization is straightforward). If the physical-optical disturbance u(x, 0) is known at the
transverse plane at z = 0, its value at a small distance ¢ along the z-direction is given by the integral
(Eichmann 1971):

1
u(x,e) = Z/dx/u(x/, 0) exp{—ikS(x, x, x", x"; &)} (2.2.177)

where A is an appropriate normalization constant and k = 2m/X is the wave number in the medium.
This integral can be interpreted physically as follows. At any point x” on the initial transverse plane at
z = 0, rays will emanate in all directions. Some of these rays will terminate at the observation point
x on the next transverse plane, at z = ¢. Each ray path collected at the observation point has some
finite value S((x, X, x’, X’; &) for its optical path length. Thus all ray paths contribute to the final value
u(x, ). However, for large but finite k, most of the continuum rays, with rapidly oscillating phases, add
incoherently. Therefore, their contribution to the final value u(x, ¢) is negligible. In contrast, the classical
ray path and its neighbours result in a slow phase variation, yielding a coherent contribution to the integral.
Thus, the linear superposition of all classical rays collected at the observation point will give the dominant
character of the physical-optical disturbance u(x, €). The coherence and dominance of the classical ray
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paths provide a connection between geometric and quasi-geometric optics (similar to the case of quantum
and classical mechanics).

The next steps are obvious: at any arbitrary distance z, the disturbance u (x, z) is obtained by iterating
shifts by small distances ¢ along the z-direction. This results in the following path-integral representation
for the physical-optical disturbance:

ulx,e) = /dx' K(x,x": Du(x’, 0)
Kx,x';2) = ! /Dx(g’) exp{—ikS(x, x’; 2)} (2.2.178)

(9! is a normalization constant).

The problem now reduces to calculating the path integral (2.2.178) for the kernel function K. It is
seen that, from the mathematical point view, this integral is quite similar to the quantum-mechanical one.
Therefore, for its calculation, we can use the exact or approximate methods developed in the framework
of quantum mechanics which we have considered in this chapter (see also problem 2.2.17, page 199). It
is clear that similarly to the case of the Feynman—Kac theorem, we can prove that the optical disturbance
u(r) satisfies a Schrodinger-like equation (in which the z-coordinate plays the role of time), obtained by
reduction of the Maxwell equations.

<& Transformation of the optical equation into a Schriodinger-like one via the introduction of a
fictitious timelike variable

If there is no specific direction of ray propagation but the medium still has weakly varying index of
refraction, we can start directly from equation (2.2.172) which is, in this case, a good approximation
(neglecting the terms ~ Vrn/n) of the Maxwell equations (Born and Wolf 1959). Considering only waves
of a definite frequency w = 2w c/X = ck (X is the wavelength, k is the wavevector), we can write

u(t,r) = u(r)e

so that equation (2.2.172) becomes

Kn?(ru + Viu = 0. (2.2.179)
Now we can introduce an analog of the potential term:
V(r)=E —n*@r) (2.2.180)

where E is an arbitrary constant. It is convenient to choose the dimensionless quantity E equal to the
limiting value of n*(r) when r goes to infinity following a given direction. Then V (r) behaves as a
scattering potential, going to zero as r — 00. Thus equation (2.2.179) for the optical disturbance u takes
the form of the stationary Schrodinger equation:

1
—k—2V2u+V(r)u = Eu (2.2.181)
and the equation for its Fourier transform
it,r) = /dE e *EW(E, 1) (2.2.182)

is the full analog of the Schrodinger equation. This allows us to present the solution for #(z, r) and,
eventually, for the physical-optical disturbance u(r), in terms of path integrals, similarly to the case of
quantum-mechanical amplitudes. Further details of calculations and discussion of specific optical systems
described in this way may be found in Garrod (1966), Gomez-Reino and Lifares (1987) and Ranfagni et
al (1990).
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<> Remark on the application of path integrals in coupled-wave problems

Some optical problems can be described by the so-called coupled wave theory, that is, by a set
of linear coupled differential first-order equations derived from the Maxwell equations using certain
approximations (see, e.g., Solymar and Cook (1981) and Ranfagni et al (1990)). Some examples
of phenomena which can be studied within the coupled wave theory are ultrasonic light diffraction,
propagation of light in thick holographic gratings, diffraction of x-rays by crystals and fiber optics. This
theory assumes that the electromagnetic field propagates as a set of distinct interacting waves. The
evolution of the wave amplitudes is described by means of a continuous interchange of energy among
the waves, as they propagate through the system. This interchange is mediated by the interaction of the
propagating fields with the material of the device.
The system of linear differential equations derived with the coupled wave theory can be written in

the following matrix form:

A

dz
where A is the vector whose components are the N wave amplitudes and M is an N x N matrix that takes
into account the interaction between the propagating waves and the material. There is a strict resemblance
between this set of equations and the time-dependent Schrodinger equation:

MA

.0 ~
i) =HIY)

in which the time is replaced by a spatial coordinate z, representing the direction of propagation of the
electromagnetic field. This similarity again opens the possibility for using all the power of the path-
integral methods (see Ranfagni e al (1990) and references therein).

2.2.7 Problems
Problem 2.2.1. Derive the phase-space path-integral representation for the transition amplitude
K (x, t|xo, tp) in the case of Hamiltonians of the type (2.2.4), using product formula (2.2.2) and the Taylor
expansion for exponentials in (2.2.3).
Hint. Use the formulae
o le EHx"y & (|1 —ieH|x') = (" |x') — ie(x" | H|x')
1 H 4 I
(I’ = f dp (x"|p)(plx’) = 5 / dpe!? =)
2
(x| HIx') = / dp (x"|p)(pl HIx')

1 B "
= /dp —e'P H(p, x){p|x))
2

1 H " 7
—/dpelp(x _X)H(p,x)
2

to convert the product formula (2.2.2) into the form

dpy---dpn . . .
dxi---dxy ~ N expl{ipn+1(x —xn) +ipn(xy —xn-1) + -+ ip1(x1 — X0)

—ie[H(pn+1,xN) + H(pn, xy—1) + -+ H(p1, x0)]}
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and then into the discrete version (2.2.9) of the phase-space path integral.

Problem 2.2.2. Prove the formula(2.2.16) for a self-adjoint operator in a finite-dimensional Hilbert space

H.

Hint. Let {; }?:1 be an orthogonal basis in the d-dimensional Hilbert space of eigenvectors of A:
Av; = Ajyi. Then, according to the definition (2.2.14), we have

~ 1Ay |
Al = —
ver IVl
v Z,’ Ailci |2
= sup ——— = ; rrllaxd{kk} (2.2.183)
Y O e
where ¢ = Zi civi,ci € C,i = 1,...,d. To prove the latter equality in (2.2.183), it is convenient to

use the polar d-dimensional coordinates (see, e.g., the formulae (2.5.80)).
Problem 2.2.3. Show that the multiplication operator
V@y@) =e ™y @)
has a unit norm, though A = 1 is not an eigenvalue of this operator.
Hint. Obviously, ||?(x)1/x|| < ||¥ || and, hence,
IVl < 1. (2.2.184)

On the other hand, let us consider the specific set of vectors
1
Yr(x) = =—0(R — |x]) ReR (2.2.185)
2R
so that ||[Yg || = 1 (B(y) is the step-function). Using the inequality
e 51— x2

for x % 0 (which follows, in turn, from the inequality
d
e (=) =2x(d—e*)>0
dx

for x # 0), we obtain

lvrl2 2R J_g

1 5 R?
> —dx(l-x)=[1-—=].
2R 3

As R approaches zero, the right-hand side becomes arbitrarily close to unity and, together with (2.2.184),
this means that .
vl _

V()| = sup —— =
Vel S:;P T

2
dxe ™

IV yel 1 /R
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Note that there is no ¥ € H, such that \710 = ¢ and A = 1 is not an eigenvalue of V. It is clear that,
according to (2.2.185), limg_.o ¥r(x) = §(|x|), because this limit is nothing but the derivative of the
6-function. The 8-function is not square integrable and, hence, does not belong to H = £2(R).

Problem 2.2.4. Derive the transition amplitude (Green function) in the phase-space path-integral
representation for fixed initial and final momenta, cf (2.2.22).

Hint. Follow the same steps as in the case of fixed initial and final coordinates (see section 2.2.1) but work
in the momentum space representation of the Hilbert space, starting from the matrix elements of the time
evolution operator (p|U (¢, tp)| po) and assuming that the states | p) have the normalization

(p2lp1) = 8(p2 — p1)

/ dp|p){pl =1

—00

and satisfy the completeness relation

Problem 2.2.5. Show that the path integral for the quantum-mechanical partition function 2 (cf (2.2.23)—
(2.2.25)) in the finite time-slice approximation has the same form in the coordinate and momentum
representation of the canonical commutation relations.

Hint. Use the boundary condition x| = x¢, rearrange the terms in the discrete approximation for action
(e.g., in coordinate representation) appropriately and make the substitution p; — p;_1.

Problem 2.2.6. Show that the function
def [
g) = / dx e 0
0

can be approximated at small A by a few of the first terms of the series
(e.¢]
def -1 o
Gasympr () = Y CED / dx x¥ne=*", (2.2.186)
n! 0
n=0
Try to argue that the latter is an asymptotic series.

Hint. Use the I'-function integral representation

o
[(z)= / dre”'r!
0
to calculate the coefficients of the series (2.2.186) explicitly

> I'2n+1/2
Gasymp(h) = ZH)”(#/)”

n=0

(2.2.187)

Since I'2n + 1/2)|,1 =~ (2n)!, this series is divergent. On the other hand, the exact function g(}) is
proportional to the parabolic cylinder function U (a, z)

oG — ﬁexp{l/(Sk)}U< 1 )

0, —
2(21)1/4 V2
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because U (a, z) has the integral representation (Abramowitz and Stegun 1965)

Ua,z) = M > ds efszf.sz/2sa71/2.
T(a+1/2) Jo
Using a table of values of the functions I'(2n + 1/2) and U (0, \/%) we can check that a few of the first

terms of (2.2.187) give a good approximation for g(A), if A < 1. To claim that the series is asymptotic
we can estimate errors for the partial sums.

Problem 2.2.7. Show that the solution of equation (2.2.91) with the boundary conditions (2.2.93) for the

special case

1 82V (x)
9x2

»? (1) =

X=X¢

where x(7) is the classical trajectory, can be written in the form

drt
x2(t)

t
D = t()et0) f
fo

Hint. Differentiation of the classical equation of motion:
3 (mic + V'(x0)) = (md; + V" (xc))ke =0

shows that
Dy (1) = xc(7) (2.2.188)

is a particular solution of (2.2.91). Using the general fact that the Wronskian

w & D1 D

Dy Dy =DiDy — DD,

of any two linearly independent solutions D1, D; of equation (2.2.91) is constant, we find that

ds

FCPEN ¢ = constant.
D] ()

D;(t) = c¢D; /

Imposing boundary conditions (2.2.93) on the general solution of (2.2.91)
D(t) = c1Di(t) + ca2Da(7) c1, ¢ constant
we arrive at the desired solution.

Problem 2.2.8. Prove that on a classical trajectory, there exists the equality

0E(xf, x0;t —10)
Jat

0 9
=x()x(tg) — —S(xr, x0;t — tp).
X()X(o)axf o0 (xr,x0 0)

Solution.
t
Slxe] = / dt (pe(®)e() — H(pe, o))
fo

= fxf dx p(x) — (t —to)E (2.2.189)

0
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(H is the Hamiltonian of a particle). Hence,

08 _ xf ap(x)_ _ E
E—P“‘f”f/; ‘”[ T ’Oﬁ axf}

0

and using
ap(x) _om _1
9E  px) x
we get
0S
— = p(xy). (2.2.190)
oxf :
Thus,
9.9 S( t —1p) i (xr)
— —S(xf,x0;t —1t9) = — p(x
0xp dx f2 70 0 3x0p !

_om 0E(xs, x0; t — to)
- pxp) dxo

(2.2.191)

where the latter equality follows from the definition of p: p = /2m(E — V (x)). Using again (2.2.189),
we can rewrite

9E 9 < as)_ R

dxo  dxo \ or 3t dxo
a 0E
= L pg) = 2= (2.2.192)
Jt p(xo) Ot
Here we have used the equality

aS

—— = —rko)
9x0

which can be deduced similarly to (2.2.190). Combination of (2.2.191) and (2.2.192) gives the required
equality.

Problem 2.2.9. Verify that the fluctuation factor expressed in terms of the VPM determinantas in (2.2.117)
gives the correct result for a free particle and a harmonic oscillator.

Hint. In the one-dimensional case, the classical action S[x(t)] for a free particle reads as

m(x — x0)2
S ==
fplxe(T)] 2 -1
and for a harmonic oscillator:
Sosc[xc(T)] = m—————=[(x" + x5) cosw(t — 1p) — 2xxg].

2sin[w(t —1)0)]

Differentiation of these expressions and substitution into (2.2.117) produce the formulae obtained
independently in section 2.2.2.

Problem 2.2.10. Calculate the factor qb(”) (7T) in (2.2.131) which appears after the calculation in the
stationary-phase approximation of the trace G(T') of the resolvent for the stationary Schrodinger equation.
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Hint. Making use of the relation (2.2.114), the fluctuation factor ®® (xq, xo; T) in (2.2.129) (which we
found in section 2.2.3, equation (2.2.117)) can be presented in more a convenient form for the current aim:

@ —i\"?/ dE\'* 1
P Ty =~ L I 22193
(x0, x0; T) <27th) ( dT) 30 (2.2.193)

where x (0) represents the initial and final points of the trajectory under consideration. But for a periodic
orbit, x (0) is an arbitrary point on it. This implies, in turn, that both S[x.] and dE/dT do not depend on
x(0). Thus, in fact, we have to calculate the integral:

Z/X2 d.x(o) = f d,x(o) = ygdr =T/n (2.2.194)
X1 -x(o) x(O)

where x, xp are the turning points of the orbit and we have taken into account that each orbit should
be counted twice because of its counterpart with movement in the opposite direction. The reason for
the appearance of the phase factor exp{imn} is quite similar to that discussed in section 2.2.3 (see
relation (2.2.120) and the discussion before it) and we refer the interested reader to Keller (1958) and
Levit and Smilansky (1977) for further details.

Problem 2.2.11. Using gauge invariance, find the path-integral expression for the propagator of a particle
in a magnetic field which is not sensitive to the choice of a discrete-time approximation for the
corresponding action (i.e. insensitive to the choice of the points X, cf (2.2.153)).

Hint. Due to gauge invariance, we can use any vector potential from the set of vector functions related
by the transformation (2.2.165) (for more on gauge-invariant theories see chapter 3). On the other hand,
as we have discussed in section 2.2.5, the dependence of the propagator on the discrete approximations is
related to the non-commutativity of the momentum operators and the vector potential:

[Pk, Ar(x)] = —ihdg As(x).

~

However, for the Hamiltonian H4 (2.2.162) to be independent for any order of the operators p, A, it is
enough to require the field A to satisfy the Coulomb gauge condition:

VA=0 (2.2.195)

which can be achieved by the transformation (2.2.165) with the appropriate function «(x). If the
vector potential is subject to the Coulomb gauge condition (2.2.195), the dangerous A-dependent term
in (2.2.160) disappears and any discrete approximation gives the same result.

Problem 2.2.12. Write the expression for the propagator of a particle in a magnetic field in terms of
the phase-space path integral. Using the result of the preceding problem 2.2.11, calculate explicitly the
propagator for constant homogeneous magnetic field B = constant.

Hint. Let us choose the coordinate basis so that B = V x A points along the z-direction. Such a field can
be described by the vector potential:

Ac=A,=0 A, =Bx. (2.2.196)

This vector potential satisfies the Coulomb gauge condition VA = 0. The phase-space action reads

4 X 1 e \2
S[p,x]:/todt [px—%(p—;A)}
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The transition amplitude (propagator) is

p(t ) i
(x, 1]x0, 10)magn.f. = /D (@ )(2 h)3 i

N+1

= lim ]‘[ / dxjdy;dz; ]‘[ / (hw { S<N>} (2.2.197)

where S®) is the discrete-time action

N+1

e e 2
s =" {pj(x/' =X - o [p,%,- + (Pyj — ;ij> +pfj“.

J=1

Recall that, according to the discussion in the preceding problem 2.2.11, page 195, we can use any
discrete approximation (not only the midpoint prescription) because A (x) satisfies the Coulomb condition.
Integration over the y;, z; variables in (2.2.197) produces the §-functions

Qr*M [8(pyv+1) — PyNS(Pen1) — Pen) -+ 8(py2 — py1)(pe2 — pe1)]-
Here we have used the Fourier representation for the §-functions:

1 [
b) = 5 / dy e (2.2.198)
T

9]

By performing the py;, p;; integrations for j = 1, ..., N, the transition amplitude can be presented in
the form

N+1

® dpydp; dpxk
(x, t]xo, t())magn.f. = /_oo (27Th)2 l_[/ dx] l_[/ 27k

. 2
i p
<o [m -+ pte 0=t 3z Lo 52

where py = pyv+1), Pz = Pzv+1) and the reduced action Sr(gi) has the form of the action for a one-
dimensional harmonic oscillator:

(N) R & , ¢&em(eB 2 cpy\2
S = 2 | P = -0 = 5orh = 5 () (0= 53)
j=1
with frequency
Q=8
mc

called the cyclotron frequency.
The result for a harmonic oscillator we know from section 2.2.2 (equation (2.2.77)). The remaining
integrals are standard Gaussian ones and result in the final expression for the transition amplitude:

Kmagn.t.(x, t|x0, t0) = (x, X0, f0)magn .

_ < m >2 Q(t — 1)
\2mik —to) ) 2sin(Q(t — t0)/2)
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im[(z—zo)2

—— +9cot(sz(t—z)/2)((x—x)2+( —y0)?)
2|l T = 2 0 0 Yy —Yo

X exp {
+ Q(xoy —xy0) + Q(xy — xwo)} }

Another way to obtain the propagator for a particle in a constant magnetic field is to perform, first,
all the integrations over the momentum variables in (2.2.197). This reduces the phase-space path integral
to the Feynman configuration integral with the Lagrangian

1 %) e .
L=-mx"+-xA(x)

2 c
(cf (2.2.151)). Then calculation of the Feynman integral can be carried out by the variational method
(since the action is quadratic, the semiclassical approximation gives an exact result). The fluctuation
factor in this case can be found from the ESKC-like relation (2.1.71).
Problem 2.2.13. Find the transition amplitude for a particle in a linear potential:

L= %m)'c2 + Fx

where F is a constant.

Hint. The transition amplitude, as usual for a quadratic Lagrangian, has the form
(x, ¥1%0, 20)1in.pot. = €% Sclxe(®)] / Dy X (r)enSIX D]

where S[X (t)] for a linear potential is just the free particle action
t .
S[X(D)] = / dv imX*(1).
fo
The classical equation of motion,
mi =F
has the obvious solution F
xe(1) = (v = 10)* + v(z — 10) + X0
2m

where v is the velocity of the particle defined by the requirement that the particle should arrive at the point
x at the time 7:

X — X0 F
= — —(( —19).
v t—1y 2m( 0)
Hence,
Selre(o) = P00 L F 6 — 1) — e — 1)
N]=—-"—""+— —19) — — (@ — tp)°.
clte Y A YR

Thus the result is

£1%05 10)inpot, = - ! m(x_x°)2+F(+ )t — to) Fz(t )’
{x, 11x0, 0)1in.pot. = praTrampn i ) I I S— 5 (x+x0 Ry 0 :
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Problem 2.2.14. Using as a guide the consideration of a driven oscillator in sections 1.2.7 and 1.2.8,
calculate the evolution amplitude for a harmonic oscillator in an external field

13
§0) :/ de [%(;Cz — o?xd) +j(f)x(f)] (2.2.199)
1

0

by the method of Fourier expansion. Calculate this amplitude also by the WKB method.

Hint. Since the quite analogous calculations by the Fourier decomposition method have been considered
in detail in section 1.2.8, we present as a hint only the result

(x, t]x0, 10))d.osc. = [2nihsin(w(t ) h sin(w(t — 1))

/ . _ . .
8 exp{ B m_l(g/f it / 7' (1) () sin(w(t — 7)) sin(w(t to))}
0

sin(w (t — tg))

: . B . B
X exp { / dr j (T)xo sin(w(t — t)) + x sin(w(t — 1)) } (22.200)
fo

mo i|§ :i(x2 +x5) cos(w(t —19)) — 2xxo}

sin(w (t — tp))

In the WKB method (which gives, of course, the exact result for this problem), the amplitude is
represented in the form

0 i ! .
(x, t|x0, 10)d.osc. = et el / Dyrx(t) exp { %'L/ dt %(XZ - a)XZ)}
to
where the path integral is the usual one for the purely harmonic oscillator and, hence, is known. Thus, the

problem in this method is reduced to calculating Sc(i)[xc(t)]. First, we must solve the classical equation

of motion )
)

$e(7) + 0xe(r) = ——. (2.2.201)
m
With the help of the Green function G (r — 1’), satisfying the equation
d2 l 2 / 1 l
— Gt —-1)+wGr—-1)=—=866—-1) (2.2.202)
dz? m

the solution is written as

1
xe(7) = / dt'G(r =) j ).
fo

Taking into account the solution for the homogeneous equation (with j(t) = 0) and that the derivative of
the step-function gives the §-function, the solution of (2.2.202) can be sought in the form

Gt — 1) =Csino(T —t)[0T — 1) +ab(r —1))].

Substitution into (2.2.202) results in a = -1, C = 1/(4mow). This gives the classical trajectory. Then,
after integration, we find that the action Sc(j ) and the evolution amplitude (2.2.200).

Problem 2.2.15. Consider a one-dimensional charged particle in the harmonic potential and external
monochromatic electric field E(r) = Asin(27) (e.g., an ion in some crystal subject to the external

field)
L= %(;&2 — *x%) + E()x(2).
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Assuming the particle initially in the ground state of the harmonic oscillator Hamiltonian (without an
external electric field), find the probability p,, of the nth energy level to be occupied after the lapse of N
periods of oscillation of the external field (N = 1, 2, 3, ...). Use the result of the preceding problem.

Hint. The evolution of the state is defined by the propagator (2.2.200)

9]

Y(x,NT) = / dxo (x, NT'|x0, 0)d.osc. Yo (x0)
—00
where T' = 277/ €2 is the period of oscillation of the electric field and v is the ground state of the harmonic
oscillator. The desired probability is found as

Pn = [{¥nl¥ (x, NT))|?

where
o0

(Unl|¥ (x, NT)) =/ dx Y (X)¥ (x, NT)

—0o0
is the probability amplitude of the nth energy level to be occupied and v, is the eigenstate of the harmonic
oscillator. Recall that (see, e.g., Landau and Lifshitz (1981))

_1 1x2
Yo (x) = (2"n!/mlo) "2 Hy(x /o) exp _52_2 . (2.2.203)
0
Here
F h
A
mw

and H,, is the nth Hermite polynomial. As a result of the calculations, we find that the Poisson distribution

1
Pn = — e
n!

where

" mho?
(A is the amplitude of the external field).

2A? [sin(Nm/Q)T
Qlo—w/Q

Problem 2.2.16. Using the separation of trajectories into their classical and quantum fluctuation parts, find
the Green function for the harmonic oscillator with a linear term which has the Lagrangian

t
Llx, 1] = %)’cz - %xz T+ b(1)xk — e()x
assuming that the various coefficients may be time dependent.

Hint. Show that in the quantum fluctuation factor the coefficient of the linear term can be absorbed into
a redefined time-dependent frequency, so that its calculation can be carried out by the standard Gelfand—
Yaglom method.

Problem 2.2.17. Find the kernel function K (x, x’; z) for the physical-optical disturbance u(r) in the case
of paraxial rays which satisfy the conditions

i<l oyl (2.2.204)
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and for a parabolically focusing medium, i.e. with the index of refraction of the form
n=1-lo?x2 (2.2.205)

Hint. Taking into account the paraxiality condition (2.2.204), expand the optical Lagrangian (2.2.174) in
series to obtain

L~ 33>+ 39" +n

where all higher-order terms are neglected. Then use the results of the path-integral calculation for
the quantum-mechanical harmonic oscillator. For further details and physical discussion see Eichmann
(1971).

2.3 Quantization, the operator ordering problem and path integrals

We have already discussed the basic principles of the quantization procedure (section 2.1.1). To define a
quantization means to establish a rule of putting in correspondence to any classical observables, i.e. to a
function f(p, x) on the phase space of a system, some quantum observable f i.e. an operator in some
Hilbert space . The very function f(p, x) in this context is called a symbol of the operator f For
example, in the case of a system with the phase space R2?, we put in correspondence to the coordinates x;
and momenta p; (i, j =1, ..., d) the operators as in (2.1.29) and (2.1.30). It is important, however, that
a quantization is not uniquely defined by this prescription: for instance, to the product p;x;, we might
put in correspondence either the operator pjX; or X;p; or (pjX; + X;p;)/2. Thus there are essentially
different ways of quantization. This is the so-called operator ordering problem in quantum mechanics.

At first glance, a path integral, dealing only with commutative objects, is insensitive to the choice
of the quantization and hence, we might think that the path-integral approach is incomplete and does not
reflect all the peculiarities of quantum mechanics. In the main part of the preceding sections we have, in
fact, circumvented the problem, considering only Hamiltonians of the specific form H = T (p)+V (x), for
which the operator ordering problem is not essential. However, considering a particle in a magnetic field
in section 2.2.5, we have already met the problem and found that in the path-integral formalism it reveals
itself in the special ways of constructing the time-sliced approximation. But there, the ordering rule was
dictated by the requirement of gauge invariance. In the present section, we shall consider this topic from
a general point of view and show that an accurate derivation of the phase-space path integral in the case
of more complicated Hamiltonians (with terms containing products of non-commuting operators) does
depend on the way of quantization (choice of operator ordering), so that the phase-space integral carries
information about all the details of a given quantum system.

An adequate formalism to take into account all the peculiarities of the quantization procedure
essentially uses the notion of the symbol of an operator, some binary operations (composition) in the set
of the symbols, the relation of a symbol with the operator kernel for a given operator, etc. Therefore, in
the first subsection we shall review shortly the main facts about symbols of operators. The next subsection
is devoted to the derivation of the phase-space path integral in the case of Hamiltonians with the operator
ordering problem and to an analog of the Wiener theorem. In the last subsection, we shall consider the
so-called normal symbol for the evolution operator, its relation to what is termed the coherent state path
integral, the perturbation expansion and path-integral representation for the scattering operator.

2.3.1 Symbols of operators and quantization

The correspondence between a quantum-mechanical operator and a function on the classical phase
space of a system, called the symbol of this operator, must be subject to some requirements. First,
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this correspondence is supposed to be linear. Second, it must satisfy the fundamental correspondence
principle:

(i) the mapping f — fdepends on some parameter (usually, but not necessarily, this parameter is the
Planck constant, so in what follows we shall for simplicity denote it as £);
(i) in some sense, which we shall clarify soon,

f(p,x)=gig})f.

To clarify these conditions, let us note that if a quantization is defined, there is a bilinear operation
*: f1, f2 = f1 * f» (the so-called star-operation or star- product) in the set of symbols which copies the
operator product: if f, f1, f> are the symbols of the operators f f1, fz and f f1 f2, then f = f1 x fo.
Explicitly, the correspondence (i) and (ii) means the existence of the following relations

]!bi_r)%(fl *x 2)(p,x) = fi(p,x) f2(p, x) (23.1)
%12% }i_L(fl *x fo— fa*x f1) =1{f1, f2} (23.2)

where { f1, f>} is the Poisson bracket:

af < (Ofi 3fs  Ofi 0fs
(1. f2)px) = ; ( 9p; 9%, 3x; 39, ) : (23.3)

Note that coordinate x; and momentum py operators with different indices j # k commute with
each other and, hence, products of different coordinates and components of momentum x; px, j # k have
no ordering problems. Thus, to simplify formulae, we shall confine ourselves in most of this subsection to
the one-dimensional case (i.e. to a two-dimensional phase space). The generalization to a d-dimensional
space is straightforward.

<& Construction of symbols of operators: xp-, px- and Weyl symbols

The simplest operators on H have the form
M N
=Y > cuX"p"  M,N=0,12,.... (2.34)
m=0n=0

Operators of the form (2.3.4) are dense in the set of all operators on H = L%(R). In other words, any
operator can be represented as a sum (perhaps infinite) of the operators (2.3.4). Thus a correspondence
between the operators (2.3.4) and their symbols defines the quantization (i.e. the ordering rule) for any
operator (i.e. fixes the correspondence between any operator and its symbol).

Loosely speaking, to define a symbol we have to choose some ordering of X and p in (2.3.4) and then
substitute the operators with classical variables x and p. For example, we may put in correspondence to
the operator (2.3.4) the xp-symbol:

M N
forP.x) =D comx™p" . (2.3.5)

m=0n=0
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Another option is to define the px-symbol. To this aim, we have to rearrange the operator (2.3.4),
using the canonical commutation relations

[ﬁa /X\] = -

i.e. Xp = px + ik, so as to represent it in the form

. M N
F=Y> Gup's" (2.3.6)

m=0n=0

where the new coefficients ¢, are related to c¢;,, in (2.3.4) via the reordering procedure. Then the px-
symbol of the operator (2.3.4) (or (2.3.6) because this is just another form of the same operator) reads
as

fpx(p,x) = Z Zcmnx . 23.7)

m=0n=0

One more symbol which is especially useful for solving many quantum-mechanical problems is

called the Weyl symbol. We shall consider it in some more detail.

First, we have to introduce the symmetric operator product (( v ) of non-commuting

operators 1’4\’1‘ L A\k ¥ with the help of the formula
—~ —~ k!
@A+ FaApt = Y Wo/fl ok AN AN (2.3.8)
ky+-+ky=k I N

where «; are arbitrary complex numbers and the summation is understood over systems of positive integer
numbers (k1, k3 . .., ky). Thus the symmetric product ((Allq . A];}V ) is, by definition, the coefficient at

_ K
kile- ky! !

in the expansion of the left-hand side of (2.3.8). In the particular case N = 2, the definition (2.3.8) reads
as

(@A + BB = Z : o B (A" BY). (2.3.9)
m-+l=k mll
For instance,
(AB) = L(AB + BA) (2.3.10)
(A’B) = 1(A’B + ABA + BA?). (2.3.11)

Now we are ready to introduce the Weyl symbol. Let us consider a polynomial of the form (2.3.5)
(but, for completeness, in a d-dimensional space)

Sw(p,x) = Z le...mdnl...ndxl ledprlll p:zd (2.3.12)

my+--+mg<K
ni+-4ng <K

and put in correspondence to it the operator

= > Cmmmend @ BINGE P (R (2.3.13)

my4--+mg<K
ni+--+ng <K
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Then the function fy (p, x) is called the Weyl symbol of the operator f
A more convenient formula connecting the Weyl symbol with the corresponding operator has the
following form

m . o~ ~ o~
f= / dds ddr el SPH 75 r) (2.3.14)
—0Q0
where fw(s, r) is the Fourier image of a symbol f (p, x):
~ 1 o d d .
Fus.r) = 55 / dpdix e P £y (p, x) (2.3.15)
—0Q0
m . ~
fu(p, x) = / dds ddr 'SP £ (s p). (2.3.16)
—00

One may check that (2.3.14) is consistent with the definition of Weyl symbols given earlier (problem 2.3.1,
page 226).

<> Relation between operator symbols and operator kernels; the star-product for Weyl symbols

Another way to connect a symbol with the corresponding operator is to find the relation between the
former and the kernel of this operator (see the definition of an integral kernel in (2.1.66)). In the case of
the Weyl symbol, this relation is defined by the formula (see problem 2.3.2, page 226)

1 © i Xty
K - d,erx=y)p 2.3.1
) (2w h)4 _/_Ood pe Fw <p, 2 > (2.3.17)

where K r(x, y) is the integral kernel of the operator fwith the Weyl symbol fi, (x, p), so that the action
of the operator f on a vector v from £2(R?) is given by the expression

(f)(x) = f d%y K (x, ¥ (y)

N S (T B NP xX+y
T Quh)d [md pdyet fwlpo—= v (2.3.18)

In fact, this formula states that the kernel K ¢ (x, y) is obtained from the Weyl symbol with a shifted
argument fw(p, (x + y)/2), via the Fourier transform. Thus, using the inverse Fourier transform, it is
easy to find

o0 .
fw(p,x) = fW dlyenP?K (x - % x + %) (2.3.19)
o0 .
i Y|~ 4 Yy
= dYyerP¥ (x — Z| F(£,p) |x + =). (2.3.20)
[ atvere (e )

This formula allows the straightforward calculation of Weyl symbols of operators (problem 2.3.3,
page 227).

The relations (2.3.17) and (2.3.19) imply that the Weyl symbol f‘;r, of the conjugate operator f# is
the complex conjugate to that of the operator f

fHp.x) = fu(p, x). (2.3.21)
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As we have discussed in section 2.1.1, the kernel K (x, y) of the operator f = ﬁﬁ is expressed
through the kernels K1(x, y), K2(x, y) of the operators fi, f2, according to the composition formula:

K(x,y) =/ dz K1(x,2)K2(z, y). (2.3.22)

From this relation and by using the formulae (2.3.17) and (2.3.19), we can find the formula of composition
(star-operation) for two Weyl symbols (i.e. for the Weyl symbol of the product of two operators):

Jw(p,x) = ((fDw* (2w (P, X)

1 o .
= i ﬁw d*p1d®x1 d*prd®xs exp{%(x —x)p1+ (x1 —x)p2 + (x2 —X1)p}

x (fOw(p1, xD(2)w(p2, X2) (2.3.23)

(see problem 2.3.4, page 227). Note that the exponent in the integrand of (2.3.23) can be written as a sum
of determinants:

a |1 1 1
@—x)p1+ @ —X)pr+2—x)p=Y | ¥ x (2.3.24)

i=tp! pl P

(xj, x{ R pé are the components of the vectors x, xq, ..., p2).

Relation (2.3.23) can also be rewritten in another form

fw (. x) = ((fD)w*(2)w)(p, x)
o (p B e B
= (/Dw 28x2’x 2 ap>

X=X

(2.3.25)

) (2w(p2, x2)

p2=p

To prove the equivalence of (2.3.23) and (2.3.25), it is enough to use the Fourier transform of ( f2),, which
allows us to calculate the action of the differential operators from ( f1)w in (2.3.25) and then to make a
change of variables converting the result into the formula (2.3.23). Expanding ( f1)w in (2.3.25) in Taylor
series, we arrive at the formal equality

fw(p,x) = ((fO)w* (f2)w)(p, x)
Z (=1)m+-tna (ih)m1+>»»+md+nl+m+nd
my,...,myg ml'md'nl'l’ld' 2
ni,...,nq

X [B - QMR 3 g (p, X)I[O - BRI - 9 fn(p )], (2.3.26)

Xd " P1 d

This formula clearly shows that the correspondence principle (2.3.1), (2.3.2) is fulfilled for the Weyl
quantization.
The following useful formulae for symbols represent traces of operators:

—~ o0
Trf:/ d%% K (x, x)
—o0

1 o0
= W/_oo d% d%p fu(p,x) (2.3.27)

-~ 1 o0
Trfu/‘; = Wﬁw dxdp (f)w(p, x)(f2)5(p. X). (2.3.28)
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Table 2.1. Examples of ordering rules and functions defining the corresponding symbols.

Correspondence rule Q2 (u, v) Ordering rule
Weyl 1 @'P")
Symmetric cos % %(}E’l P+ PR
xp-rule exp {—i%} M
px-rule exp {1% } P
uv [uv 1 u
Born-Jordan sin— / — —— i;mfl 2 ﬁl
2 2 m+ 1 =

< The general form of the correspondence mapping for an arbitrary ordering rule

Similar considerations can be carried out for other ordering rules and the general relation between
operators and the corresponding symbols can be formulated in a systematic and universal way (e.g.,
Langouche et al (1982) and Balazs and Jennings (1984)).

Let us consider a pair p, x of canonically conjugate variables and the corresponding non-commuting
operators p, x. For an exponential function of p and x an arbitrary correspondence rule, to generate the
operators p, X from the (commutative) coordinates p, x, can be presented in the following general form:

exp [%(ux + vp)i| — Oq(u,v; X, p) = Q(u, v) exp [%(uf—i— vﬁ)} (2.3.29)

where 2 (u, v) is a function of the auxiliary variables u, v which defines the ordering rule. This produces
the mapping for arbitrary monomials:

M@, m) =x" . . xHtrp' . . p'm (2.3.30)
by means of the differentiation
1 an+m 0 U "\’
M@, m) — - (. 19, ) . (2.3.31)
| Quyy L Uy, AUy L Dy, [,

It is seen that the ordering rule is defined by the function 2 (u, v). Some known examples are displayed
in table 2.1.

We can make this correspondence explicit. In order to construct the operator I/’:Q corresponding to
a classical function f(p, x), according to the rule defined by some €2 (u, v), let us consider the Fourier
integral

f(p,x)= /du dv f(u, V) exp {%(ux + ivp)} (2.3.32)
~ 1 i .
(u,v) = % / dpdx f(p,x)exp {—ﬁ(ux + wp)} . (2.3.33)
We define the operator f2(p, ) via

2P, 9 = /dudv f(u,v)Q(u,v)exp{%(u?—i—iviD} (2.3.34)
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which gives

P50 = (Z%ii)/du dvdpdx f(p,x)2(u, v)exp {—%u(x —-X) — ihv(p - A)} . (2.3.35)

(We have presented the one-dimensional version of these general formulae but the generalization to the
d-dimensional case is trivial: integrations go over R? and the pre-integral factor acquires the power d.)

<> The normal symbol of an operator

Now we shall introduce the normal symbols (sometimes also called the Wick symbols) which are especially
important for many-body problems in quantum mechanics, second quantization formalism and quantum
field theory.

The normal symbols are constructed with the help of creation and annihilation operators (cf
section 2.1.1). For the current aim it is convenient to rescale the operators used in section 2.1.1, so
that the multidimensional generalization of (2.1.48) reads as

[@. a1 =1[a,aj] =0 (2.3.36)
G, @[] = hdy;. (2.3.37)

The space L£2(R?) has the orthonormal basis
(af)kl . (a;)kd

B VAR g - kg

Yk ko kg Yo (2.3.38)

with the normalized ground state, ¥o: aro = 0 (cf (2.1.53)).

Since the commutation relations between operators with different indices are trivial (i.e. the operators
commute), the generalization of the one-dimensional case to the multidimensional is quite simple and in
what follows we mainly restrict the discussion to the case of one degree of freedom, making comments
on higher-dimensional formulae where necessary.

One possible realization of the commutation relations for the creation and annihilation operators is
based on the formulae (2.1.47) and (2.1.29), (2.1.30). Another very convenient and important realization,
called the Bargmann—Fock realization, is constructed as follows.

Let F2 be a space of entire anti-holomorphic complex functions ¢ (z*), z € C. Introducing the scalar
product

o
SN

€

1 1%
(Vig) = E/dz dz* e WYt e (ZY)  Ype TR (2.3.39)
we convert F into a Hilbert space. The integration measure in (2.3.39) is defined by the equality
dzdz* = dxdy/m, where z = x + iy and dx dy is the usual Lebesgue measure on R> = C. The
action of the @, ZZT—operators on functions from F2 is defined by the formulae

@ ) =" f(2%) (2.3.40)
d
@ = ha—z*f(z*). (2.3.41)

An advantage of this realization can already be seen at this stage: the problem of finding the ground
state Yo becomes almost trivial. Indeed, from (2.3.41) it is obvious that 9 = constant and, using (2.3.39),
we easily check that

Yo =1 (2.3.42)
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is the normalized ground state
— d
ayy=h—1=0.
9z

Integration by parts shows that the operators @ and @' are conjugate to each other with respect to the
scalar product (2.3.39) (problem 2.3.5, page 228). The successive action of the creation operator @' gives
the orthonormal basis of F2:

(2.3.43)

In the space F 2 there exists another very convenient basis of the so-called coherent states Y, (z*),
which are defined by the expression

T, (2" & ek yecC (2.3.44)

It is clear that the vector Y, (z*) is an eigenfunction of the operator a:
aY,(z) = vy (). (2.3.45)

Note, however, that although any vector from F? can be represented as a superposition (in fact, integral)
of the coherent states, the basis (2.3.44) is not orthonormal:

(T2Ty) = To(z") = en™. (2.3.46)

Here Y,(z*) must be understood as a function from F2 (in the same way as the matrix element
(plx) = exp{iﬁ px}is a wavefunction). It is seen from (2.3.46) that we have chosen to work with non-
normalized coherent states: .

(YY) =er® 2. (2.3.47)

Such a choice proves to be technically convenient in many cases. The resolution of unity in terms of the
coherent states (i.e. the completeness relation for them) reads as

1 .
== /d% IT,)e 5V (T | (2.3.48)
T

In fact, the coherent states form an overcompleted set of states because of the absence of the orthogonality.

An advantage of the coherent states shows up, in particular, in the calculation of the normal symbols
of operators. To introduce the latter, let us consider, in a Fock space with d degrees of freedom,
polynomials in @, at. Using the commutation relations (2.3.36) and (2.3.37), these polynomials can
be written in the form

_ . U
A= > Ampmgnng@)™ - @pmeayt - ay. (2.3.49)
my+---+myg <K

ny+tng <K

The corresponding polynomial in commuting variables is called the normal symbol:

ALz = Y Ampmanag GO (D)™ (2.3.50)
my+-+mg<K
ny+-+ng<K
Of course, we can also define anti-normal symbols which can be put in correspondence to a polynomial
with commuting variables, operators with the annihilation operator on the left of the creation operators.
We shall not use the anti-normal symbols in this book.
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As we have mentioned, the coherent states provide the simplest way of calculating the normal
symbols. Again we present the calculation for the case of one degree of freedom; generalization to a
higher-dimensional phase space is straightforward and can be carried out by the reader as a useful exercise.
Using (2.3.49), (2.3.50) and (2.3.45), we obtain

(TlAY:) = Y A (Tul@"a" )

n,m

= Z Anm (dnTU |amTz>

n,m

= ZAnmU*an Ty|T;)

n,m

= AW*, 2)(Ty|T2) (2.3.51)

so that the normal symbol is expressed via an operator A by the formula

A(Z*, 2) = (CIAT:) (2.3.52)
(Y Y7)
— e FNTLAY,) (2.3.53)

(the latter equahty follows from (2.3.47)). Note that the normal symbol AT of the Hermitian conjugate
operator AT is obtained by the complex conjugation

AT(Z*, 7) = A¥(Z*, 2). (2.3.54)

Now let us find the relation of the normal symbol with the corresponding operator kernel K 4 (z*, z)
which, taking into account the scalar product (2.3.39), should be defined as follows

-~ 1 1%
(Af)EH = ﬁ/dz* dze EV VK A(ZF, v) f (). (2.3.55)
Using (2.3.46), (2.3.53) and (2.3.54), we obtain
ANE = A = 5 [av doe @1y @) 700
dv* dve™ AT, (L) F ()

dv* dve  F VA v) F(0) (2.3.56)

\\

so that
KAz v) = e T VAR, v). (2.3.57)

The star-operation for the normal symbols reads as

AZ",2) = (A1 x Ap)
1 * *
= ﬁ/dv*dv e~ FEVIETV A () Ay (v, 2) (2.3.58)
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(see problem 2.3.6, page 228). This star-product can be presented in a differential form (similar to
expression (2.3.26) for Weyl symbols):

A(Z%,z7) = (A1 % A2)
hm
= Y [V AL, DI Ax(2", 2)] (2.3.59)
nm: ’
m
which clearly shows that the correspondence principle (2.3.1), (2.3.2) is fulfilled for the normal symbols

as well as for the Weyl symbols. Of course, we can find the relation between the two types of symbol. We
give it without proof (see, e.g., Berezin (1971)):

2\ -
A(*,v) = <E) / d97* a7 e~ @G £y . (2.3.60)
The latter formula is written for a system with d degrees of freedom: z*, z, v*, v denote vectors from (o
def
vz = Z”j[:l v* jz; stands for the standard scalar product in C4. All the preceding formulae for normal

symbols can be easily generalized to the multidimensional case by substitutions of the type v*z — v*z
and dz*dz/h — d7*d%z/h¢.

2.3.2 General concept of path integrals over trajectories in phase space

One of the principal problems of quantum mechanics is the evaluation of transition amplitudes

WU, 10)|g)

or, in other words, the kernel of the evolution operator of a system. Unfortunately, except for some
specific cases (e.g., the free particle and harmonic oscillator), it is impossible to calculate these kernels
directly. From the general point of view, the construction of a path integral in quantum mechanics is just a
specific way of representating the evolution operator kernels in a form suitable for further (approximate)
evaluation. This path-integral representation is based essentially on two facts:

(1) the operator identity R R
U@ =[wa/nY

(2) the formula for the kernel of products of operators:

o N-1
[ l_[ dx./'i|KU(t/N)(x’xl)KU(t/N)(Xl,XZ) - Kya/ny@n-1,y). (2.3.61)
i=1

Kyp(x,y) =/

—00

In fact, the latter expression is nothing but the discrete-time approximation for the Feynman (configuration
space) path integral. The advantage of representation (2.3.61) is that evaluating the kernel of a short-time
evolution operator (short-time propagator) is much easier to do than that for an arbitrary time. An actual
calculation of the short-time propagator requires the use of the complete set of momentum eigenvalues
and, hence, integration over momenta (cf, for example, (2.2.8)) which results in the discrete approximation
for the phase-space path integral.

However, in the general case (apart from Hamiltonians of the form H(p, x) = T(p) + V(x)), we
have to choose, at first, a way of quantization, i.e. an operator ordering rule for the Hamiltonian under
consideration. This, in turn, essentially defines the discrete approximation (2.3.61) for the path integral,
exhibiting, in this way, the general quantum-mechanical ambiguity (operator ordering problem) in the
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path-integral formalism. For example, relation (2.3.17) clearly shows that Weyl ordering results in the
midpoint prescription: when we substitute the Hamiltonian operator by its classical counterpart (i.e. by
the Weyl symbol) we have to evaluate the latter in the midpoints, as indicated on the right-hand side of
(2.3.17).

Thus the formalism of operator symbols allows us to take into account different possibilities for
the quantization of complicated systems (with inequivalent different orders for the operators in the
Hamiltonians). In this approach, the basic objects of the formalism prove to be the phase-space path
integrals. Specific prescriptions (e.g., the midpoint one) for the discrete approximation of configuration
Feynman path integrals automatically appear after integration (if possible!) over momentum variables.

It should be stressed that the construction of the phase-space path integrals, outlined in this section,
is suitable for arbitrary Hamiltonians, while direct construction of path integrals in a configuration space
is heavily based on the Feynman—Kac formula and meets serious problems for complicated Hamiltonians
(i.e. those more general than the form H = T(p) + V(x)). We shall consider such complicated
Hamiltonians in section 2.5.

< Discrete approximation for a phase-space path integral as a star-product of symbols of evolution
operators

Let H be some Hamiltonian and H be one of its symbols (for example, Weyl or normal symbol). For a
small + = ¢, we have

J(e) :exp{—%ﬁs} —1— %ﬁe+0(82). (2.3.62)

Thus the symbol of the evolution operator is
Ue) =1— %H8+(9(82) =exp{—%H€} + O, (2.3.63)

Let 6(;) be an operator with the symbol G(¢) = exp{—%Ht}. From (2.3.63), we have
Ue) = G(e)(1 + O(e2)) (2.3.64)
and by substituting this approximate equality into the operator identity
U@ =@a/Ny"
we arrive at an expression for U (t) with arbitrary ¢:

U(t) = Jlim Un (1) (2.3.65)

N ~/t\\
Oy () = (G <N>> . (2.3.66)

It is worth noting that, strictly speaking, the expansions (2.3.62) and (2.3.63) are correct if the
Hamiltonians are of the order of unity (in an appropriate sense). In other words, we should expand the
consideration presented in the proof of the Trotter formula (section 2.2.1) for Hamiltonians of the form
H(p,x) = T(p) + V(x), to the case of arbitrary Hamiltonians. In general, this is a very complicated
mathematical problem. But from the physical point of view, violation of the expansions (2.3.62) and
(2.3.63) would mean that the Hamiltonian is not truly the generator of time evolution. Essentially, we just
leave this exotic situation aside.



Quantization, the operator ordering problem and path integrals 211

Since the symbol of the operator G (t/N) is known, we can write (2.3.65) in terms of the symbols

Un(t) =G<%>*G(%>* G(%) (2.3.67)

Let &, for brevity, denote a vector in the 2d-dimensional phase space:

§={x,p}=1{x1,....xa: p1, ..., pa}. (2.3.68)

Taking into account that the x-operation for some symbols f1, f> is given by the integrals of the form

(fix ) (&) = f d% d%; A(&; &1, &) fi(&1) (&) (2.3.69)

where A(&; &1, &) is one of the functions defining the star-product for a given type of symbol (cf (2.3.23)
and (2.3.58)), we obtain in this way an expression for U ~ (#) in terms of a multidimensional integral, i.e.
the time-sliced approximation for the phase-space path integral for the evolution operator (more precisely,
for its symbol). At this stage, we can clearly see the implication of the operator ordering problem (in other
words, the existence of different ways of quantization of the same classical system) on the derivation of
path integrals. Indeed, different ways of quantization (different symbols of operators) imply different
functions A(£; &1, &) and, hence, different expressions for the discretely approximated path integral.
Naive passage to the limit of continuous time hides the difference for basic types of symbol giving the
same answer (thus the latter is correct only for special Hamiltonians or symbols). Careful calculations
lead to peculiarities. Additional details, for example shifted arguments of the type

t t
/ dt H(p(t +0), x(v)) & m%/ dt H(p(t + ¢), x(1)) (2.3.70)
to £~ to

or additional non-integral terms appear. The non-triviality of the infinitesimal shifts (2.3.70) follows from
the fact that trajectories which must be integrated over in the phase-space path integral are discontinuous
(see later). This is a non-trivial generalization of the Wiener theorem for the path integral in the theory
of stochastic processes and this fact reflects the basic principle of quantum mechanics, namely, the
uncertainty principle (there are no trajectories of quantum particles in phase spaces!).

For definiteness, let us choose in what follows the Weyl symbol, still dropping, for brevity, the index
indicating this: U(t) = Uyw(t), H = H,,. Using the explicit form (2.3.23) of the star-operation for the
Weyl symbols, the time-sliced approximation (2.3.67) can be written in the form

N-1
1
Un(p,x;t,10) = W/ l_[ dpim dxp d%%m diqm

m=1
N—1

X exp{ - 2’%[2 Z[(Pm — k) (@1 — qm) — Cm — qu) K1 — ki) ]

m=1

N-—1
ey H(pm,xm)“. (2.3.71)

Here, for compactness, we have introduced the auxiliary variables

ki1 = po q1 = xo kn=p qn = x.
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In the continuous limit N — oo, this gives
Ulp.xit.10) = / Dp(1)Dx(1)Dk(1)Dg(7)

s t
X CXP{ - 2%/ dt [2((x(z) — q(0)k(r) — (p(r) — k(7))q(7))
1

0

— H(p(z), x(r))]} (2.3.72)

where
k(1) = p(1) q(10) = x(to) kt)y=p q@) =x.

Note that, if we did not know the correct discrete approximation (2.3.71) and started from (2.3.72),
we could obtain the standard expression for the path integrals:

U= /Dp(r)Dx(t)exp {%S} (2.3.73)

To see this, let us substitute the exponential in (2.3.72) by the following integral sum:

N—1 N—1
2 Z(Pm — k) (@ms1 — qm) — Z(merl — gmt+1) k1 — ki)
m=2 m=1

oo
— (62— k1 — (xn — qn)kn — & Y H (P, Xm)

m=0

which has the same continuous limit as that in (2.3.72) and then integrate over k;,, gp; m =2,..., N—1.
The continuous limit of the result of the integration yields the path integral (2.3.73). This shows that the
naive continuous limit may hide peculiarities in the correct discrete approximations and even lead to a
wrong result. It should be stressed, however, that this concerns the local terms in the exponentials of
path integrals. The latter remark is important for quantum field theories where such local terms become
inessential due to the renormalization procedure (see chapter 3).

< Representation for a symbol of the evolution operator as a ratio of two path integrals

The path-integral representation for symbols of operators offers a slight modification which allows us to
drop a careful treatment of the overall pre-integral factors. For the sake of generality, let us write this
modification in a form independent of a concrete type of finite-dimensional approximation of (phase-
space) path integrals.

Let X" be the Hilbert space consisting of trajectories in a phase space, with the scalar product

[=%

ef

t
€g) / dr E2(7) < 00 (2.3.74)
fo

where .,
E (1) =) (pj(1) +x7(1)
j=1

(this is the phase-space analog of the configuration scalar product (2.1.112)).
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For a phase-space path integral the space X’ plays the same role as the space of continuous functions
for the Wiener integral: we shall argue that it is this set of trajectories in the phase space which must be
integrated over.

As we have already discussed, different types of finite approximation of path integrals exist: for
example, the time-slicing (discrete-time) approximation or Fourier expansion with a finite number of
terms in the series. The general procedure for a finite-dimensional approximation can be described as

follows.
. . . def
Let Py be a collection of orthogonal projector operators in X and Xy = Py X be spaces of

functions used for a finite-dimensional approximation of the paths, with the properties

dim{Xy} = Dy < 00
PyPni1 = Pyy1 Py = Py (2.3.75)

lim PN =1
N—oo

where [ is the identity operator in X’ (the limit is understood in the strong operator sense). The meaning of
these projectors Py is obvious: in particular, in the case of the time-sliced approximation they substitute
paths by piecewise linear functions defined by their values at N points; in the case of the Fourier
expansion, they cut the series off after the Nth term.

Now we introduce a general notation, B, ~, for the operators which, by acting on functions from Xy,
produce the exponent, except a Hamiltonian, in the finite-dimensional approximation of the phase-space
path integral (2.3.72), so that this part of the exponent now can be written as

) &Ny € An. (2.3.76)

An explicit form of this operator depends on the rule of the star-product of the chosen symbol and on
a chosen approximation. For the time-sliced approximation, the By are the finite-difference operators,
while for the finite mode (Fourier) expansion, they are ordinary differential operators. For example, for
the Weyl symbol and discrete-time approximation, the explicit form of (2.3.76) is given by the exponent
in the second term of (2.3.71). Now the finite approximation of the path integral for the symbol of the
evolution operator can be defined as

der S APVEW) exp {% [(S(N)IENIS(N)) - f,f) dt H(§(7), T)]}

UnGwyit o) = _ —
JdPVEw) exp {% [(S(N)IBNIS(N))]}

This formula is inspired by the fact that the Weyl symbol of the unity operator (‘evolution’ operator with
zero Hamiltonian) is equal to ordinary unity and this is obviously true for (2.3.77). The advantage of
definition (2.3.77) is that it makes the path integral insensitive to a total pre-integral factor of a finite-
dimensional approximation.

The fact that the approximation (2.3.77) indeed converges to the symbol of the evolution operator
for an arbitrary chosen symbol can be proved by a method similar to that for the Feynman integral
which we have discussed in section 2.1.1: we must prove that the corresponding operator satisfies the
Schrodinger equation. To this aim, we prove, starting from the approximation (2.3.77), that the symbol
U = limy_, o Uy satisfies the Markov-like condition:

(2.3.77)

U@, tY«U(, tg) = U(t, 1) <t <t. (2.3.78)

Then differentiating it and using the fact that an evolution is generated by a Hamiltonian, i.e.

. t
Ut tg) =1 — %/ dr HE, 1) + O((1 — 10)%) (2.3.79)
1

0
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we arrive at the equation

ihw — HO)* Ut 10) (2.3.80)

which is equivalent to the Schrodinger equation for the evolution operator.

< The Wiener-like theorem for phase-space path integrals

To conclude this subsection, we shall discuss the set of trajectories in a phase space on which the path
integral is concentrated. But since the integral is not generated by some measure, we should clarify, first
of all, the meaning of the notion ‘set of trajectories on which the integral is concentrated’. To do this,
let us consider some Hilbert space X of classical trajectories and a ball S(r) of radius r in this space,
defined with respect to the standard norm in X, that is (§(7)|&(7)) < r2. With the help of the projector
operators (2.3.75), we also define the collection of spaces Ay = Py A’ and the corresponding balls Sy (r)
and consider the integral

i -
JN(V)=/ dPVg GXP{—EL(SIBNIS)} (2.3.81)
§eSn(r)
where the operators B, n are defined in (2.3.76). If the functional
i (¢IBlE)
200 v Vi3l

generated some measure in a functional space, the ratio

def Jn(r)

IN@r) = (2.3.82)
Jn(00)
would satisfy the conditions:
(i) for any r > 0 there exists the limit
J(@r)= lim Jn(r) (2.3.83)
N—o0
(ii) there exist the limits lim,_, o, Jy (r) for any N and
lim J@) = 1. (2.3.84)
r—o0

In the case of phase-space path integrals, these conditions can be taken as a definition (Berezin 1981):
if (2.3.83) and (2.3.84) are fulfilled for some Hilbert space X, the phase-space integral is said to be
concentrated on (or supported by) this space.

Theorem 2.3 (the analog of the Wiener theorem). A phase-space path integral is concentrated on the
Hilbert space of trajectories with the scalar product (2.3.74).

Proof. To simplify the notation, let us consider the case of one degree of freedom. As follows from
analysis of the integral (2.3.72) (Berezin 1981), after the shift

p() = p+p(t)  x(1) > x+X(1)
we can consider only trajectories which satisfy the conditions

p()+pto) =0  X(1) +X(1) = 0.
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These functions have the Fourier expansion

F(r) = n;m Wt EXP {(2}1 + Dri- . - } (2.3.85)
F(r) = n;@ Boni1 €XP {(Zn + i _Tto} (2.3.86)

with the expansion coefficients subject to the conditions

* *
Q21 = A nt1) B n+1 = B-@n+1)-

The space Xy is obtained from X by cutting off the series (2.3.85), (2.3.86) after the Nth term. For later
convenience, instead of the ball Sy (r), we consider the ellipsoid Sy (o, 1, r):

> @mitlaznst P + panslBans?) < 12 (2.3.87)
|n|<N

The calculation of the ratio (2.3.82) gives (see problem 2.3.9, page 228)

Jn (o, mu,r)

In(o, u,r) = ——— (2.3.88)
In(o, , 00)

o0 isr?2 . —isr?

- / ds%ﬂ;‘(s) (2.3.89)
—0Q0
where
dof 52 W2 00041 hant1

F = l-—— 2.3.90
() nEN 7220 + 1)2 (2390

s is an auxiliary variable and the contour of integration goes around the poles from below. Thus

In(r)
N—oo Jy(00)

J(o,u,r) =
2

oo eisr _ efisr
- / ds TF; (s). (2.3.91)
—00

The product (2.3.90) has the limit N — oo, if the sum

o0
3 O2nt1H2n+1 (2.3.92)
(2n + 1)2

n=—o
converges. For the case under consideration (the space X'), 02,41 = a,4+1 = 1 and the latter condition is
fulfilled. The first factor in the integrand of (2.3.91) in the limit r — oo becomes the §-function 8(s), so
that (2.3.91) in this limit reads as

9]

rlinoloj(r)z grgoj(l,l,r)zf ds 8(s)F ! (s)

—00

=FZl0) =1. (2.3.93)
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Corollary 2.1 (the uncertainty principle). There exists the space of trajectories in a classical phase space
supporting the phase-space path integral, in which the smoothness of the coordinate variables can be
increased at the expense of the momentum variables and vice versa.

Proof. Let X" be the Hilbert space of trajectories with the new scalar product

€18) 23 @mrtlemmsi P+ wanri 1B . (23.94)

n

The ellipsoid (2.3.87) becomes a ball in the space X'°**. Now we can choose
omr1 = Qn4+ D g = Qn 1) (2.3.95)

where ¢ is some small positive number. This choice obviously satisfies (2.3.92). With this choice of o
and p, the scalar product (2.3.94) is well defined if the coefficients op,+1 of the momentum expansion are

square summable:
o

Z loang1]? < oo. (2.3.96)

n=—0oo

Condition (2.3.96) implies that momenta are continuous functions of time. In contrast to this, the
smoothness of coordinates, due to the choice of 2,41 in (2.3.95), is worse than that of square-integrable
functions. For ¢ > % the coordinates, as functions of time, may turn out to be even distributions
(generalized function). Exchanging the properties of o and u, we can increase the smoothness of
coordinates at the expense of momenta. O

This result is in good accord with the uncertainty principle. Indeed, we can measure the values of a
function at some point only if the function is continuous at that point. Hence, according to the uncertainty
principle, a coordinate and the corresponding momentum cannot be continuous simultaneously. The better
we want to know, say a coordinate, and hence increase its smoothness, the worse the smoothness of the
corresponding momentum becomes and vice versa.

In any case, the space X with the most natural scalar product (2.3.74) is suitable for calculating
phase-space path integrals. Sometimes, the spaces X’>* provide better convergence for finite-dimensional
approximations of path integrals. A reasonable choice for the functional space depends on a problem: for
example, if the Hamiltonian has the standard form H= 2;2 /(2m)+V (X) and we are going to transform the
phase-space path integral into the Feynman one (integrating over the momentum), it is natural (according
to the Wiener theorem and the close relation of the Feynman and Wiener integrals) to choose a space
which guarantees continuity (but not differentiability) of coordinate variables as functions of time.

2.3.3 Normal symbol for the evolution operator, coherent-state path integrals, perturbation
expansion and scattering operator

In this subsection, we consider again the case of one degree of freedom. Generalization to d degrees of

freedom is quite straightforward (it consists mainly of substitutions of expressions a'a, z*z, zz, ... by
d ~f d d .
y j=14a;d;, ) G=127j2), ) i=12jZj, . respectively).

< Normal symbol for the evolution operator

Let R
H@' a =Y @)"a* (2.3.97)

mk
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be some Hamiltonian constructed of creation and annihilation operators (2.3.36), (2.3.37) and H(z*, )
be its normal symbol:

H(z*2) =) ()"~ (2.3.98)
mk

Using the formula (2.3.58) for the x-product of normal symbols and acting as in the derivation of
the Weyl symbol for the evolution operator, we can write the discrete-time approximation for the normal
symbol of the evolution operator:

1 1
* R — * R #ON
Un(z",2) = )= /dz 1dz1---dz" n—1dzn-1 €0
x Ur(z*, zn)U2(2* N, zv—1) -+ - Un (21, 2) (2.3.99)
where
def N
(&
Oy = & —2"Nzv + Z(Z*; —Z"j_Dzjo1 + (&1 =)z (2.3.100)

j=2

zj=z(tj)) % =7"(1))
i
Uj(z*j41,2j) =exp {—;LsH(z*Hh Zjs f./)} -

Recall that z*(7), z(t) are the complex coordinates

1

(1) = ﬁ(q(r) +ip(r))
1
() = ﬁ(q(r) —ip(v)) (2.3.101)
o Jj _ =1
tj—t0+N+1(t to) S_N—i-l'

Note that the boundary conditions for trajectories in the case of the normal symbol are quite unusual: we
fix an initial point for z(t) and a final one for z*(7),

T =" )=z (2.3.102)

while z*(tg), z(t) are variables of integration. This is in sharp contrast to the phase-space path integrals
which we have considered before: while in the latter the boundary conditions are fixed for a single function
(coordinate x () = x, x(f9) = xo or momentum p(¢t) = p, p(to) = po), in the path integral (2.3.99) for
the normal symbol we have to fix different functions: z*(r) at T = ¢ and z(7) at T = 1.

In the limit N — oo, the symbol (2.3.99) turns into the path integral

t

U(z*, zt, 1) = / Dz*(r)Dz(r)exp{ — %/ dt H(z* (), z(t — 0); 1)
fo

Clz*(t)=z*|z(to)=2} +0
1 [t dz*(t 1
—i——/ dt |: z )Z(T—O)i|—l——(z*(to—i-O)—z*)z}. (2.3.103)
l()+0 dT h

The shifted arguments in (2.3.103) reflect the corresponding shifts in the discrete approximation
expressions:

N t
> eH (2 (tj41). 2(1)); Tjg1) —> dt H(z*(t), z(t — 0); 1) (2.3.104)
=0 to+0
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N+1

* x dz*
;(z () = () = ) e tz?jZ(ijl)
t *
— dt [dz @ - O)i| (2.3.105)
to+0 dt
(" (1) =29z — @ +0) — %)z (2.3.106)

where the equality in the second line has been obtained using the Lagrange formula and where 7;_1 <
?j < t;. Of course, if the functions z*(7), z(t) were continuously differentiable functions, we could just
drop all the shifts. But as we have learned in the preceding subsection, in the case of the Weyl symbol,
functions supporting the path integral are discontinuous, so that the shifts must be taken into account.
Moreover, in a rigorous analysis of the path integral, even the inequality of shifts in the formulae (2.3.105)
and (2.3.104) turns out to be essential. (The inequality follows from the fact that Tj 11 — 7;_1 < €.)

We shall not go into the details of the rigorous analysis of the finite-dimensional approximation
of path integrals for normal symbols (see Berezin (1981)). Essentially, constructing the general
approximation and defining the path integral as an appropriate N — oo limit of the ratio of two
finite-dimensional integrals follows the same path as in the case of the Weyl symbols (cf the preceding
subsection).

<& Coherent-state path integrals

As we have pointed out in section 2.3.1, the normal symbol for an operator is closely related to the
coherent states (cf (2.3.51)). Quite often, the path integral (2.3.103) for the normal symbol of the
evolution operator is called the coherent-state path integral. Similar to the case of the path integral
in the coordinate representation (that is, the path-integral representation for Weyl, px- or xp-symbols),
cf problem 2.2.1, page 190, the path integral (2.3.103) can be directly derived with the use of these
states without exploiting the formalism of operator symbols. (However, it is worth stressing again that
the operator symbol formalism allows us to give a clear interpretation for the quantum-mechanical path
integral, to treat the operator ordering problem consistently in terms of path integrals and to consider all
the variety of different forms of path integrals within a unified approach.)

The coherent states | Y;) introduced in section 2.3.1 (see equation (2.3.44)) are holomorphic functions
of the label z (this property is very helpful for many applications of this basis) but they are not normalized.
To derive the path integral (2.3.103) directly in terms of the coherent states, it is more convenient to use
normalized coherent states |z):

) & %)
VTIT:)

These normalized states are generated from the ground state vector |0) of the corresponding creation and

annihilation operators (cf (2.3.36), (2.3.37), (2.3.40) and (2.3.41)) by the operator exp {zﬁ* — z*?i}:

(2.3.107)

|z) = exp{za' — z*a}|0)

1 . .
= exp —§|z|2 exp{za'} exp{—z*a}|0)
1 e
= exp =5 |2l { exp{za'}0)
1 =1
_ “.02 n
= exp {—- 2] Z—mz In) (2.3.108)

n=0
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(|n) is the eigenvector of the number operator: @'a|n) = n|n)). Here we have used the Baker—Campbell—
Hausdorff formula

oA+B _ JIABI2,A B (2.3.109)

which is valid whenever [;4\ , E] commutes with both A and B. We denote the normalized vectors as |z)
following the general custom but we should remember that now these states are not holomorphic (or anti-
holomorphic) functions of z due to the normalization factor. The set of these states, just like the set of
|T;), is not orthogonal

(z1lz2) = exp{—11z11* = $lz2* + 2522 (2.3.110)

(but it is seen that (z|z) = 1) and satisfies the condition of the resolution of unity:

| /d2z|z><z|

d(Rez)d(Imz) exp{—|z|>}(*)"z" |m)(n|

N
L
> In)in| =1 (2.3.111)

As we have mentioned in section 2.3.1, this relation means that the coherent states form an overcomplete
basis.

Using the standard method of subdividing the action of the evolution operator into infinitesimal shifts
(see section 2.2.1) and inserting the resolution of unity (2.3.111) in terms of the coherent states, we find
that

(zj+1l(1—ieH /h)|z;)

—-

. N
1 o~
(z| exp {—ETH} lzo) = lim []d%;

N—oo
—Jj=1 - Jj=0
- N 4N ;
. 2
= 1\}me _l_[d Zn H(Zj+1lzn) [1 - ﬁgH(Zj+lst)i|

1

<~
Il
(=

—-

N
lim [ ]2

N—oo

i
(zj+1lzn) exp {—ESH(ZJ'H, Zj)} (2.3.112)
0

~
I
L
~
Il

where ' =1 — 19, ¢ =T/(N + 1), zv+1 = z and H(zj+1,2j) = (zj+1|f-1\|zj) is the normal symbol of
the Hamiltonian operator H (cf (2.3.53)). Using the approximate equality

(zj+1lzj) = 1= (zj41l(zj+1) — 12;))
~ exp {(zj+11(Izj+1) — lz;)} (2.3.113)

and interchanging (as usual, this operation is not quite justified mathematically) the order of integration
and the limit N — oo, we finally arrive at the formal continuous expression for the path integral:

1 —~
U(z*, z; t, to) = (z, t]z0, o) = (z] exp {—ﬁ(l - lo)H} |zo)

Dz*(t)Dz(1)

/C{z*(t)=z*|z(to)=z}
: t

x exp{% f dr [ih(z(1)]2(T)) —H(z*(r),zm)l} (2.3.114)
1

0
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where we have introduced

[=%
=

. def d
|z(7)) = T |z(7)).
Making use of relation (2.3.110) for the overlap of the coherent states, it is easy to verify that the path
integral (2.3.114) coincides with that in equation (2.3.103) including the infinitesimal shifts of the time
variable which we have dropped for simplicity in expression (2.3.114).
For the trace formula,

T F(at dz* dz _iTHwt
’1"1.e 1TH(a ,a) — / = (Z|e lTH(a ,a)lz>

N *
dz%dz;
Ngnoojlzll—/;=zo - exp{—zj(z; —zj-1) —i€H (2}, zj—1} ( )

the boundary condition becomes a periodic one: zy = zp.

Note that the coherent-state path integral can be written in another form. To this aim, we introduce the
so-called contravariant symbol h(z*, z) of the Hamiltonian operator H (Berezin 1981), which is defined
by the relation

H= /d2zh(z*,z)|z)(zl (2.3.116)
(assuming that such a representation does exist for a given operator H). Imposing the requirement that
/ d*z1d*22 |z}, 2Dh (3, 22) (@l 2]22) (z22)| < o0 (2.3.117)

for all |z), we can prove (Chernoff 1968) that the operator

o | i), N
[/dzexp{ TN h(z,z)}lz)(z|i|

strongly converges to the evolution operator exp {—i(t — to)ﬁ / h} as N — oo. This fact allows us to
present the normal symbol for the evolution operator as the following path integral:

N

. N .
(z| exp {—%_L(t - to)ﬁ} |zo0) = ngnm/ |:l_[ d*z, exp {—%sh(zjurl, Zj)} :| H(Z,/Jrllzn). (2.3.118)
j=1

J=0

The continuous-like form of this path integral coincides with (2.3.103) only after the substitution
H(zjy1,zj) — h(zjy1,z;). This shows once again a formal nature of the continuous-time form of
the phase-space path integral. Note that He) = H(zj41,2;) + O(h) = h(z;41,2;), so that both forms
coincide in the classical limit, in which i — 0.

A very interesting property of the coherent space path integral is that it can be obtained as a limit of
the well-defined Wiener path integral (Daubechies and Klauder 1985):

. N . N
1 -~ . 1
<z|exp{—ng} lz0) = lim []‘[d% exp {—;LeH(z,H,z,-)” [ [zi+11za)
j=0

N—o0 .
Jj=1

= lim | DpDx exp{—zi/dr (]32+)%2)}exp {i/dr [p)'c—H(p,x)]}
v

V—=>00

= vlergo(Zn)e“t/Z/dufv(p,x) exp{i/dt [px — H(p,x)]} (2.3.119)
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where the phase variables p and x are related to z*, z by (2.3.101). Thus the coherent-state path
integral can be regularized (defined) through the sequence of the well-defined (see chapter 1) Wiener
path integrals. The proof of this relation pertains to problem 2.3.10, page 229.

One more important advantage of the coherent state form of the path integral is the possibility of a
straightforward generalization to group and homogeneous manifolds, due to the existence of generalized
coherent states adjusted to the symmetries of these manifolds. The point is that the coherent states
(2.3.107) (or (2.3.44)) are intrinsically related to the (nilpotent) Heisenberg—Weyl Lie group. There exists
a generalization of the coherent states to the case of other Lie groups, e.g., SU(2) and SU (1, 1) (see the
collection of related reprints and the introductory article in Klauder and Skagerstam (1985)). The reader
will find some further details on this subject in section 2.5.5.

< Derivation of the normal symbol of the evolution operator for an arbitrary Hamiltonian starting
from a linear Hamiltonian

For verification that (2.3.103) gives indeed the correct symbol of the evolution operator and for its further
elaboration, it is helpful to calculate the symbol for linear Hamiltonians of the form

HY = jma' + J(ra (2.3.120)
with the corresponding normal symbol
HY(Z*2) = Tz + T (0)z. (23.121)

Since the path integral with such a symbol of the Hamiltonian has a quadratic polynomial in the exponent
of the integrand, we can calculate it by any method which we have discussed in this and the preceding
chapters. One should only be careful with the infinitesimal shifts of the time variable. The result reads as
i [! - 1 -
UY(Z*, z; 1, 19) = exp {_ﬁ / dt [7*J () + J(v)z] — - /dl’ dsO(s — 1 — O)J(s)J(r)} .
fo
(2.3.122)
Of course, the infinitesimal shift 9_(s —1—0)=limg00(s—T1 —_8) of the step-function argument is not
important for ordinary functions J, J; but it becomes essential if J, J are distﬂbutions.
Now the symbol of the evolution operator for an arbitrary Hamiltonian H can be represented in the
form of an infinite series, making use of the Fourier transform of the Hamiltonian symbol

H(Z*, 7 T) — /dU* dv e—i(Z*U'f‘ZU*)ﬁ(v*’ v; T). (23123)

The exponent (z*v + zv™*) in this representation for H (z*, z; T) can be interpreted as a particular case of
the symbol for the linear Hamiltonian (cf (2.3.121)). This allows us to write

o]

H)x . _ _il(n)*.
UMW, 251, 10) = Z( h) —U (231, 10) (2.3.124)
n=0
where
n n
UM%, 72,1, t9) = /d”v* dvd't exp{ — i[z*(ka> + <Zv*k>zj|

k=1 k=1

n
—h Z V(T — 7 — 0)}ﬁ(v*1, v13T1) e H , vn ). (2.3.125)
k=1
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Here we have used (2.3.122) with J () = A Y| v¥¢8(x — ), J(r) = A Y] ued(t — ).
These formulae can be represented in a more convenient form with the help of the operator L in the

space of functionals:
8 8

8z(s) 8z*(t) "

Zdé—i/ dtds6(s — 7 — 0)
f0<T,s<t

=

(2.3.126)

The use of this operator is based on the fact that the functional
% def i [t %
ulz"(1), z(1)] = exp % / dv H(Z%, z; 7)
fo

for the linear Hamiltonian HY)(z*, z; ) = J(t)z* + J(1)z, proves to be the eigenfunction of L:
Lu=\u

A = ih? / drdsO(s —t — 0)J (s)J (7). (2.3.127)

Thus we can rewrite (2.3.122) in the form

z(ty)=z *
H()=z*

. d
2 i
U(J)(Z*, it 10) = e1L exp {_ﬁ/ T H(J)(Z*, z 'C)}
to

This formula looks like a redundant complication of (2.3.122). But using (2.3.125), we can
straightforwardly verify that (2.3.128) is correct for an arbitrary Hamiltonian:

o~ 1 t
UMD (% i1, 10) = ell exp {—%/ dt H(Z", z; r)} (2.3.128)
i1

0

z(ty)=z
Z*()=z*
(we leave this verification to the reader as a useful exercise).

Note that all the shifts of time variables have been reduced in the latter expression to the only shift
in formula (2.3.126) and the net result of this shift is the condition

LH(z",z;t) =0 (2.3.129)

(because H(z*, z; t) depends on z*(t), z(t) with coinciding time arguments). The meaning of this
condition is quite transparent. Indeed, our aim is to find normal symbols of operators. By construction,
the Hamiltonian H was taken in the normal form from the very beginning (cf (2.3.97)) and H (z*, z; ) is
its normal symbol, therefore we do not have to transform it any further. In contrast, the evolution operator
exp{—iHt/h} does not have a normal form and to find its normal symbol we used the path-integral
representation which was then converted into formula (2.3.128). Representation (2.3.128) (together
with (2.3.129)) may serve as a background for calculating the evolution and related operators by the
perturbation expansion.

< Perturbation expansion for the scattering operator

Let us consider an application of the formula (2.3.128) for the derivation of the perturbation series of the
scattering operator, also called the S-matrix.

We start by briefly recalling some basic facts on the scattering operator (for details, see, e.g., Taylor
(1972)). The basic assumption for constructing a scattering operator is that the so-called asymptrotic states
¥4, i.e. the states of a system at 1 — 400, are defined by some operator ﬁo, called the free Hamiltonian,
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which differs from the exact Hamiltonian H (), the latter governing the evolution of the system according

to relations (2.1.8), (2.1.9) and (2.1.11). These asymptotic states are defined by the relations

lim (1) = e H0y,
t——+400
lim (1) = e Hiry_
t—>—00

The state ¥ (¢) is supposed to be the exact evolving state of the system

Y() =U(t,0)¢

with initial state ¢ at moment 7y = 0. Relations (2.3.130) imply that ¥+ linearly depend on ¢:

Yi = Vig
where

Vi= lim V@)

t—+o00

V) =er ™71, 0).

Thus, according to (2.3.132),

(2.3.130)

(2.3.131)

(2.3.132)

(2.3.133)

(2.3.134)

(2.3.135)

(2.3.136)

vy =V, Vlyo
The operator
o def =~
sSE v v!
is called the scattering operator. It can be related to the evolution operator and free Hamiltonian as
follows: R R
S= lim S(,1)
t——+400
t'——00
where
St 1)y =Vov-)
= en'™™7 @, 00U, 0)e 7" Ho
— e g, ye i Mo,

From (2.3.137), we derive the evolution equation for E(t, t:
0 o~ N\~
ih— — Hi(t) ) S, t)=0
ot
S =1
where

B =t g, (1. 1)+ Ho
Hmt H(t)_HO

(2.3.137)

(2.3.138)

(2.3.139)

(2.3.140)
(2.3.141)

Relations (2.3.137)—(2.3.141) define the interaction representation in quantum mechanics for the

scattering operator.



224 Path integrals in quantum mechanics
In many applications, the interaction Hamiltonian has the form
Hipe = Hye' a >0 (2.3.142)

with Hy being independent of ¢. In these cases, the scattering operator depends on the parameter « and is
called the adiabatic scattering operator. In particular, in non-relativistic quantum mechanics, the possible
choice is

5~ o(fp. [P
Hy= A" = 5P (2.3.143)

Hy =V@©® (2.3.144)

(f.p. stands for free particle) and if V (x) is a rapidly decreasing potential, there exists the limit @ — 0 of
the adiabatic scattering operator.

With the choice (2.3.143) and (2.3.144), it is natural to construct the scattering operator in terms
of some symbol based on the canonical variables p, x (e.g., Weyl, px- or xp-symbols). Then, using an
analog of formula (2.3.128) for these symbols, we can develop the perturbation expansion for the explicit
calculation of this operator (i.e. its symbol or kernel) as a power series in the potential (2.3.144) (or, more
precisely, some small parameter entering the potential).

Another option, especially important in many-body problems (quantum field theories, see chapter 3),
is to take as ﬁo the Hamiltonian of a harmonic oscillator, which, in terms of annihilation and creation
operators, has the form

A™™ = hoa'a. (2.3.145)

Then the rest part FIim of the total Hamiltonian A can be written as follows:

H = Z Con@H™a"  cmn € R. (2.3.146)
mn
Since the Hamiltonian ﬁéharm) is quadratic in the operators a', @, the path integral (2.3.103) can be
calculated exactly. The equations for an extremal trajectory corresponding to the exponential in (2.3.103)
read:

dz(r) +iwz(r) =0
dt

4O r@) =0 (2.3.147)
dt

Z) =" zlt) =z
The solution of these equations is given by the expressions

(1) = ¥l (2.3.148)
2(t) = ze 7, (2.3.149)
The path integral for the Hamiltonian (2.3.156) has a Gaussian form and, according to our previous

calculations, it equals the integrand evaluated at the extremal trajectories (2.3.148) and (2.3.149). The
result for the symbol of the evolution operator is

1 .
U(hal‘rn)(Z>k7 Zi 1, 1p) = exp {ﬁ(elw(tfo) _ I)Z*Z} (2.3.150)
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and for the integral kernel:
1.
KM (% 25 1, 1) = exp {ﬁe‘“’(’_’(’)z* } : (2.3.151)

From the latter formula, it follows that if f(z*) is an arbitrary vector from F 2 (cf (2.3.39)), its evolution
generated by the Hamiltonian (2.3.145) will be

_ L[ e gt o) £ @
Tham g0y £ () = %/ds dg e exp(z*Ee ) £ (§)
_ preion), (2.3.152)

This means, in turn, that if any operator A has a kernel A(z*, z), the operator
1~ ~ 1~
exp { 7 Héharm)t } Aexp { 7 Héharm) to}

has the kernel . .
14(Z>)<e1a)l‘7 Zeflu)l‘()). (23153)

Applying this formula to the scattering operator and using the interaction representation, we can see
that the path integral for S(z, ¢') in (2.3.138) and (2.3.139) coincides with that for the evolution operator
generated by an operator with the normal symbol

Hi(7*e\®7, ze717; 1) (2.3.154)

where Hi(z*, z; ) is the symbol of the operator ﬁl. Then using (2.3.128), we obtain

(2.3.155)

2(1)=z

-~ i [t ) )
S(z*, z;t, o) = el exp {—— / dt Hi(z%e'“T, ze71°7; r)}
hJi )=

0

where the operator L is defined in (2.3.120). If H) can be considered as a small perturbation for the
Hamiltonian Héharm) (for example, H; contains a small overall constant factor), this formula can be used
as a basis for perturbation theory. In fact, it reproduces the well-known Wick theorem (see e.g., Itzykson
and Zuber (1980) and more on this subject in chapter 3). For the perturbative calculation, we expand the
second exponent in (2.3.155) up to a desirable order in A and find the result of the action of the operator
exp{iL}.

One more possibility for the development of the perturbation expansion is to calculate the path
integral for the quadratic Hamiltonian

2@ = wata+ Ja+atie. (2.3.156)

with linear terms, so that the corresponding symbol or kernel of the evolution operator depends on the
external functions J, J and represent the additional terms of the total Hamiltonian using functional
derivatives:

1 8§ 156

_— (2.3.157)
18J(r) 16J(z

J=J=0

t
Hi(z"(7), z(v)) = Hy < > exp {/ ds J(s)z(s) + Z(S)J(S)}
fo
This again allows us to calculate the evolution operators order by order in powers of Hi, the perturbation
expansion being essentially equivalent to that based on (2.3.155). The perturbation expansion starting
from (2.3.157) is especially effective in quantum field theory and we shall consider it in detail in chapter 3.



226 Path integrals in quantum mechanics

2.3.4 Problems

Problem 2.3.1. Prove the consistency of formula (2.3.14) with the definition of the Weyl symbol given in
(2.3.12) and (2.3.13).

Hint. Using the expansion
00 .k

i(sp+rx) __ 1_ k
e = Z 0 (sp+rx)
k=0

we might see that it is enough to check that the operator (sp + rX)* has a Weyl symbol of the form
(sp + rx)¥. This can be done using the formula

k!
(sp +rx)' = Z m(slpl + X)X - (sapa + raxa)
kyekg=k ’

which is true even after the substitution x; — X;, p; — p; because the operators (s;p; + r;X;) and
(sx Px + rxxy) are commutative for j # k. Now to prove the statement it is enough to show that the
operator (s;p; + r;x;)" has a Weyl symbol of the form (s;p; + r;x;), but this follows straight from
definitions (2.3.12) and (2.3.13).

Problem 2.3.2. Prove relation (2.3.17) between the kernel and Weyl symbol of an operator in L2(RY).
Hint. According to the Baker—Campbell-Hausdorff formula (2.2.6),

ei(sﬁ+r® _ eihrs/Zeirfeisﬁ
This allows us to calculate the action of the operator on the left-hand side on an arbitrary function from

L2(RD) o .
[el(sp+rx)w](x) — el(rerﬁrs/2)1//(x + hs)

so that

(ﬂmw=/mfm%JmWW%wqu+m>

Substituting the Fourier transform (2.3.15), we obtain
1z ! > i ' hr /2
(f¥x) = W/ dlr d%s d'x' dp ISP R £ (p Yy (x + hs)
—0oQ

1 00 ) ,
= —(2n)2d / ddr dds ddx/ddp e1[r(x7x +hs/2)fsp]f(p’ x/)l//(x + hs)
—00

1 © -
= W\/ dds ddx/ddp 8(x — x’ + hS/Z)e_lst(p, x/)w(x + hs)
T —00

:6%5/ dYsdipe P f(p, x + lis/2)y (x + hs).

Introducing the variable y = x + hs instead of s, we arrive at

—~ 1 o0 i
(fY)(x) = W/ dYy dp e ®=IP f(p, (x + y)/2)Y ().

This proves (2.3.17).
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Problem 2.3.3. Calculate the Weyl symbols of the following operators:

(D) £(P). f(@);
@) Dipi f ). if B Py, f @)D
(3) F@)Pig" (®)p; f ().

Here f, gi-/ are some smooth functions; i, j = 1,...,d.

Hint. Applying formula (2.3.20), we have for the Weyl symbol fy, of the operator f(p)

v
x+—>

fw(p) = / ddve”’"/h<x - %‘f(ﬁ) >

= /ddv d*p' ei’”’/h<x — %‘f(ﬁ) p’><p’ X+ §>
1 Lo
= Gy f dlvd'p PP E(p) = f(p). (23.158)
Similarly, for f(x), the correspondence with the Weyl symbol is
f&®) & fx). (2.3.159)

Straightforwardly, we show the following Weyl correspondence:

PN ih 9 ih 9
pipi f(x) & (Pi ><Pj - )f(x)

2 9xi 2 9xi

~ i~ ih o ih o
pif(X)p; & (Pi - %@) <pj + 15@) f(x) (2.3.160)

—~ ih o ih o
F@PiP; & (p,- + ‘3§> (pj + 13@> £ (23.161)

and

F@Pig"@pif®) & pipj fFx)8T+3G fAx)8Y ;) +£i(x) £ (x)g" (x)— f.i; (%) f (x)g" (x)).
(2.3.162)

In the latter expression we have used the shorthand notation for the differentiation of an arbitrary function
F(x):
’ fx) Fij(x) o2

- f(x j(x) = ——
ax! Y dx! dx/

Problem 2.3.4. Prove formula (2.3.23) for the star-product of Weyl symbols.

F,i(x) =

fx).

Hint. Substituting into (2.3.22) the expression for the kernels in terms of Weyl symbols (cf (2.3.17)), we
obtain

1 * d d d,, jd i
fw(x,y)=W/md prdpydiydizexpy o (x —y —2)p1+ (@ —x —y)p2 +2yp

x (fDw (Plv %) (2w (Pz, w> .

Introducing the new variables

_x—y+z _z+x+y

X1 ) X2 )
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and taking into account that the Jacobian of the substitution is

‘ a(x1, x2)
a(y, 2)

1

=5

we arrive at the formula (2.3.23).

Problem 2.3.5. Verify that the operators (2.3.40) and (2.3.41) are Hermitian conjugate with respect to the
scalar product (2.3.39).

Hint. Use integration by parts.
Problem 2.3.6. Prove formula (2.3.58) for the star-product of normal symbols.
Hint. The following chain of equalities prove the required formula:
1 % o~ o~
(A1 x A2) (2%, 2) = e” 7° (T |A1 A2 Y)

= e YA A Y)

= HE / dvtdve TV A (@ 0)eh T Ay (07, e B
Problem 2.3.7. Calculate the Weyl symbol of the evolution operator for a harmonic oscillator and then
obtain an expression for the transition amplitude.

Hint. Start from the discrete approximation (2.3.71) and, using the fact that all variables enter the
exponential quadratically, calculate the integral by any method which we have discussed (e.g., by Gaussian
integration over the variables one by one or by the stationary-phase method). Then use relation (2.3.17)
to find the amplitude (integral kernel).

Problem 2.3.8. The basic formulae for the x p-ordering are the following:

(i) the relation between the xp-symbol fy,(x, p) and the corresponding kernel reads as

o .
Ky(x,y) = f d'per™ VP [, (x, p) (2.3.163)

(2w h)? —00

(ii) the star-product of x p-symbols can be written as

o0 i
= Gnnd /_oo d%pydx, CXP{—E(M —x)(p1 — P)}

X fxp(P1,X)8xp(P, X1). (2.3.164)

(fxp * &xp)(P, X)

Using these formulae, construct the path-integral representation for the xp-symbol of the evolution
operator, calculate it for a harmonic oscillator and compare the resulting expressions for the symbol and
kernel with the results of the preceding problem (i.e. with calculations for the Weyl ordering rule).

Problem 2.3.9. Calculate the ratio (2.3.88) for the ellipsoid (2.3.87).

Hint. The integral in the exponent of Jy (o, i, ) in terms of Fourier coefficients has the form

1
/ dréwé = 7”2(2” + 1)[Ol*Zn-i-l,BZn+l - ,3*2n+10l2n+1]-
1

0 n



Quantization, the operator ordering problem and path integrals 229

The integral over the ellipse can be written as follows:

2

In(o, p.r) = / 2dva(v— Z(ozn+1|a2n+1|2+u2n+1|ﬁzn+1|2)>

-r |n|<N

r

. . T :
< | 1 detnsr deznsidBs, ) dBansrexp 2 ] dTEety.
0

|n|<N

Then it is convenient to use the representation

1 e .
S(u) = —/ dse"
2 J_ o

for 8-functions, which allows us to integrate easily over o«*2,11, @2,+1, 82,41, B2n+1 and v (for further
details see Berezin (1981)).

Problem 2.3.10. Show that the limit

lim | DpDx exp{—zi/ dt (]52+)%2)}exp {i/dr[p)'c—H(p,x)]}
v

V—=>00

= grgo(zn)e“m/dugv(p,x) exp{i/dt [px —H(p,x)]} (2.3.165)

of the two-dimensional Wiener path integrals (cf (2.3.119)) gives the coherent state quantum-mechanical
path integral defined by (2.3.112) and (2.3.114).

Hint. Using relation (2.3.101) between the complex and real coordinates of the phase space, and
the explicit expression (2.3.110) for the overlap of coherent states, the discrete approximation for the
coherent-state path integral can be cast in the form

N N
— q : 1 1
(p. xle T | py, xo) = Jim GV /l_[dpl dx; CXP{ > i3 (pre1 + po) Gy — x1)
I=1 1=0

— 1Py — P+ (g1 — x)?]

—ieH S (pr1 + pr +ixir — ixp), S +x0 — ipigr + ipz))]}.
Here the states | p, x) are defined by
def o5 e
Ip.x) = e PePH|0)

and they coincide with (2.3.108) up to the notation (i.e. transition to the real coordinates). On the other
hand, the Wiener path integral in (2.3.165) (or (2.3.119)) has quite a similar discrete-time approximation.
Having in hand these discrete-time approximations for both path integrals it is straightforward to show
that in the limit v — oo the Wiener integral indeed becomes the coherent-state path integral in quantum
mechanics (Daubechies and Klauder 1985).
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2.4 Path integrals and quantization in spaces with topological constraints

So far, we have discussed the path-integral description of systems in unbounded Euclidean spaces,
where each coordinate runs over the whole real line. However, for many physical systems, appropriate
coordinates are confined to some restricted domain of the Euclidean space or correspond to topologically
non-trivial compact manifolds. There is no doubt that the geometrical properties of a phase space are
important characteristics of the corresponding Hamiltonian systems, so that both classical and quantum
dynamics strongly depend on them. Consider, for example, a free particle in a one-dimensional space
with the Hamiltonian Hy = p?/(2m). If the corresponding phase space is assumed to be a plane R2,
then classical trajectories are straight lines perpendicular to the momentum axis in the phase space and
outgoing to infinity. In quantum theory, we have the spectrum of the Hamiltonian E = p?/(2m), p € R,
and the eigenfunctions are the plane waves ¢ ~ exp{ipx}.
Contracting the configuration space to a finite size L can be achieved in different ways:

(1) One may identify the boundary points of the configuration space to turn it into a circle SV of length
L; then the phase space becomes a cylinder R @ S,

(2) Another way is to install infinite walls at the boundary points x = 0, L to prevent a particle from
penetrating outside the interval; then the phase space is a strip R ® (0, L).

The classical motion of the particle now becomes periodical. The system returns to its initial state (a point
in the phase spaces) with the period:

(1) T = L/vg, where vy is the (conserved) particle velocity, if the particle is on a circle;
(2) T = 2L /v foraparticle moving between two walls because the particle has to be reflected from both
walls to reach the initial point (note that each reflection changes the sign of the particle momentum).

The quantum theories are also different. For the cylindrical phase space R ® S', the simplest boundary
conditions for wavefunctions are periodic:

V(p) = ¥(¢ + 2m). 2.4.1)

This results in the discrete spectrum of a free particle on a circle:

272n2h?
Ey="—r (2.4.2)

where L is the circumference of the circle, and the eigenfunctions are
1 ing
Yn (@) = =——e n=123,.... (2.4.3)
2

Recall that two vectors describe the same state if they differ from each other by a phase factor (cf
postulate 2.1 in section 2.1.1). Thus we have the right to equate wavefunctions in physically equivalent
points up to a complex multiplier and impose a more general quasi-periodic boundary condition on a
circle:

V(p +27) = ey (¢). (2.4.4)

We shall consider this possibility later.
For a particle confined inside the interval [0, L] (in a ‘box’), the wavefunctions have zero (Dirichlet)
boundary conditions

v(0)=y(L)=0 (2.4.5)
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and these lead to the following energy levels:

g, = T (2.4.6)
T omlL? o
and the eigenfunctions
2
wn(x)z,/zsin(rm%> n=123,.... (2.4.7)

The standard scheme for obtaining the path-integral solution of the Schrodinger equation, described
in the preceding sections, cannot be straightforwardly applied to the quantum-mechanical problems with
non-trivial geometry. This was mentioned by Pauli in his lectures of 1950-51 (see Pauli (1973)). Indeed,
for a free particle in a one-dimensional ‘box’, i.e. inside the interval [0, L] with infinite walls at the
boundaries, the straightforward generalization of (2.2.30) (with V = 0), i.e.

1 N L dx iNJrl m{x;—Xxj—1 2
K (x, t|xo, o) = lim ——— —— h Pl G 248
(x, t|x0, 10) Ng“mmg[/o 2nhis/mi|exp{h28[2< e >“ ( :

j=1

does not give the correct result because the function v (x, ¢) for the infinitesimally small time t = ¢ — 0,

o= [ ! mex =20 | s 0) (2.4.9)
1//)C,8 = ) XOWCXP T lﬁoxo, A

already does not satisfy the boundary condition at x = 0 and x = L, even if the initial wavefunction does
satisfy
¥0(0,0) = Yo(L,0) =0.

Note that the kernel and, hence, ¥ (x, #) are the solutions of the Schrodinger equation (because inside the
interval [0, L], the equation does not differ from the ordinary one).

Thus because of the wrong boundary behaviour, formula (2.4.8) does not give a solution to the
problem and requires modification.

In the next subsection, we shall derive the correct path-integral representation for a transition
amplitude in a box and on a half-line. In the subsequent part of this section we shall expand the
consideration to systems with periodic boundary conditions: namely, a free particle on a circle and with a
torus-shaped phase space.

2.4.1 Point particles in a box and on a half-line

The correct way for constructing the path integral for a particle in a box had also been described by Pauli
(1973). The solution of the problem is based on the method of images: to provide the correct boundary
values (2.4.5) of the wavefunctions, we have to subtract from the exponent in (2.4.9) an infinite number of
analogous terms obtained by the reflection of x¢ with respect to the points x = 0 and x = L. For example,

the subtraction
im(x — xg)? im(x + x0)?
expy ————— ¢ —expy ———
P 2he P 2he

provides the correct behaviour at x = 0, while the subtraction

{im(x —xo)z} {im(x 2L +x0)2}
expl —— ¢t —exp

2he 2he
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gives the required zero at x = L. But the subtracted terms, in turn, also violate the boundary conditions:
the first one at x = L and the second at x = 0. This requires further subtractions and leads to an infinite
series for the integral kernel of the evolution operator:

oo

Kpox (x — x03 t, f9) = Z [Ko(x —xo +2Ln; t, 1) — Ko(x + x0 + 2Ln; t, 1p)] (2.4.10)

n=—oo
where K (x — y; t, t) is the ordinary evolution kernel (2.2.41) for a free particle. Each term in this series
satisfies the Schrodinger equation and the total sum has the correct boundary values:

Kvox (L, t]x0, t0) = Kpox (0, t|x0, 10) = 0.

Thus the problem has been solved. But this path-integral representation meets technical trouble because
we have to integrate the Gaussian exponents over the finite interval [0, L] (which cannot be done
analytically). To circumvent this difficulty, we can use the following trick. The time evolution of a
wavefunction o (xo, fp) can be written as

L
Yx, 1) = /o dxo Kpox (x — x0; 1, t9)Yo(x0, fo)

o 2n+1)L 2nL
=y [/ dxo Ko(x — x0: 1, 10) — / dxo K (x — xo: 1, to)] ¥o(xo, o)
n——00 2nL 2(n—1)L

(2.4.11)

where we have used obvious changes of variables. Now, if we expand the domain of definition of the state
vector Y from the interval [0, L] onto the whole real line R as a periodical and antisymmetric function

Yo(—x) = —Yo(x)

2.4.12)
Yo(x +2Ln) = Yo(x) n=0,=xI1,+2,...
the evolution formula (2.4.11) can be cast again into the standard form
o0
Yx, 1) = / dxo Ko(x — xo; t, to)Wo(xo, to). (2.4.13)
—00

Thus the appropriate continuation of the initial function converts the evolution formula into the desired
form with infinite limits of integration. The fact that ¥ (x, ¢) in (2.4.13) satisfies the Schrodinger equation
is obvious. The continuation (2.4.12) provides the correct boundary conditions for ¥ (x, t) in (2.4.13):

v(0,1) =y (L,t) =0.

< Direct construction of the path integral for a free particle in a box by the method of images

This method of continuation to the whole real line R can be applied to the very construction of the path
integral. To this aim, it is helpful to use the so-called Poisson formula

o0

i el — Z S(x —m) (2.4.14)
[=—00

m=—0o0

(see problem 2.4.1, page 243), where x € R and the §-function is defined on a real line (/ and m, of course,
are integers).
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The scalar product between the localized states (2.4.7) is given by the following explicit formula:

(x|x0) = Z sin(k,x) sin(k,xo) (2.4.15)
n=0

where k; runs over the discrete positive momenta

knz%n n=1,23,.... (2.4.16)

The sum (2.4.15) over positive integers can be converted into the sum over all integers:

x|x0> Z [elk,,(x X()) lkn(x-'rx())]

n=—oo

and with the help of the Poisson formula (2.4.14) and the 6-functions, the scalar product can be rewritten
in the form

(x]x0) = Z/ lk(x xo+2L1) 1k(x+xo+2Ll)]

I=—00

> Z / —exp{lk(y—xo+2u>+m(e( N =0(=x0))}.  (24.17)

y==%x[=—0c0

The first sum runs over two values, y = +x and y = —ux, and the first #-function in the exponential
provides the correct sign of the terms in this sum. The second #-function, of course, is equal to zero
because xg € [0, L] and, hence, (—x() < 0. This term has been formally included for later convenience.
The main advantage of the last form of the scalar product in (2.4.17) is that the combination of the
summations over [ € [—00, o] and y = =x, together with the integration over the interval [0, L], is
equivalent to the integration over the whole real line R:

L 00
/O dx _Z _Z eﬁwdx. (2.4.18)

Thus, acting as in section 2.2.1, but with the scalar product (2.4.17), and making use of the equivalence
(2.4.18), we arrive at the representation of the evolution amplitude for a particle in a box via the
conventional path integral with the additional summations (problem 2.4.2, page 244):

N+1

(x. 120, 10)box = Z > H/ dxfl_[/ 2thph

l=—00 y=+x+2LI j=1
. N+1

X exp {}% Z[pj(xj —xj_1) +ha(@(=x;) —0(=xj_1)) —eH(pj, xj)]} (2.4.19)
j=l1

where xy1 = y. In the continuous time limit, this can be written as the path integral

(X.tx0. 10)box = D /Dx(t)/—exp{ } (2.4.20)

ix+2Ll
1=0,£1,£2,.
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where the continuous action can be formally written as
t
S = / dt[px — H(p,x) — hwxs(x)] (2.4.21)
fo

and the sum in (2.4.20) means that we have to add up the path integrals with final points at +x + 2LI
(I =0,=%1, £2,...). The last term in S is obtained as follows:

ng]' —Xj-1 O0(—x;) —0(—xj-1)
&

xj'—xj'q

Y O(=xj) —0(=xj1) =
J J
b .do(—x) o
— dt x :—/ dt x8§(x).
1

e=>0 Jgy dx 0

A path bounced off the walls of the box is eliminated by the corresponding (obtained by reflection) paths
crossing the borders and which have the same action. These paths receive a negative sign in the path
integral from the phase factor exp{iw6(—y)}. Only paths remaining completely within the box have no
canceling partners (see figure 2.3). Since the new topological term

t

Stopollx] = —7h / dt %(1)8(x (1)) = hr(0(—x) — O(—x0)) (2.4.22)

fo
is purely a boundary one, all the integral in (2.4.19) can be evaluated in the same way as for a free particle

without the infinite walls: the integration over x, p; can be done as usual and we obtain the amplitude

im(x —xo+2LI)2

°° 1
(x,1]x0, 10)box = Z Z m [exp{h 2?}

=—00 y=%x+2dl
im (x +xo+2L0?
— -—— 2.4.23
xp { h?2 t—tp ( )

(cf problem 2.4.4, page 244).

Note that if we want to use (x, t|xo, fo) = K (x, t|xo, tp) as an integral kernel (propagator) of the
evolution operator of some Hamiltonian H, and to write the evolution of a wavefunction ¥ (xo, fp) in the
form

o0
Yx, 1) = / dxo K (x, t|xo, 10)Yo(x0, o)
—00
using an integral with infinite limits, we have to continue the function ¥y (xg, #p) in the non-physical region
as was explained at the beginning of this section.

< A quantum free particle on a half-line

The situation with a quantum-mechanical particle in a space with one infinite wall is somewhat analogous
to the problem of the excluded volume which we have discussed on the basis of the Wiener path integral
in section 1.2.7 (see especially problem 1.2.5, page 113): only a half-space, say x > 0, is accessible to
the quantum-mechanical particle, and the completeness relation reads as

/oo dx |x) (x| = 1. (2.4.24)
0
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3L

2L

Figure 2.3. The correspondence of a path in a box and the real line.

Consider again a free particle. Then the orthogonality relation can be calculated with the help of the
eigenfunction

Y, (x) = (plx) = \/gsinkx k=p/h (2.4.25)

of the free Hamiltonian, with the appropriate boundary condition ¥9(0) = 0. Thus the orthogonality
relation has the form

/ 1 o . . /

(x|x") = — dk sin kx sin kx

kJ oo
1

= /00 dk [exp{ik(x — x")} — exp{ik(x 4+ x")}]
21 J_ o

=8(x —x")—8(x+x). (2.4.26)
The second §-function seems to be redundant because both x and x’ are supposed to be positive. But, on

the other hand, this prompts us to extend the domain of the values of x, x’ to the whole real line, similarly
to the case of a box. This inspires us to present (2.4.25) as

(x|x)y = Z 1 /00 dp exp {ip(ax —x') —imr(@(—ox) — 9(—x’)} (2.4.27)
=, 2rh J_o h
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(6(x) is the step-function). Now we are ready to write down the discrete approximation for the path
integral

[ eIl s [ 34
(x I|XO, z‘0>h -line = / dx; / —L
! j=1o==%1 2nh
N+1 i i
X exp { |:h (oxj—xj_1) +im(@(—ox;) —O0(=x;_1)) — ﬁsH(p)i| }
j=l1

~.

(2.4.28)

In the same way as for the particle in a box the sum over the ‘reflected’ points cx = *+x is now
combined, at each j, with the integral fooo dxj, to form an integral over the whole real line including the
non-physical half-space x < 0. Only the last sum cannot be accommodated in this way, and we obtain the
following path-integral representation for the evolution amplitude:

N+l oo dps
{x, £1x0, f0)h.line = / dx; /
xN+|Z:|:le_[1 / 1_[ 2rch
N+1
X eXP{ Z [ pxj —xj—1) +im(@(—x;) —O(—x;—_1)) — SH(p)} }
j=1
(2.4.29)

This path integral is of the usual type, with integration over all paths in the whole space. The only special

features are the additional term in the exponent (with the 8-functions) and the final symmetrization in the

final points +x. Note that having assumed xo > 0, the initial phase factor 6 (—x() can be omitted, but it is

convenient to keep it for symmetry reasons and for convenience in the transition to the continuum limit.
In the continuum limit, the exponent corresponds to an action

t p2
Slp, x] = / dt | px — >m + hm0:60(—x)
to m
= Solp, x]+ St0p01~ (2.4.30)

The first part Sp of the action is the conventional action for a free particle. The second part Siopor again
gives only the boundary term. Hence, we can immediately write down the result:

im (y—x0)?

(x, t]x0, 10)h.-line = Z m { 7
—10) _

y==%x

_ 1 1m(x—xo)2 B iﬂ(x-i-xo)z 2.431)
© \27ih(t — 1) PV T o PV T g T

The correctness of this result can be checked again by the operator method (problem 2.4.4, page 244).

+ihm (0(—y) — 9(—Xo))}

<> Remarks about path integrals for particles confined within an arbitrary domain of R4

In the case of a multidimensional space and for a complicated form of the domain @ C R? where a
particle is confined, the construction of the corresponding path-integral representation is not a simple
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problem. However, if we know the complete set of eigenfunctions i, of the Hamiltonian H: H Yy =
E; 5., with the boundary conditions
Ya(x)|xean =0 (2.4.32)

where 32 denotes the boundary of the domain & C RP, the appropriate integral kernel can be written
easily. To this aim, let us analytically continue the functions ¥, (x) outside the domain 2 (we assume
that the Hamiltonian H (p, x) is an analytical function of x and, therefore, ¥, (x) can be analytically
continued). Then the kernel we seek can be written as

Ko(x, t|xo, fo) = / dY% K (x, t]x’, t0)1 (x’, x0) (2.4.33)

where K (x,t|x’, 1p) is the usual kernel (represented by the path integral) for a particle with the
Hamiltonian H (p, x) in the whole space and

o
=

€

1(x',x0) = ) ¥ ()i (x0).
A

The fact that K¢, satisfies the Schrodinger equation is obvious (because K satisfies it). Thus we need only
verify the boundary conditions
Kq(x, t]xo, f0)|xesn = 0. (2.4.34)

To do this, remember that K (x, t|x’, ) is the kernel of the evolution operator exp{ % (r — to)ﬁ }. Hence,
the relation (2.4.33) can be written as

Ka(x, tlx0, 10) = x0T 3"y ()5 (x0)
A
= Y eh 0By, )y (xo).
A

Therefore, (2.4.34) follows from (2.4.32).

As an example, we can derive by this method the kernel for a particle confined inside a two-
dimensional disc of radius R. The eigenfunctions of the free Hamiltonian Hy = p2/(2m) in polar
coordinates has the form

1 .
Yim (r, @) = C—Jm(akmr)e‘””’ k=0,1,2,...: m=0,%1,42, ...

km

where J,, (ox, 1) are the Bessel functions and the constants oy, are defined by the boundary conditions

Yim (R, $) = 0= Jp(ormR) = 0.

The Bessel functions can be analytically continued in the region » > R and this provides the construction
of the integral kernel for a free particle inside the circle in the form (2.4.33).

We must remark that the way of constructing integral kernels outlined here is not of great practical
value. The point is that it assumes knowledge, in advance, of the complete set of eigenfunctions of
the Hamiltonian under consideration. But such a set contains, in fact, all the information about the
corresponding physical system. In particular, the integral kernel is given directly by the series

K. tlxo,10) = 3 e =05y, )y (xo).
A
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Thus, its representation in the path-integral form (2.4.33) seems to be redundant. Nevertheless, we
cannot exclude that, in some cases, representation (2.4.33) may turn out to be more convenient. In some
exceptional cases, we succeed in finding I (x’, x¢) in (2.4.33) without knowledge of the eigenfunctions,
using some natural symmetries of the system. For instance, the continuation of functions in a box (2.4.12)
and the corresponding kernel are determined by periodicity and antisymmetry.

2.4.2 Point particles on a circle and with a torus-shaped phase space

The trajectories of a point particle on a circle are parametrized by an angular variable ¢ (¢) € [0, 2]
subject to the constraint that ¢ = 0 and ¢ = 27 be identical points. Recall that the corresponding phase
space has the shape of a cylinder.

The first step in the derivation of a path-integral representation for evolution amplitudes is quite
usual. The time evolution operator is decomposed into a product of the infinitesimal ones:

i Iy
(9. tl¢o, t0) = (Pplexp {—;L(t - to)H} |¢0)
N+1 .
= (¢ [J exp{—7ef | Ipo) (2.4.35)
. . 4.
n=1
The compactification shows up in the completeness relations to be inserted between factors on the right-

hand side forn =1,..., N: 5
4
/(; d¢n |Pn) (Dn| = 1. (2436)

If the integrand is singular at ¢ = 0, the integration must end below 27, at an infinitesimal value before
it. Otherwise we would double-count the contributions from the identical points ¢ = 0 and ¢ = 27. The
orthogonality of the wavefunctions reads as

(Bilo) =85 @; — ) ¢, Pk € [0,27) (2.4.37)

where 8§ (¢) is the §-function on a circle SV which can be defined as the kernel of the identity operator
acting on the states |¢) and can be expanded in the series

5(S>(¢):% Z eme. (2.4.38)

m=—0o0

This is the circle analog of the usual Fourier decomposition
1 o .
$(x) = — / dk et
27 J_ o

of the §-function on the whole real line. Due to the compactness of a circle, the integral is substituted by
the sum.

< Path integral for a particle on a circle

Let us consider, for simplicity, a Hamiltonian without ordering ambiguities, H (p, ¢) = T (p) + V(¢),
and calculate the evolution amplitude for the infinitesimal time shift

(Dj tilpj—1,tj—1)

(¢] exp {—%eﬁ} o)

= exp{—%eﬁ(—ia@,@)} @;1¢j-1) (2.4.39)
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which, with the use of (2.4.38), becomes

i

(@), tjldj—1,1j—1) = (pj| exp {——eﬁ} o)

h
i~ o0 .
= exp {—EeH(—laqs,-’ ¢j)} Zm;m explim;(@; — ¢j—1)}
RS . i~
= ,,,:Z_oo exp {1mj(¢j —¢j-1) — ﬁsH(hmj, qu)} . (2.4.40)

The completeness relation (2.4.36) allows us to write the desired finite-dimensional (time-sliced)
approximation of the path integral for a system with cyclic coordinates:

27 N+1 0 1
(&, tldo, 10)circle = l_[/ dqb] Z .
j=1 mj=—00
N+1 .
* eXP {i > [m/'(ab,/ = ¢j-1) — peH (hmj, ¢,~)} } (2.4.41)
j=1

ONt1 = .

Such an expression looks rather inconvenient for practical calculations. Fortunately, just as in the cases
of a box and half-line, it can be turned into a more comfortable equivalent form, involving a proper
continuous path integral. This is possible at the expense of a single additional infinite sum which
guarantees the cyclic invariance in the variable ¢. To find the equivalent form, we have to use the Poisson
formula (2.4.14) which allows us to write the orthogonality relation (2.4.37) as

(pjlpi) = > 8(d; — ¢ +2ml)
[=—00
dk ,
= Z / gexp{lk(¢j—¢k+2nl)}. (2.4.42)
[=—00 "

Using this form of the orthogonality relation in (2.4.39), we can convert (2.4.41) into the expression

N+1

N dky &
(. t¢o, 10)circle ~ l_[/o d¢ l_[/ Z
j=1 -

N+1

1
xexp{iz[kj(qs, $j-1 +2ml)) = e H (hk;, ¢,)“ (2.4.43)

j=l1

Note that the sums over /; in (2.4.43) together with the integration over ¢; in the range [0, 27) is
equivalent to just the integration over ¢; over the whole real line, leaving only the last sum (over!/ = Iy11)
explicit (because there is no corresponding integration over ¢y1). Thus we arrive at the following
representation for the propagator on a circle:

N+1

(@, t1do, t0)circle ~ Z 1_[/ dé 1_[ /oo ;i:;i

—o0 j=1
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. N+1
X exp {% > 1pi (@5 — $jo1 + 2718 1) — eH(p,»,as,»)]}. (2.4.44)
j=1

Comparing this with the time-sliced approximation for the path integral on the whole line R, we see that
it differs only by the additional sum over /:

o0

(¢, 1190, to)circle = Y, (& + 2L, tldo, tohine ¢, b0 € [0, 2], (2.4.45)

I=—00

Therefore, in the continuum limit, (2.4.44) tends to the path integral

t 7t Clrce_ D
(@, 1o, 0)cire X_jfc{¢+m¢0m ¢()/

The substitution of the path integral on a circle by the sum of the path integrals on the whole real line is
illustrated in figure 2.4.
As an example, consider a free particle moving on a circle, with the Hamiltonian

p(t)

{1 f dr [pp — H(p, ¢)1} (2.4.46)

»?
H(p,¢) = - (2.4.47)

We know that the corresponding path integral for a free particle on a real line is

! im(¢—¢o)?
, o, to) = ———c¢x 2.4.48
\#, tl#o, o) 2 hi(t — to) p{h 2 t—1 ( )
Using (2.4.46), the amplitude on a circle is given by the periodic Gaussian
im(¢— $o + 2ml)?

t|¢o, to) - 2.4.49
(. 10, 10) Z Fm(;_m { p— (2.4.49)

< The propagator on a circle with quasi-periodic boundary conditions

Thus the transition amplitude on a circle can be written as the linear combination (2.4.45) of the
amplitudes on a real line. Note that, if we rewrite the sum (2.4.45) with arbitrary coefficients:

(@, tldo, 10)circle = Z Ci{¢p + 271, t|po, 10)1ine ¢, ¢ € [0,2r] (2.4.50)
[=—00

the amplitude, considered as the propagator K (¢, t|¢o, to) = (¢, t|¢o, to), still satisfies the Schrodinger
equation. The reason is that the Schrodinger equation (as any other differential equation) acts only locally
and thus does not feel the topological properties of the space. Therefore, it is the same for a circle and a
line and, if the differential operator corresponding to the Schrodinger equation acts on each term on the
right-hand side of (2.4.50), we obtain zero. This means that the left-hand side also satisfies the equation
for arbitrary C;, [ = 0, =1, &2, . ... The condition of physical equivalence of the points ¢ and ¢ + 27 on
a circle means that the amplitude (¢, t|¢o, f0)circle, after the shift ¢ — ¢ + 27, acquires at most a phase:

(¢ + 27, t|¢ho, 10)circle = eia (@, tlgo, t0)circle
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Figure 2.4. The correspondence of a path on a circle and the real line (universal covering of the circle).

(a phase does not change the corresponding probability distribution). Applying this requirement to
(2.4.50), we obtain A
Cir1 =¢“C

so that )
C=e 1=0+1,42,...

(the phase Cp can be taken arbitrarily and we have chosen Co = 1). Thus the requirement of physical
equivalence (i.e. up to a phase for amplitudes) of the points ¢ and ¢ + 27 leads to a more general
expression for the transition amplitude:

o0

(. 1100, fo)circle = Y & (¢ + 271, tlo. to)ine . b0 € [0, 27]. (24.51)

I=—00

Of course, this expression can be derived directly if we start from the quasi-periodic boundary condition
(2.4.4) (the so-called a-quantization) instead of the trivial boundary condition (2.4.1). We suggest the
reader does this as an exercise (problem 2.4.5, page 244).
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A number of physical interpretations are possible for the phase «. For instance, if we study a periodic
crystal, it is possible to reduce it to the consideration of a single cell of the lattice. The purely periodic
boundary condition

Vx+a)=vyx)

(a is the cell size) is, definitely, too restrictive and inadequate for the problem. The so-called Bloch
wavefunctions satisfy the more general conditions

Y(x +a) = ey (x)

where k is the wavevector. Thus, in this case, the phase « is related to the parameters of the crystal:
o = 2mwka (we mentioned the one-dimensional variant of the problem; in the realistic three-dimensional
case, the phase becomes o = 2w ka, where the vector a defines the crystal cell).

< Propagator in the case of a torus-like phase space

The same method of path-integral construction can be applied to a system with a torus-shaped phase
space. This means that the system is described by a coordinate and a momentum bounded by intervals:
0<x <L, 0< p < A and all quantities are supposed to be periodic functions of x and p with periods
L and A, respectively. Of course, in this case, we can hardly speak about ‘a particle’ (free or in some
external potential). Such a phase space is similar to a toplike system (in the sense that these systems
have both compact coordinates and momentum degrees of freedom) or to a system on a finite lattice (with
periodic boundary conditions).

Proceeding in the same way as in the case of a cylindrical phase space (a particle on a circle), we
arrive at the following time-sliced approximation of the path integral for the amplitudes:

(e.¢] N 2 A d N . dp
p] n

, t , 1 I dx h | I 2]‘[
<‘x I;CO O)tOIUS Z 1_[ /0 /0 27-[ ]—‘2 /oo h

I=—o00 j=I

. N+1
1

xwp{ﬁEZUy@j—xj1+2nMLNH)—8Hmeﬂ4. (2.4.52)
j=1

The most noticeable distinction from the corresponding expression (2.4.44) is that the integration over p;
goes over the finite interval [0, A] and not over the whole real line. If the Hamiltonian in (2.4.52) does not
depend on the coordinate variable x (as in the case of a free particle): H (p, x) = H(p), we may integrate

overall x;, j =1,..., N producing N §-functions and then integrate over pa, ..., py+1, with the result:
00 A .
dp i

(x, tx0, f0)torus = Z / S5 exp {—[p(x —xo+IL)— H(p)(t— to)]} . (2.4.53)
oo 0 27 h h

Using the Poisson formula (2.4.14), the expression (2.4.53) can be presented in the form

o0

(x, t]x0, 10) 1fA P expl Lipc—z0)—HE -1} 3 8 (p— L), 458
X, t|xo, =— ——exp] —[px —xp) — — -——). 4.
0, 10)torus L)y 27h p 7 p 0 p 0 L p I
For consistency, the integrand in (2.4.54) must be periodic in p, with the period A. This is true only if the
condition

LA =27k keZ (2.4.55)
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(the so-called volume quantization condition) is fulfilled. Then, due to the §-functions, we can integrate
over p and (2.4.54) becomes

k—1

1 . (x — x0) m
(. 110, horus = 7 3 exp {1 [2an —H (;A) (t —10) |V (2.4.56)
m=
Thus we conclude that at fixed k, the momentum and coordinate take the following possible values:
m
Pm = ;A
m
xm:;L m=0,1,...,k—1. (2.4.57)

Note that the discrete parameter k£ plays the role of the Planck constant in the sense that the
semiclassical and classical approximations correspond to larger values of k (in other words, are valid
in the limit ¥ — 00) and not to the standard limit 7 — 0. Sometimes we describe such a situation as the
appearance of a discrete (quantized) Planck constant. The quantization condition (2.4.55) was obtained
for the first time by Berezin (1974) (note that Berezin used angular variables ¢ = 27 x/L, 6 = 2ap/A).
This is a characteristic property of systems with compact phase spaces: another well-known example is a
quantum top where the total angular momentum (spin) of the top with discrete values plays the role of the
Planck constant. In this case, the phase space proves to be a two-dimensional sphere (Berezin 1975).

2.4.3 Problems
Problem 2.4.1. Prove the Poisson formula (2.4.14).

def
Hint. The sum g(x) = > 8(x — m) on the right-hand side of (2.4.14) is a periodic function of x

m=—0Q0
with a unit period and has the Fourier series

o0
gy = ) g™

I=—00

The Fourier coefficients are given by

172 .
8l =/ dx g(x)e " =1,
-1/2

These are precisely the Fourier coefficients on the left-hand side of (2.4.14).

Mathematically minded readers may worry that this proof is somewhat formal because an equation
involving §-functions is valid, rigorously speaking, only when integrated with an appropriate smooth test
function. Let f(x) be such a test function. Then the Poisson formula implies:

> o= | T Y s,

m=—oQ |=—00
Now if we truncate the sum on the right-hand side at finite large values £L, it can easily be calculated
(being of the geometric type):
XL: print _ SINGIQL + 1))

= sin(x)
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The right-hand side is a well-known approximate expression for the é-function (i.e. it becomes the §-
function in the limit L — 00). This proves formula (2.4.14).

Problem 2.4.2. Derive the path integral (2.4.19) for a particle in a box using the standard way of path-
integral construction for the scalar product (2.4.17). Show that the summation in (2.4.17) results in
integration over the whole real line.

Hint. To simplify calculations, you may, at first, consider the trivial (zero) Hamiltonians. Generalization
to a general Hamiltonian brings nothing new compared with the case of an unbounded line.

Problem 2.4.3. Verify that the operator approach gives the same result (2.4.49) for the transition amplitude
of a free particle on a circle.

Hint. The wavefunction of a free particle on a circle reads as

1 .
Un(p) = —€"  nelZ
27

and the energy eigenvalues are
R,
E, = n
" 2mr?

(r is the radius of the circle). Thus

(@, t1do, t0)circle = (@] exp {_%(I - tO)ﬁ} |po)

> - i h2n?
> U (@) (o) exp (t — to)

_7_12mr2
n=—0oo
il in@ — ¢y — 2" (¢~ 1)
= — i — —i1—(t — .
2w xp 0 1Zmr2 0
n=—00

Finally, the use of the Poisson formula (2.4.14) allows us to substitute the summation over m by the
integration over momentum plus another summation and after the integration, to cast this expression into
the form (2.4.49).

Problem 2.4.4. Prove that formula (2.4.31) is correct for the transition amplitude of a free particle in a
one-dimensional half-space (with an infinite wall) and (2.4.23) for a particle in a box.

Hint. Inserting into (2.4.31) the Fourier transform of the Gaussian distribution, derive that

(5. %o, fo) /00 dp im(x —xg)? im(x + x)? Pt — to)
X, t|xo, line = —|eXpy1T T ————( —&XpyiTo———(|eXpy————F
PO, T/ SN 7778 Rl i R— Pln2 1= P 2mh

= 2/00 _dp sin (p_X) sin (@> ex —7172([ — o)
o 2zh o \g n )P 2mh
which is the correct spectral representation for the time evolution amplitude (cf (2.1.70)).

The formula for a particle in a box is verified in the same way.

Problem 2.4.5. Derive the path-integral representation for the propagator of a free particle on a circle in
the case of the non-trivial boundary conditions (2.4.4), starting from the discrete approximation, the scalar
product (2.4.37) and the completeness relation.

Hint. Follow the steps outlined in section 2.4.2. The answer is given by the expression (2.4.51).
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2.5 Path integrals in curved spaces, spacetime transformations and the Coulomb
problem

This section is devoted to the construction of path integrals in curved configuration spaces. More precisely,
we are going to construct a path-integral representation for the propagator of a particle moving in a d-
dimensional Riemann space with a non-zero curvature tensor (some basic facts about Riemann geometry
are given in supplement V, volume II; the standard textbook on differential geometry is Kobayashi and
Nomizu (1969), good introductory books are Isham (1989) and Visconti (1992)). This consideration is
important because of two types of application. First, this is the background for direct applications to
quantum-mechanical problems with curved configuration space geometry (including the ambitious aim of
path-integral formulation of quantum gravity, see section 3.4). Second, this formalism has proved to be
necessary for finding the path-integral solution of such a basic quantum-mechanical problem as a particle’s
motion in the Coulomb potential, as well as the solution of a number of other exactly solvable potentials.
The essential idea involved in the exact derivation of the path-integral solution is the mapping of the path
integral for the Coulomb problem (or other solvable potentials) onto the path integral for the harmonic
oscillator. This is achieved by the reparametrization of paths according to a new space and time variable
via the so-called Kustaanheimo—Stiefel transformation which was originally invented for solving the quite
different problems of celestial mechanics. For the path-integral solution of the Coulomb problem this idea
was first exploited by Duru and Kleinert (1979, 1982) (see also Kleinert (1995)) and later expanded to
a number of other exactly solvable Hamiltonians (see, e.g., Grosche (1996), Grosche and Steiner (1998)
and references therein).

In the last section 2.5.5, we treat a specific case of curved manifolds, namely, the Lie group manifolds
(for the basic notions of Lie group theory see supplement IV, volume II). From the practical point of view,
this calculation is important for systems possessing some symmetry. In addition, the existence of group
transformations (i.e. transitivity of group manifolds) opens the possibility for an exact evaluation of the
corresponding path integrals.

2.5.1 Path integrals in curved spaces and the ordering problem

We shall not go into all the details of the quantization procedure on arbitrary manifolds (see, e.g., the
classical papers by De Witt (1957) and Berezin (1975)). Instead, we shall concentrate only on those
points which are necessary for the construction of path integrals and, in particular, for solving the
Coulomb problem. As always, the starting point is the corresponding Schrodinger equation. In a d-
dimensional Riemannian manifold M, with the coordinates ¢“, the metric g,5(¢) and the line element
(see supplement V, volume II)

ds® = gapdq“ dg®

the Schrodinger equation reads as

9 h?
—iha—lﬁ(q; 1= [——ALB + V(q):| v(g; ). (2.5.1)
t 2m

V¥ is some state function, defined in the Hilbert space £2(R?), the space of all square-integrable functions
in the sense of the scalar product

(ly2) = /M d'q /gU1(9)va(q) (25.2)

2(@) £ det(gap(9)) 2.5.3)
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and Aypp is the Laplace—Beltrami operator

def _1, 1
Atp = g7 70878 0 = 80,05 + " (9 In /)3y + £ 0. 2.5.4)
Here and in what follows, we use the notation and conventions adopted in theories of curved spaces:

(i) summation over pairs of repeating indices (one upper, one lower) is understood;
(i) indices are lowered and raised with the help of the metric g, and its inverse g*? (g.pg%¢ = 8%);
(iii) for derivatives of a function f, we use the shorthand notation

wr . of
faa = aaf: aq“
The Hamiltonian
~ def hz
H=—AB+V(q) (2.5.5)
2m

is usually defined on some dense subset D(ﬁ ) € L2(RY), so that H is self-adjoint. The time evolution
of a state ¥ (q, t), written via the propagator K (q, ¢, |qo, o) of equation (2.5.1), reads as

Y(g;t) = /ddqo V2(@o)K (g, tlqo. 1)V (qo, 10). (2.5.6)

The construction of the path-integral representation for the propagator in the case of a curved space
with an arbitrary metric g, (g) is not so easy as in the case of a flat space with an ordering-insensitive
Hamiltonian of the form H = T'(p)+ V (¢g). The general approach to the construction of path integrals for
Hamiltonians containing terms with ordering ambiguity has been described in section 2.3. In the special
case of a curved configuration space, the first derivation was by De Witt (1957). His result reads as

o .
K.t lao ) = [ D[¢g(r>q(r)]exp{%f dt [ﬂgab(q)q'“q‘b—wq)mzé—“
} 0) m

Clqo.t0lq.t
N—1

def . m  \Nd/2 [ 4

= Nh—>moo <2nish) 1_[/ 8la)dq;
j=1

. N
i m
X exp {ﬁ Z [ggab(ij—l)(an' - ‘1;171)(‘17 - ‘15'771)
j=1

2

hZ
—eV(gj—1) +e—R(q;- . 2.5.7
eVigj-1) Ee (g 1)“ ( )
Here
R = gab(FZb,c - ng,a + ngl“gd - Ffbl“gd) (2.5.8)

is the scalar curvature and
Tj. = 38" (8bd.c + 8deb — 8be,d) (25.9)
are the Christoffel symbols. As usual, we identify: gy = ¢.
The most noticeable difference between (2.5.7) and the path integrals which we have encountered

earlier in this book is that in the exponential there is a term containing 7% in addition to the classical action,
so that the path integral now has the following general form:

K ~/ D[\/g(t)q(r)] exp{%Seff}
Clqotolq.t}
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with the effective action
Seft = /dt Legr = /dt (L — AVpew) (2.5.10)

in the exponential, instead of just the classical one, S = [ dt L, with the classical Lagrangian of the form

. m ca-b
L(g.9) = 5 8a4"q" = V(q).

The quantum correction AVpew = —%R is necessary for propagator (2.5.7) to be the solution of the
Schrodinger equation (2.5.1).

From the general discussion in section 2.3, we know that such a term, in general, is not indispensable.
If we choose some ordering for a Hamiltonian and perform the multiple star-product for the infinitesimal
evolution operators as in (2.3.67), the resulting discrete-time approximation for the evolution operator
kernel or symbol does not contain any extraordinary terms. The only question is whether the star-operation
for this chosen ordering has a suitable form, which would enable us to write the evolution kernel in the
continuous limit as a conventional path integral. As we have also learned in section 2.3, the operator-
ordering ambiguity in quantum mechanics reveals itself in path integrals as these depend on the choice
of different discrete approximations. The order of operators in the Hamiltonian which we consider in
this subsection is defined by the form of the Laplace—Beltrami operator (equations (2.5.4) and (2.5.5)).
On the other hand, the lattice approximation in the DeWitt path integral (2.5.7) is also fixed: the metric
terms in the action are evaluated at the ‘prepoint’ g;_;. The ‘quantum correction’ term, of the order
12, just reflects and compensates the discrepancy between the chosen operator ordering and the lattice
prescription. Changing the lattice definition, i.e. the evaluation of the metric terms at other points, e.g.,

the ‘postpoint’ ¢; or the ‘midpoint’ g & %(qj +gj-1), changes AV, because in the Taylor expansion
of the relevant terms, all terms of the order O(¢) contribute to the path integral. This fact is particularly
important in the expansion of the kinetic term in the Lagrangian, where we have (g; — g1 Y e ~ Ofe),
because, as we have learned in chapter 1, (¢; — gj—1) ~ /€.

<> Weyl-ordering rule and Weyl symbol for the propagator in a curved space

A very convenient lattice prescription is the midpoint definition, which is connected to the Weyl-ordering
prescription in the Hamiltonian H (cf section 2.3). Let us discuss the construction of the path integral in
this prescription in some detail. First, we introduce the modified momentum operators p:

. h( 0 Iy b 10In./g
= — Iry=r,, =-—— 2.5.11
Pa ; (8q“ + ) ) a ab = 5 39q° ( )

which are Hermitian with respect to the scalar product (2.5.2) and obviously have the same canonical
commutation relations with g%:
(7%, Pp] = 1h8%p.

In terms of the momentum operators (2.5.11), we rewrite the quantum Hamiltonian H (2.5.5) by using
the Weyl-ordering prescription:

~ 1 PR N N o > > .
H(p,q) = @(g“’%q)papb + 258" @ Pb + PaPrg* @) + AVien (@ + V(@) (2.5.12)

Here a well-defined quantum correction appears which is given by

K2 K2
AViyeyl = @(g“”rg’crzd - R)= @[g“brarb +2(8"°Ta) b + 8% avl- (2.5.13)
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We stress once again that the source of this ‘quantum correction’ is that we started from the Laplace—
Beltrami quantum Hamiltonian (2.5.4), (2.5.5), but in the construction of the path integral we want to use
the Weyl-ordering rule and Weyl symbols.

The Weyl-correspondence gives a unique prescription for the construction of the path integral. We
have for the integral kernel

)

(i

In order to simplify the notation and to make the formulae easier to read, we drop the boldface type
for vectors in this section as well as the indices of summation (for example p, (qg —q* = plqo — q))
and the explicit indication of dimensionality in the integration measure: d9p, d%¢, d%u, — dp, dq, du.
Making use of the basic formulae for Weyl symbols (2.3.17) and (2.3.18) or the equality

K(q,t,|qo,t0) = <q

i~
exp [—;LH(p,q)}

ex —it_toﬁ(A q)
p BN P, q

q,_1>. (2.5.14)

d 1uq _ = — = — d - - r -
/ ‘e <q‘”’ 2><p+2 q> (Znh)d/ “Xp[h”(‘m DRt (q 2 ﬂ
_ eirlao-a)/hg (q _ %) (2.5.15)

we arrive at the expression for the short-time propagator

(q;l expl—ieH (P, q)/hllgj-1)

1 : o
= W<Qj /dpdq e_lh(p’q)/h/du dv expli(qg — q)u +i(p — p)v] Qj—1>
L [ € =) — CHG. T 2.5.16)
= (2nh)d/ P exp EP(‘IJ_QJA s (p.q;) (5.

where g; = %(q j + gj—1) is the midpoint coordinate.
Inserting this into equation (2.5.14), we obtain the Hamiltonian path integral

N-1 N . N
1 dpj i ~
K(q.1.1q0.10) = [8(q0)8(q)]"* lim ,Ul /dQle_[_l/ Qrhy exp{;L;[qu'Pj—gHeff(quj)]}.

(2.5.17)

def . .. .
Here Ag; = qj — qj—1 (since we need a careful control of e-factors, it is more convenient to use
this finite difference than the lattice derivatives (1.2.195)). The effective Hamiltonian to be used in path
integral (2.5.17) reads as

~ 1 ~ ~ ~
Het(pj, 4j) = %gab(qj)pj?pf + V(@) + AVwey (q5)- (2.5.18)

The Gaussian integration over the momenta yields a Lagrangian path integral of the form

1 i !
K.t 0) = leas@1 ™ | D (Ve@a@) exp[% [ ar Leﬁ(q,q)}
to

Clqo.tolq.t}
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def 1 m %A
= [g(q0)g(@)] 4]\,11_)m00 (zmgh) <]_[1 /dqj'>
j=

N .
< [1y/e@)exp {,% [ 2@t AG! — £V @) - sAvw@quf,)]} . (25.19)

2¢e
J=1

Equation (2.5.19) is, of course, equivalent to equation (2.5.7), although its form is different due to
another discrete-time approximation. Namely, the midpoint prescription arises here in a natural way,
as a consequence of the Weyl-ordering rule.

< Feynman-like proof of correctness of the path-integral representation for the propagator in a
curved space

As usual, to prove the correctness of (2.5.19) directly, we must show that the short-time kernel

d/2 1 =
K(gj.qj-1;8) = (znn;h> (8(gj-1)g(gj)] *\/8(q;)

irm ~ a b ~ ~
*exp _[_g“b(qj)ququ_8V(‘1j)_8AVWey1(CIj)] . (2.5.20)

hL2e

satisfies the Schrodinger equation (2.5.1). We may proceed exactly as in section 2.1.2. But in the more
complicated case of a curved phase space, it is simpler to act in a slightly different way. Let us expand
¥ (qo, to) in the Taylor series around the point (g, ?):

W@ | a @ V@) Ly 37U 1)
L) = 1) — — — — —b e
V¥(qo.10) = ¥(g.1) —e——— +(q" —ap) 34 5@ —a)lq 0) P40 408
and insert the expansion into equation (2.5.6). This gives
0V (q.1) b3V (@) 87V (g. D)
1 ——— =8B , 1)+ B B¢ 2.5.21
Vig. ) +e—p oV (g, 1) + 3qh + bqbog + ( )

where the coefficients in the expansion are given by

By = /dqo\/g(qo)K(q,qo; €)

m \d/2 _1 _ 11 im ~
~ () g (e V@A VR f dgo 82 ()8 (q0) exp | 5 £ 8ap(@)E"
2mwieh 2¢eh

(2.5.22)

BY = /qu‘/g(qo)K(q,qo; e)&"

m \d/2 1 s 1.1 im ~
~ ( ) g 3 (q)e ‘S[V(’”*AWIV(‘Wﬁ/dqog2(q)g4(qo) exp{ﬁéagac(Q)éc}éb

2mich
(2.5.23)

B — /dqo V&(@0) K (q. qo; £)§°€"

m \d/2 _1 _ 1,1 im -
~ (o) g (e V@AV f dqogz(q)g4(qo>exp{Es‘gwg(md}s“sb.

2mihe
(2.5.24)
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Here we have introduced, for convenience, the special notation for the difference of the particle

coordinates: §¢ = (q - q8)-

The calculatlon of these coefficients By, Bp, Bgp is rather tedious and we shall mark only its main
steps (for further details see in Grosche (1992)).

First of all, we have to extract the dependence of the metric on gg or, equivalently, on £¢. To this
aim, we are going to expand the terms containing g45(q), ga»(qo) into the power series in £ and to show
that the higher terms of this expansion give contributions of higher orders in ¢.

Let us consider the following class of integrals:

f \/@( m )d/2/dqo exp{—%hg(qa—qo)gab(q =4 )}

2mihe
x(q‘”—qg])(qaz—qu)“‘(qmv—CISN) a=1,...,d.

o
@

(g™ W)

The Gaussian integrations give, for the lowest powers of £¢ in the integrands, the following results:

ieh
(E€")g = — g (2.5.25)
asgbgcgd ieh > ab _cd ac  bd bc
(5967876 = P (g% g + g*g™ + g g™ ] (2.5.26)
. 3 ieh\> d . ” v
«éaébécédécéf»g — <;> [gabgc gcf +gac bd cf + gadgbcgef + gabgccgdf +gabgcfgd

+gcdgaegbf +gcd af be +gacgbegdf +gac bfgde +gbd ae cf

+ gbd af ce gad be cf +gad bf ce 4 g gaegdf + gbcgafgde] (2527)
(problem 2.5.2, page 282). This shows that the integration of increasing powers of £ indeed gives
expressions of increasing orders in €. Therefore, we can expand the integrands in (2.5.22)—(2.5.24) in

a power series and keep only the first few terms to obtain the result up to the first order in €. The Taylor
expansion of the terms containing the metric at the midpoint yields

g'4q — 68" (g — £/2) = g (@)1 — Tu&” + F(4TaT) + 3T, )EE"] (2.5.28)

im ash
exp{ﬁgab(c]—éﬂ)g & }Zexp{z hgab(Q)§ § }

m
[1+2 866 — o (8T g + 8l Ty + B Tog T )6 67681

1 m becsdsesf
+ 5 (oY s Tho Tl g s 5o s ] (2.529)

and their combination reads as

§q-8g"*q - 5/2)exp{ gab(q — smss}

3/4<q>exp[ oo Sab(@EE }

2¢

1 m u f
[ 1= Tt e 4 5 () s TR e e

m 1
— e @l + SauTlaThe + 8uTlgThE 6 56! + (4T + 3ra,b>s“sb]. (2.5.30)
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Here the various derivatives of the metric tensor g,» have been expressed via the Christoffel symbols.
Now we are ready to calculate the coefficients of the Taylor expansion in (2.5.21). Up to the first
order in ¢, the coefficients B, are derived from (2.5.25):

ieh
B ~ —lzg—mg“b. 2.5.31)
Similarly,
a ieh ab ab

B? ~ —E[Fag + (0,871 (2.5.32)

For the £2- and £*-terms in By, we obtain

1 agb ieh ab
(54T + 3T p)EYE" ) = F (4lalp + 3T 1) (2.5.33)

m
«_ gior, Bavlbed + 8aulvalhe + 8uv1“2‘d1“}§c)€“é”$c€d>>
8

ieh i ‘ ‘
= _@gab[SFan +Lape+2Tap + guvgcd(zr‘gdr‘}jc + T4 T0)+ 505, T, + 2FZCFZ¢1]~

(2.5.34)
For the £°-terms, equation (2.5.27) yields
1 m \2 VU gagbgcgdgesf
S (57 ) wganheTie s s s s

2ieh ¢

ieh
=g gfb [41‘an + 4T, Te +4T9 T8, + guog® @0 L, + T TY)]. (2.5.35)

Therefore, the combination of the relevant terms results finally in the required Weyl term:

VSRS DR im _ Eygagh
/g (g—%)g2(q S)exp[z 8ab(q — §)5%% } d§
ch

m \-d2[ieh .
- <2nieh) |:1 + %ga (Tap = Tgple + 200G Ty — F;b,c)]

m \—d/2 ie
=(2ni8h) exp (EAVWew). (2.5.36)

Inserting all the contributions into equation (2.5.21), we prove that the path integral (2.5.19) defines an
evolution which satisfies the Schrodinger equation (2.5.1).

2.5.2 Spacetime transformations of Hamiltonians

Now we return for a moment to the discussion of systems in flat Euclidean spaces and in Cartesian
coordinates. Consider a one-dimensional system with a standard Hamiltonian

and the stationary Schrodinger equation

H|Y) = E|Y)
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which, in the coordinate representation, has the following explicit form

h% d*y(x)

We assume that the potential V (x) is so complicated that to solve equation (2.5.37) straightforwardly
is impossible. In this case, the following trick may prove to be helpful. Let us make a coordinate
transformation

x = F(g). (2.5.38)

In the new variable ¢, equation (2.5.37) becomes

W&y WFAY v = By
2mF2 dg? 2m F? dq 1 N

dof
(recall that F’ g dF/dq). The substitution

Y(F(g) =V Folg) (2.5.39)
simplifies this equation which for the function ¢(gq) reads as
h? d*e P
—5——5>5+tW(g) —EF-(q)e=0 (2.5.40)
2m dq
where )
def B2 |3 (F" F"
W = F?V(F — 1> (=) —-—=|. 2.5.41
( (q)>+4m[2(F,) F/] (2.541)

Equation (2.5.40) has the form of a Schrodinger equation with the ‘potential’ (W (g) — E F’ 2 (g)) and zero
eigenvalue. If this new potential term allows us to solve exactly the corresponding eigenvalue problem

2 dzq)n

" 2m dq?

+ (W(q) — EF(@)n = Enton

the eigenvalues of the initial problem can be found from the equations
E(E)=0 n=0,1,2,3,....

The corresponding eigenfunctions are determined by (2.5.39). Knowledge of the eigenfunctions and
eigenvalues gives, in fact, complete information about the behaviour of the system under consideration.

This general approach to simplifying the basic relations via changes of variables can be applied to
the calculation of complicated path integrals.

< Spacetime transformations in the path-integral formalism
Consider a one-dimensional path integral

K(x,XO;t—to)=/

C{xo,tolx,1}

i ftm.,
Dx(r)exp[ﬁfto (Ex —V(x)) dt:|. (2.5.42)

It is now assumed that the potential V is so complicated that a direct evaluation of the path integral is not
possible. Inspired by the discussion of the transformations of variables in the Schrodinger equation, we
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shall look for a modification of this path integral which permits the explicit calculation of K (x, xq; t —tp).
This technique was originally developed by Duru and Kleinert (1979, 1982) (see also Kleinert (1995) and
references therein). It was further evolved by other authors (see e.g., Grosche (1992, 1996), Grosche and
Steiner (1998) and references therein).

Let us introduce a more general Hamiltonian Hpg which, similar to (2.5.40), contains the energy
variable:

h? d?
=5 5 tVW-E (2.5.43)
with the corresponding path integral
Kg(x,x0:T) = eTEMK (x" x5 T) (2.5.44)

where K (T') denotes the path integral of equation (2.5.42)and T =t — 1p.
Let us now use the spacetime transformation (2.5.38)

x = F(q) (2.5.45)

to obtain from (2.5.43)

R |:d2 F'(q) d

= | — — V(F —E. 2.5.46
| 4 P dq]+ (F(@)) (2.5.46)

In equations (2.5.37)—(2.5.40) we considered this sort of transformation for the stationary Schrodinger
equation. To remove the g-dependent factor in front of the second derivative in Hp in the time-evolution
Schrodinger equation, we have to accompany the space transformation (2.5.45) by the transformation of
the time variable t — s, so that

dt = f(x)ds (2.5.47)

where the function f satisfies the constraint
2
fIF@]=F"(q). (2.5.48)

This leads to the transformation of the time derivative

o 1 @
at f(x)as

and ) 5
—ih—y = Hgy —> —ih— = fHEy.
ot as

Thus it is reasonable to introduce a new Hamiltonian H = f Hg:

~ }'LZ d2 F”(q) d
H=- [d—qz ~ T da | T IF@IWV(F @)~ E]
" | d? d
-~ m [d—qz - F@E} + fIF@IV(F(q)) — E] (2.5.49)

where I'(q) = F"(q)/F'(g). Comparison with (2.5.11) and (2.5.12) shows that I"(g) plays the role of
the Christoffel symbol (2.5.9) for the one-dimensional metric g(g) = (F )2, Since we study at present
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the one-dimensional case, the metric simply becomes a function (the indices take only one value and g,
is not actually a coordinate-dependent matrix but a function). The corresponding measure in the scalar
product and the Hermitian momentum are now defined as

(f1, ) = /dx J(x) i (x) f2(x) (2.5.50)

T ¥ Jeq) = el T (2.5.51)
[d 1

pe = —ih [% + 51“(q)]. (2.5.52)

The Hamiltonian A , expressed in terms of g and py, is
~ p2
H=21+ [IF@IV(F@)El + AV(q) (2.5.53)

where AV (g) is proportional to the squared Planck constant:

2 ” 2 "
AV(g) = 1 [3<F (q)) of (")]. (2.5.54)

8m F'(g) F'(q)

Note that H _coincides with the Hamiltonian in (2.5.40). The path integral, corresponding to the
Hamiltonian H, is

I?(q,qo;S):/

Clqotolq.t}

Dg (o) exp {%/ do [%4* = fIF@IV(F@) — E1 - AV(q)] }

0 2
(2.5.55)
with S = (s — sp). In the usual way, from the short-time kernel of equation (2.5.55), we can derive that
the time evolution equation

V(g s) = /dqo K(q, q0; S)¥ (qo; 50) (2.5.56)

is equivalent to the time-dependent Schrodinger equation
L0 ~ ~
lham; s) = Hy(q;s). (2.5.57)

< Justification of spacetime transformations in the path integral

Of course, a rigorous transformation from K (x, xo; T) to K (¢, qo; S) must be based on time-sliced
approximation (i.e. on the precise definition) of these path integrals. We shall only outline here the main
points of this consideration (for details, see, e.g., Kleinert (1995) and Grosche (1992)).

Let us consider the path integral K (T') in its lattice definition:

N—-1 . N
. m \N/2 i m iy
K(x,x0; T) = lim (Znieh> l_[ ,/dx'i exp {ﬁ Z [2_8(xj _xj—l)z _ gV(x(-/))] } (2.5.58)
j=1 i

N—o0o
Jj=1

To convert it into the discrete-time approximation for the desired path integral (2.5.55) which is supposed
to be exactly evaluated, we have to make the transformation (2.5.45) and, following the midpoint
prescription, to expand all quantities about g; = (g; + qj+1)/2.
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This procedure, together with the transformation of the measure ]—[;-V;ll dxj, casts (2.5.58) into the
form

N—1
N/2
K(q,q0; T) =[F'(q0)F (q)] 2N1—>moo<271'i8h) /Ul 44;

1 i[m Ey. el FP@) 2550
x]lj[]F(cu)eXP 7| 2e5 22 F (qj')—eV(qj)—%FA@) . (2559)

Note that this (discretely approximated) path integral has the canonical form (2.5.19) with the one-
dimensional metric g, = F'2.
This remains true for higher-dimensional spaces, for which (2.5.59) reads as

K T) = [F.y(q0) F.o()]~/? 1i m_\va/2 da
(q,q0; T) = [F.4(q0) F.4(q)] Jim <2nigh) ]]j[l/ q

N .
- i| m i i ~ ~ ~
x< [T Fq@pexp {;_L[5Aq,£”Aq,S”F,k<q,~>En(q,;) — eV (@)
j=I

3 ﬁ(F(kj)F(nj))_l<F;q)k(§j)F;q,n(5j) _ F,qkn(g/))

8m F2(@)) F.q(@))
e () () el
o Lo okt Fpnka (@) (2.5.60)
where
Fri@) = (FPED FPF™
+ (F,(}{)ESCJ))_I(E(IJ)E(Y{))_I + (E(}{)F’(l]))—l(F’(k])F’(n]))—l (2561)
and for the d-dimensional transformations x* = F%(q) (a = 1, ..., d) we have put
def oF“
F, = de Py
q

Here the derivatives are considered as elements of a d x d matrix B4, = dF%/dq". After the transition
to the coordinates g™, the coordinate-dependent metric

d

JF® §Fa
gnn(@) =Y 57 997 (2.5.62)

a=1

appears. Readers acquainted with Riemann geometry may easily recognize that the derivatives d F¢/d¢™
of the transformation functions F“ in (2.5.62) play the role of orthogonal d-beins. Making use of metric
(2.5.62), we can rewrite (2.5.60) in the canonical form (2.5.19) (path integral for coordinates with a non-
trivial metric) with the h2-term Awey1V looking as follows:

hZ
AweyV (@) = — ™ (@)TF (@)TL,, (@) (2.5.63)
8m
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This is just the Weyl-ordered quantum potential without a curvature term. In the present case, the curvature
vanishes since we started from a flat Euclidean space which remains flat after the transformation.

To proceed further, we add the energy constant into the exponential (i.e. we use the Hamiltonian HE)
and perform the time transformation according to

dt = f(s)ds  so=s(t)) =0 s=s(t) (2.5.64)

(as before we make the choice f = F’ 2). Translation of this transformation into the discrete notation
according to the midpoint prescription requires symmetrization over the interval (j, j — 1) to prefer neither
of the endpoints over the other, i.e.

Atj=¢ = ASjF’(L]j)F/(qj_l) (2.5.65)
Asj =sj —s5j-1 =9j. (2.5.66)
The expansion of (2.5.65) about midpoints yields
A2 N F"(F F'(5: 2
e 8 F2@GH 11+ =L ,(ﬁ]-’) - < ,(i]f)> . (2.5.67)
4 F'(qj) F'(q;)

Insertion of this expression into the discrete approximation of the initial integrals gives
( m )% Nl;[l /dx' lﬁ[exp{i [ﬂAzx- —eVi(xj) +8E]}
2mieh ik ! il hL2e / /
N-1 / N mo\L
- /l:[l /dqj Fay) /l:[l (Znish)

i ~ I, - 1~
X exp {% {ﬁ [F’Z(qj)Aij + EF G)HF (qj)A4qji| —eV(xj)+ sE”

2¢e

] N—1 N m 3
=[F'(q)F @172 [] /dqi [1 <2ni5-ﬁ>
j=1 =1 !

N . 2 " " 2\ 71-1
1/ m A%qj (F7(q)) F'(q)
: Hexp{ﬁ(ﬂ[l T ( PG (F’@»)
j=1 J J J
A4 L F(T
12 F'(q;)

} — 8 F* @)LV (q)) — E])} (2.5.68)

Up to O(4)-terms, where § = max; §;, the last quantity can be rewritten as follows (cf (2.5.25)-(2.5.27)):

h\ 26

iSh F' (g 2 F'"(q:
- 1—[3( /(q’)) —2 ’(QJ)D}' (2.5.69)

8m F'(q;) F'(qj)
The expression (2.5.69) is nothing other than the discrete-time approximation of the path integral
(2.5.55). Thus integral (2.5.55) (which supposedly allows exact evaluation!) can indeed be obtained

from the initial path integral (2.5.42) with the additional energy variable (cf (2.5.44)) by spacetime
transformations.

N N-1 .
FanF @1 (5)* T [ day exo {1<ﬂA2qJ —8;F(@)IV () — E]
j=1




Path integrals in curved spaces, spacetime transformations and the Coulomb problem 257

< Relation between propagators in the initial and transformed spacetime coordinates

For practical use of these spacetime transformations in calculating K (x, xo; T), we need a direct relation
between K and K. We formulate this important relation as follows.

Theorem 2.4. The propagator K is given in terms of K by the equations

oo .
K(x,x0;T) = — / dE e TE/MG(x, xo; E) (2.5.70)
2mih J_ oo
1 o0 ~
Gx. x0; E) = iLF () F )1 / ds R(q. qo: 5). @.5.71)
0
Sketch of proof. Consider the Green function G (x, x¢; E):
Oo .
G(x, xo: E) =i/ dT eTE/MK (x| x0: T) (2.5.72)
0
oo .
K(x,x0;T) = — dE e TE/MG(x, xo; E) (2.5.73)
2ih J_ oo

(cf the definitions (2.1.80)). Recall (see the remark below (2.1.80)) that, to make the integral (2.5.72)
convergent, we need to add an infinitesimal positive imaginary part to E. Then, using the genuine
definition of K as a transition amplitude:

K (x, x0; T) = (x| exp{iT H /h}|xo)

we have
o0 ) o
G(x,x0; E) = limi/ dTelTE/h*T€<x|elTHh|xO>
e—0 0

1
= (x| =——lx). (2.5.74)

The latter expression can be written in different equivalent forms:

G( S E) = (x| f®IH — E) F@] ' xo) = fx){ I;I )
X, X0; = (x| f(x X x0) = f(x){x (ﬁ—E)f(f) X0

= (x|[f @) (H — E)I”' f®)|x0) = f(x0) (x|

= x|V f@If @ H - E)ITVF @ Ix0)

1
=\/f(X)f(xo)(XIm(ﬁ_E)mlxo)

where f(x) is an arbitrary function. This, in turn, means that (2.5.72) can be equivalently written in the
following ways:

|x0)

1
FE(H - E)

[} . -
G(x,x0; E) = f(x) / ds (x|e S/ @H=E)/h 0y (2.5.75)
0
oo . = o~
= f(x0) / ds (x|e SH=EY /Ry (2.5.76)
0

= V0 f(x0) / " ds (x)emINTDE-DVTE ) (2.5.77)
0
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For the short-time evolution, the matrix element in the last integrand can be explicitly calculated:

(e A DE-B @M,y
~ (x|l —i8; fZ@)(H — E) f2®)/hlxj 1)
S 7
= {xjlxj_1) — %\/f(xj)f(xj—lxxﬂH — Elxj_1)

5. A
= (F(gj)|F(gj-1) — 17'/\/f[F(CZj)]f[F(Qj—l)](F(Qj)|HE|F(C]j—1)>

8 ~
= (qjlgj-1) — E(Qj”‘”@jfl)

1 i 5, i 5
=5 dpg exp ququ—%pq—EF (Qj)(V(CIj)_E)_EAV(‘Ij)

m_\: im 8 2~ - ) ~
- (zmah) exp| 5o A%qj — 2 FR V(g — E) — £ AV(g)) (2.5.78)

where the quantum potential AV is given by (2.5.54). The product of N such short-time transition
amplitudes gives the discrete approximation (2.5.69) and the continuous limit gives the path integral
(2.5.55). This proves the statement of the theorem.

2.5.3 Path integrals in polar coordinates

In this subsection, we shall derive the path integral in d-dimensional polar coordinates (Kleinert (1995),
Grosche (1992, 1996), Grosche and Steiner (1998) and references therein; see also Bohm and Junker
(1987) for a discussion within the group theoretic approach). We shall obtain an expansion in the angular
momentum /, where the angle-dependent part can be integrated out and the remaining radius-dependent
part is simply called the radial path integral. We shall discuss some properties of the radial path integral
and show that it is possible to obtain the radial Schrodinger equation from the short-time kernel.

The starting point is the usual path integral in d dimensions

L et
K(d)(x, xo; T) = / Dx(t) exp {l / I:ﬂ)'cz — V(x):| dt}
Clxo,t0lx,t} hiJiy L2

m  \Nd/2
= lim ( - ) /d)m.../dx/v,]
N—oo \2mich

. N
1 m
e"p{ﬁ 2[5t =m0 - vy } @7

Jj=1

Let the potential energy of a particle depend only on the distance from some point but not on the direction:
V(x) = V(|x]) (as usual, the origin of the coordinate system is chosen to coincide with that point). It is
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natural to introduce the d-dimensional polar coordinates

X1 = rcosb;
X2 = rsinfjcosbr
X3 = rsind; sin, cos b3
(2.5.80)
Xg—1 = rsinf;sind;...sinfz_»cos¢p
X4 = rsin@;sinb,...sinf;_;sin¢
where
0<6,<m v=1,...,d -2 0<¢<2m
d 1/2
r=lxl = (2x5> |
v=I1
Therefore, V(x) = V(r). We have to use the addition theorem:
d-2 m d—1
cos 12 = cos 91(1) cos 91(2) + Z cos 9};21 cos 9151211 l_[ sin {1 sin (2 4 l_[ sin 6V sin6(? (2.5.81)
m=1 n=1 n=1

where (12 is the angle between two d-dimensional vectors x and x® so that x(Vx® =
rMr® cos (12 The metric tensor in polar coordinates is

(gap) = diag(1, r2, r?sin® 6y, ..., r’sin®6; .. .sin’ 64_2). (2.5.82)
If d = 3, equation (2.5.81) reduces to
cos Y12 = cos 8 cos ® +sin 6V sin 6@ cos(p" — ¢?).

The d-dimensional measure d%x in polar coordinates takes the form

d—1
d% =r¢ VdrdQ =r?! l_[(sin 0?1k dr dey (2.5.83)
k=1
d—1
dQ = ]_[(sinek)d”*k dby. (2.5.84)
k=1

Here d$2 denotes the (d — 1)-dimensional surface element on the unit sphere S~! and Q(d) =
272/ T'(d/2) is the volume of the d-dimensional unit S¢~!-sphere. The determinant of the metric
tensor is given by
d—1 2
g = det(gap) = (rd—l [ Jsin ek)d—l—k> . (2.5.85)

k=1
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<> Separation of the radial part of the path integral

In these polar coordinates, the path integral (2.5.79) reads as

d : m_ N2 [ oo
KD, (6}, r0, (60): T) = lim (5 ) / r dn/dQl.../ e dry 1/dQN_1
N—oo \2migh 0 0

. ie
X l_[exp{2 - rj +r —2rjrj_icos VASE pb) EV(rj)} (2.5.86)

where {0} denotes the set of the angular variables. Now we want to separate out the angular-dependent
part in (2.5.86). To this aim, we need the following expansion formula (Gradshteyn and Ryzhik (1980),
formula 8.534)

e?COY (%)_” I (v) ;(1 + 1) 142 C} (cos ) (2.5.87)

where v = d/2 — 1, the C} are the Gegenbauer polynomials and the 1, are the modified Bessel functions.
Equation (2.5.87) is a generalization of the well-known expansion in three dimensions where v = 1/2
(Gradshteyn and Ryzhik (1980), formula 8.511.4)

eV = \/g > QI+ DI, 1 (2)Picos ) (2.5.88)
=0

1
with the Gegenbauer polynomials turning into the Legendre polynomials P;(cos yr) (recall that C/ = P;).
Strictly speaking, (2.5.87) is not valid for v = 0, but it is possible to include the case d = 2,i.e. v = 0, if
we use (Gradshteyn and Ryzhik (1980), formula 8.934.4)

! lim T(A)C} = 2cosly

yielding in the two-dimensional case the simpler formula (Gradshteyn and Ryzhik (1980), formula
8.511.4)

oo

eZCosY _ Z Ik(z)eik'//' (2.5.89)
k=—00

Equation (2.5.87) allows us to write the jth term of the product in equation (2.5.86) as follows:
im 5 5 ie m el
p {ﬁ(r./ +ri_)— EV(rj)} exp {—Zishrjrj,l cos Y/ )}
d=2
2ieh \ % r d—2 im = - V( )

=|—- — ) exp{—@2+r? ri

mrjrj,l 2 P 2eh j—1 J

m d—2 —

x Z (z, ) iz (Er,r,,l) C,7 (cosy i), (2.5.90)

Therefore, we can separate the radial part kl(d) (r, ro; T) of the path integral

@) el td =2 4 )
K'Y (r,{6},r0,{60}; T) =227 (d) Z ﬁcl (cos I/I)kl (ryro; T). (2.5.91)
1=0
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Here cos ¥ is defined by the relation (2.5.81) with ) = 6 and 6® = 6 and the radial part reads as
G, ro; T)

a2 m NJ/2 [0 00

= (ror)” 2 lim ( : ) / dr / dry_i
2mieh 0 0

X l_[m rirj—1 exp{ﬁ

j=1

N—o0

where we have denoted

N
Z [ =)’ - 8V(rj)] } (2.5.92)

d def
@) =

V2mzje”

/ Il+# (z) (2.5.93)
Zj = (m/ish)rjrj_l
Note that it is tempting to use the asymptotic form of the modified Bessel functions
_1 Z,(UZ,l)/zz
Iy(z) ~ 2mz) " 2e 4 (Jz] > 1,Re(z) > 0) (2.5.94)
which results in kl(d) with a simpler form

@ _a m
KO .roi T) = (o)™ 7 lim (

N2 ood ood
27118h) /0 r1.../0 rN—1
. N d=2y2 _ 1
1 m 2 U+ g
ﬁZ[Z(Vj—le) —h

—eV(rj) | . (25.9))
o 2mrjrj_y

However, the asymptotic expansion of /, in equation (2.5.94) is problematic because it is valid only for
Re(z) > 0, while we have Re(z) = 0. The continuous limit of expression (2.5.92) results in a radial path
integral with a non-trivial functional measure u;

X exp

(d).

kD (r, ro; T):/ u§d>[r2(r)]Dr(r)exp{i/ dt[—r - V(r)“
Cir,t:ro,10} h 10 2

(2.5.96)
and the whole /-dependence is in m, as defined in equation (2.5.93) in the discrete approximation.

Since the integration measure p, (@ depends on d and [ only via the specific combination in the index
of the Bessel functions, we conclude that

P = g ) (25.97)
and hence all the dimensional dependence of the path integral (2.5.96) can be deduced from the three-
dimensional case:

K T) = k2,70, T) (2.5.98)
From now on, we shall study the latter case and denote kl3)(T) = ki(T)

The radial path integral (2.5. 96) is reminiscent of a one-dimensional path integral (although with a

non-trivial integration measure i, )) but it is defined on a half-line, r > 0. Using our experience from

section 2.4.1, we can rewrite k; (T') as a superposition of two one-dimensional path integrals:
ki(r,ro; T) = k(703 T) = (= D'k (r, =103 T)

(2.5.99)
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with infinite limits of integrations over r:

) m % o] 00
kP roroi T) = in ( ) dri... | dry-
AGLCED o 2mieh / & _/; N

—00

N

1
Tt ren] 3
Jj=1

j=1

m- 2
77 rgy —eVAriD |t (2.5.100)

<> Harmonic oscillator in the polar coordinates

Let us now discuss the most important application of equation (2.5.92), namely the harmonic oscillator in
polar coordinates with V (r) = —ma)z(t)r (for generality, with time-dependent frequency). This example
has great virtue in solving various path-integral problems.

We have to study

1-d m \N/2 [ o0
ki(r,ro; T) = (ror) 2 lim ( - ) / dry / dry_1
N—oco \2mich 0 0

N , _
X l_[ [“§ [rjrj- 1]exp{2lmh( —rj_1)? - E_Lma)z(t ) ”
j=1

2-d N
= (ror) 2 lim k' (r,70; T)
N—o0

N2 [O© o0
kl (r,ro; T) = o (i) / ridry .. / rN—1dry—1
ich 0 0

N .
X l_[ [ex {—(r +r/ D= 2hma)2(tj)r } 14452 (%rﬂy-l)]

j=1
_ NJ2 . o0 0
_ (r()r)¥ lim (g) ela(r§+r2)/2/ rldrl.../ rN—1dry—1
N—oo \'1 0 0
x exp[ i(,31r12+,32V22 + -+ Br- 1’12\/ ]
[H_d 2 (—iargry) .. 1+d —2 (—iary—17rn)]. (2.5.101)

Here we have introduced « = m/eh and B; = afl — 82mw2(tj)/2]. To work out the integration in
(2.5.101), we need an analog of the Gaussian integration formula for the case of non-trivial integration
measure u§ ): in other words, in the presence of additional factors of the form ~ r1;—2)/2. Such an

analog is pr0V1ded by the following formula (Gradshteyn and Ryzhik (1980), formula 6.633.2):

o0 2 1 ) AB
/O dx xe ¥ I1,(Ax)I,(Bx) = fe*“‘ +BY/ACT <f) (2.5.102)

which is valid for Re(v) > —1, |arg+/C| < 7/4 and A, B > 0. By analytic continuation we can show
that

%) . : . b
/ dr ré®” I, (—iar) I, (—ibr) = —e@+0))/4aip (92 (2.5.103)
0 200 2ui

is valid for v > —1 and Re ¢ > 0. By means of relation (2.5.103), we obtain for klN(T):

N i 00 o0
klN(T) = (%) : exp (?'B(r()2 + r02)> / ridry .. / rN—1dry—1
0 0
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x explilBiri + Bory + -+ By-1r DIy a2 (—iron) . Iy o (<iary—1ry)]
aN . 2 . 2 .
= —exp(ipnro” +ignro )Il+% (—ianror) (2.5.104)
1

where the coefficients ay, py and gy are given by

N-1
o
N = U —
i1 2V
a NZl g2
-~ _ —k
V=50 r
k=1
2
=2 a (2.5.105)
N=75— 5.
WE2 T a4
and o, yi are defined by the recursion equations:
k o
ap=a apr1 = | | =— (k=>1)
U 2yk
j=1
o2
y1 =1 Virl = Br+1 — —. (2.5.106)
4k

We can now determine these quantities by a version of the Gelfand—Yaglom method. Let us start with the
evaluation of y,. Putting

2
e _ Ykl (2.5.107)
o Yk
we obtain from (2.5.106) the difference equation
k+1 — 2Yk + Yk—
] Syz KL 4 w2y = 0. (2.5.108)
In the limit N — oo, this gives a differential equation for y:
¥+ w’(t)y = 0. (2.5.109)

The boundary condition for this equation can be found as follows. The discrepancy

Y1 yo+&yo— Yo (e—0)

2
YL —yoyr = 2y0 (e—0)

shows that y(0) = yg = 0. This, in turn, gives

. yi—yo 1/2
Y®)lr=0 = =—<—J/1 _1>)’0—> 1 (e — 0).
& & o

Thus the boundary conditions equation (2.5.109) are

y©@ =0 yO)=1. (2.5.110)
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Now, for a in the continuous limit, we obtain

-1 .
. .m y(je)
lim ay = lim — _—
N—o0 N—o0 8}7, y[(] + el
m y(8) m

Noe eh y(eN)  hy(T)’

Similarly,

; Lo (Y = Dl
oo IV T NI 2£h( T yleN] >
m y[Ne]l = y[t'+ (N = De] _ my(T)

= lim

N-o0o0 2k ey[Ne] T 2hy(T)’

Finally, we shall calculate limy_, o, px. First, we represent it in the form:
o o
li = Iim (= - ) £~
Ngnoo PN Ngnoo <2 X_: 4J/k>
m TR, 3
= i - — -
2h N (g k; V2 + 1)g]>
m 1 /T dt
=— lim (- — —
2h N—oo \ & e yz(t)
T T dr
=" iim y()—y(T)/ S
2hy(T) N—oo £ . V(1)
def y(t)
ans[ ()/ }
y2(1)
. 1—¢
(=)o
&

Hence, &(¢) satisfies the same equation as y(f):

Now let us introduce

One can easily check that

£+ ()€ = 0.

Furthermore, we find
. .y
ngoé(e) = ngn ——y( )/ 20 -

o) — tim (1€ 1
8121})%‘(8)—(91%( & y(g))
y(O)[y(0) +ey(0)] —¢ _

= lim -
e—0  e[y(0) +ey(0)]

and therefore &(¢) satisfies the boundary conditions

EO)=1 £0)=0

(2.5.111)

(2.5.112)

(2.5.113)

(2.5.114)

(2.5.115)
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. m §(T)
1 2.5.116
N PN T oR Ty ( )
Combining the expression (2.5.104) with (2.5.111), (2.5.112) and (2.5.115), we have, in the limit
N — oo
2-d m g(T) 2 J’(T) 2 mror
ki(r,ro; T) = (ror) 2 - ex [ < + — Loao2|7—). (2.5.117)
iy 20 \y Ty ) | iy )
The functions y(t), £(r) are defined by equations (2.5.109), (2.5.110) and (2.5.114), (2.5.115). In
particular, for w(#) = w = constant
yT)=— sma)(T)
E(T) = cosa)(T)
which yield the radial path-integral solution for the radial harmonic oscillator with time-independent
frequency:
2-d
ki(r,ro; T) = (ror) 7

ne ex ima)(r2+r2)cota)T 1 (ma)ror)
ihsinwT P2 0 T +952 \insi

. 2.5.118
ihsinwT ( )
Now we can calculate, with the help of equation (2.5.118), the energy levels and state functions
(1980), formula 8.976.1)

using the expression (2.1.70). For this purpose we use the Hille-Hardy formula (Gradshteyn and Ryzhik
t —a/2
11—

1
1 1+1¢ 2./xyt >\ 'nle”2(0HY)
exp[——(x+ ) ]Ia(l_t)=2

—~T(n+a+1)

2
@) LY OLP (). (25.119)
With the substitution t = e 2*T | x = mwro?/hand y = mwry?/h, the Hille-Hardy formula allows us to
rewrite (2.5.118) in the form

ki(r,ro; T) = Ze“”N/th (ro) Rly (r) (2.5.120)
N=0
where
d
Ey = oh <N + 5) (2.5.121)
RL (1) def | 2mw F(NT_Z +1) (ma) )H'dTe { mw 2}L(l+"%2)
r) = r o
N hrd72 F(N+2l+d) h p N—I
particle:

2
. (25122
( n ) ( )
In the limit @ — 0, we obtain from equation (2.5.118) the radial part of the propagator for a free

(0=0) _ 2=d m i (mror
T) = 2 — P
k" (r,ro; T) = (ror) T [%T(ro + 70 )} 14452

)

2-d [ ihT p?
(ror) 2 A dp p exp T — Jipas2(pro)Jy a2 (pr) - (2.5.123)
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with the wavefunctions and energy spectrum of a free particle as they should be

Vo) = r%ﬁm%(m) E,=+—. (2.5.124)

The one-dimensional case coincides with the motion on a half-line considered in section 2.4.1. Indeed,
for d = 1, the wavefunctions reads as

P2

Vo) = r Bl (pr) = | —sinpr By =1 (25.125)

2m

with the correct boundary condition ¥, (0) = 0.

2.5.4 Path integral for the hydrogen atom: the Coulomb problem

The Coulomb problem is, undoubtedly, one of the most important subjects in quantum physics. It
was Pauli who solved it: using the specific symmetries of the Coulomb problem he found the correct
result even before the final formulation of quantum mechanics was developed independently in 1925 by
Schrodinger and Heisenberg. Pauli did not use a differential equation nor did he solve the corresponding
eigenvalue problem as Schrodinger was to do later, instead he exploited the ‘hidden’ SO(4) symmetry
of the Kepler—Coulomb problem. This symmetry classically gives rise to a conserved quantity, called the
Runge-Lenz vector.

Calculation of the wavefunctions and energy levels is a relatively simple task in operator language,
but this important physical system could not be treated by path integrals and constructing the propagator
in an explicit form (not as the series (2.1.70) over eigenstates and eigenvalues) was impossible for
a long time. In 1979, Duru and Kleinert applied a spacetime transformation known in astronomy
(Kustaanheimo—Stiefel transformation) to the path integral of the Coulomb problem and succeeded in
solving this problem (Duru and Kleinert 1979). In fact, their idea of space and time transformations,
which we have already discussed in section 2.5.2, opens new possibilities for solving many unsolved
path-integral problems (see Kleinert (1995), Grosche (1996), Grosche and Steiner (1998) and references
therein). Closely related to the original Coulomb problem is the 1/r-potential discussion in R¢ for an
arbitrary dimension d. For a simpler exposition, we shall start from the d = 2 case, followed by the
original Coulomb problem in R?.

< Coulomb problem in a two-dimensional space

Let us consider the Euclidean rwo-dimensional space with the singular potential V (r) = —Ze?/r (r = |x|,
x € R?). Here, ¢* denotes the squared charge of an electron and Z defines the actual charge of a particle
(multiple of ¢). Note, however, that this potential is not the potential of a point charge in R? (in particular,
it violates the Gauss law; a true potential of a charged particle in two-dimensional space is proportional
to the logarithm: Veh, part. () ~ Inr). The classical Lagrangian for the Coulomb-like system now has the
form

Lx,%) = %;ﬂ + 22 (2.5.126)
r

The path integral is given by

i [! m ., Ze?
Kx,xp; T) = Dx(t)exp ] — dt | —x"+— ) ¢. (2.5.127)
Clxo,tolx,t} i Jy, 2 r
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However, the discrete approximation is not trivial for the 1/ term. In fact, this is too singular for a
path integral, and therefore some regularization must be found. This fact can be understood from different
points of view. In particular, as we noted after the Trotter formula (cf (2.2.19)), the transition to imaginary
time in the Trotter formula requires the additional condition that the operators entering the exponentials
be bounded from below. On the other hand, we have learned that the very definition of a Gaussian-like
integral with purely imaginary exponents is heavily based on the possibility of the continuation of the time
variable into the complex plane. Thus, in fact, a correct application of the Trotter formula for path-integral
construction is guaranteed only for potentials bounded from below. One more problem, also related to the
singularity of the Coulomb potential, is that the corresponding classical action

t 7 2
s :/ dt [ﬂx% —e} (2.5.128)
0 2 r

can be infinitely lowered by paths which correspond to a slow particle falling into a Ze?/r-type abyss.
In fact, general arguments show that in nature this catastrophe is prevented by quantum fluctuations. But
this mechanism can work only for exact path integrals with an infinite number of time slices or complete
(infinite series) Fourier decomposition. One can show (see, e.g., Kleinert (1995)), that integrating out
infinitely high-frequency Fourier components smooths the singularity of the Coulomb potential and results
in the desired stability. But straightforward discrete approximation (which does not contain those high-
frequency components) proves to be ill defined. Fortunately, the Duru—Kleinert method of space and time
transformations allows us to circumvent this unpleasant situation.
As it turns out, we must perform the following space transformations

xi=8—n*  xy=28n (2.5.129)
which cast the original Lagrangian into the form
2
Py
where u is a shorthand notation for both of the new coordinates £ and n: u = {£, n} € R. The metric
tensor (gap) and its inverse (g%%), in the new coordinates, are given by

L(u, i) = 2mEX+n?)(E2 +72) + (2.5.130)

1
(gab)=4(§'2+772)<(1) ?) (g“”):mc) ?) (2.5.131)

with the determinant g = det(gus) = 16(€% + %)2, so that dx; dx» = 4(£2 + n?) dé dn. Note that
r = £% + n?. The Hermitian momenta corresponding to the scalar product

(W, ) = 4 / / dE dn (82 + 1) Y€ ) (25.132)

are given by

_ (9 § _ (9 n
pe = 1h<3$+7§2+n2) Py = 1h<an+7§2+n2). (2.5.133)

Following the general theory discussed in sections 2.5.1 and 2.5.2 we start by considering the Hamiltonian
with the added energy variable E

g, (2 + ”) 28, (2.5.134)
E= om ax?  9x? r o
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which in the variables &, » reads as
. 2 1 3% 9? Ze?
Hi=———+—|—+—|—-———=-E. 2.5.135
ET T Im @ 4 ) (852 ) T ETp (22159

The time transformation (cf (2.5.48)) is given by € = f(&, n)é, with f(&,n) = 4(£% + 1), and the
spacetime-transformed Hamiltonian has the form

H iy s + ” 47> —4EE* + %)
= ——|—=4+-—=)—4Ze —
2m \ 982 " 92 7
1
= S—(pi+py) —4Ze —4EE + 1) (2.5.136)
2m K
with the momentum operators and vanishing ‘quantum’ potential AV:
ih 0 ih 9 AV =0 (2.5.137)
= —ih— = —ih— =0. 5.
123 9E Py o
To incorporate the time transformation
T d
s(1) =/ 7 s=s0) (2.5.138)
o 4F(U)

and its lattice definition, & — 47j Asj = 4’12?5 j»into the path integral (2.5.127), we shall use theorem 2.4
and the relations (2.5.70) and (2.5.71):

m .
Kx,x0;T) = —— dE e TE/RG(x, xo; E) (2.5.139)
2rih J_ oo
oo ~ ~
G(x, x0; E) =i/ ds” [Ku,up; S) + K(—u, up; S)] (2.5.140)
0

where the spacetime-transformed path integral K is given by

: S
R, up: S) = e4ize2s/h/D$(s)/Dn(s) exp{%/ ds [%(? +7?) + 4E(E2 +n2)]} (2.5.141)
0

(we recall that u = {&, n}).

Relation (2.5.141) is slightly modified with respect to the standard one, (2.5.71). The reason is that
the square-root mapping (2.5.129) gives rise to a sign ambiguity. Thus, if we consider all paths in the
complex plane x = x| + ix» from x¢ to x, they will be mapped into two different classes of paths in the
complex u-plane: those which go from ug to 1 and those going from uo to —u. Here u € C is understood
to be a complex coordinate: u = £ + in, so that the two real transformations (2.5.129) can be presented as
one complex transformation: x = u2. In the complex x-plane with a cut for the function u = /x, these
are the paths passing an even or odd number of times through the square root from x = 0 and x = —oo0.
We may choose the ¢ corresponding to the initial x¢ to lie on the first sheet (i.e. in the right half u-plane).
The final u can be in the right as well as the left half-plane and all paths on the x-plane go over into
paths from ug to u and paths from ug to —u. Thus the two contributions arise in equation (2.5.140).
Equation (2.5.141) is interpreted as the path integral of a two-dimensional isotropic harmonic oscillator
with the frequency w = «/—8E/m. Therefore, we get (cf (2.2.77))

m 4iZe*S n imw
ex
2ihsin wS P h 27 hsin oS

K, ug; S) = [ + uo?) cos @S — 2uugl V. (2.5.142)
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< The genuine Coulomb problem: three-dimensional space

Now we are ready to consider the Euclidean three-dimensional space with the singular potential V (r) =
—Ze*/r (r = |x|,x € R?), i.e. the genuine Coulomb problem. Of course, this potential does correspond
in the space R? to the potential of a point charge (in contrast to the two-dimensional case). The classical
Lagrangian again has the form

7 2
Lix, %) = %22 + 22 (2.5.143)
r
The path integral is given by
i [t m., Ze?
Kx,xp; T) = Dx(t)expq— dr | —x"+— ;. (2.5.144)
C{X,l‘\xo,l‘o} h to 2 r

The transformation which we used in the two-dimensional case corresponds to the two-dimensional
realization of the Kustaanheimo—Stiefel transformation. Its three-dimensional variant is more tricky. The
point is that the three coordinates x1, x3, x3 are substituted in this case by four variables u1, us, u3, ua,
according to the matrix relation

X1 us3 U4 Ul U "
X |=| —uy —ur wus u3 Mi . (2.5.145)
X3 —uy Uy U3 —ug

ug

It is clear that this transformation is degenerate (has a zero Jacobian) and can not be used straightforwardly
for the change of variables in an integral. To overcome this problem, we use the following method. Let
us insert a unit factor in the form

N N 00 .
. m \7z im _,
1= 1 d§; — A7 2.5.146
N <2nish) /lj[l _/;oo 5 exp { 2he éj} ¢ )

into the discrete approximation of (2.5.144) which, after this, reads as

e e} m 2NN71 3 e8]
KG.xo:T)= | dey li ( : ) /d / dE;
(x, x0; T) [ _dey lim (57 /l_[:l x| d
i N m
XeXp{_Z[Z(A2x(1)+A2§(1))+8

h 4
Jj=1

2
ZN—e} } (2.5.147)

rj

Now we have four variables in the exponential of the path integral and it is natural to denote

def
X4 = §

simultaneously extending the matrix in (2.5.145) up to the square 4 x 4 matrix. To this aim, define

x=A@u
where
us us Uyl U
def | —up —u; u u
A(u) = 2 1 4 3
—uyp Uy U3 —U4

Ug —U3 Uy —Uuj
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We must clarify, however, a prescription for a discrete approximation of the path integral (2.5.147). As
usual, we choose the midpoint prescription, so that the transformation of the differences reads as

4
AxD =2 ZA“”(ﬁ(”)AuZ’) (2.5.148)
b=1
where

» S
0l = S +uf ™).

The transformation of the measure has a similar form:

4
dxaj =2 Aap(iij)dup;
b=1

and the Jacobian is non-zero and given by

D000, 55:5) _ 2 (2.5.149)
0(uy, uz, uz, ug)
where
7j = AT (iFj) - A ). (2.5.150)

Note that if the matrix A depends on a single point u, we have
ATA:M%—FM%—i—u%—i—uZ:r: [x]

so that (2.5.150) is a reasonable generalization of this relation to the case of the midpoint prescription.
According to the latter, we shall use 7, as defined in (2.5.150), in the potential term in (2.5.147). This
Kustaanheimo—Stiefel transformation produces the following classical Lagrangian (which corresponds to
the Hamiltonian Hg = H + E with added energy variable):

7 2
L(u, i) = 2mu®i® + 25 — E. (2.5.151)
u

Thus, it is heuristically clear that if we now, in addition, transform the time variable, defined by the relation
1
dt — ds = — dt
r

ie.
dt = u*ds (2.5.152)

the corresponding action becomes

S=|)ds|2m|— | +Ze“— Eu
ds

and corresponds to a harmonic oscillator.
Of course, a rigorous realization of these transformations for the path integral requires careful
treatment of the time-sliced version. In particular, the discrete version of (2.5.152) is

Atj =¢ — 47 Asj = 475
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and the measure in the path integral transforms according to

N-1

N m \2 4 1 N m 2 N—1 )
[ (i) T = 5 /1:[1 (2nih5,-) ,1:11 d'uj. (25.153)

j=1 j=1

Using again equation (2.5.75) which produces a factor 4r, we obtain the following path-integral
transformation (cf theorem 2.4, page 257):

oo .
Kx,x0;T) = —— dE e TE/MG(x, xo; E) (2.5.154)
2wih J_ oo
0 . 2 ~
G(x, xo: E) =i/ ds e 2SR (4 g s) (2.5.155)
0

where the spacetime-transformed path integral K is given by
N—1 . N
~ 1 [ m \2N i m
Ruu:$)=o [ dag Jim (—) dujexp| =3 (2 A%u; + 48 EF; (@
(.10 ) = o /,oo & m \ring /Ul/ " eXP h\28 uj A8 ET; W)

_ (L)Z/m %exp{—@ [(u2+u02)cota)8—2 “uo ]} (2.5.156)

2rihsin wS _ 2ih sin oS

Here we have used once again the known solution for the harmonic oscillator with constant frequency
w = +/—8E/m. We can check that no quantum correction (i.e. terms proportional to the Planck constant
) appears in the transformation procedure.

The &-integration and explicit derivation of the energy-dependent Green function according to
relation (2.5.155) require rather tedious calculations which we skip, presenting only the result:

G(x,x0; E) = G(r,0, ¢, 10, 00, ¢0; E)
1 oo

= 1= 2+ DP(cosy)Gi(r. ro; E)

T
=0

00 1
=) YO, )Y 0", ¢")Gi(r, ro; E) (2.5.157)
=0 n=—1
where the radial Green function G;(r, ro; E) is given by

2mw [ ds

hror Jo sin(ws)

4iZe3s ma)( 4 ) eot(ws) b 1 mw./ror
X ex — —(@o+r)co _—
Py a0 D124 T sin(ws)

_ 1 m 1 1414 iZer [m
T rorV 2E QL+ D) h \2E
W —8mE ( )
X ——— max(r, r
VIV TR ’
M y —8mE inG ro) (2.5.158)
X ——— min(r, r . J.
LENE NS 2 0

Gi(r,ro; E) =
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Here W, ,(z) and M, ,(z) denote the Whittaker functions. From the poles of the I'-function at

z=—n, =0,—1, -2, ... we can read the bound-state energy levels
mZ%e*
ENz—W (N=n+1+1=1,2,3,..) (2.5.159)

which are well known from the operator approach (i.e. solution of the Schrodinger equation).

Tedious manipulations with special functions (Kleinert 1995, Grosche 1992) allow us to write
(2.5.158) in the form of the decomposition (2.1.81) and, hence, to the result for the wavefunctions of
the hydrogen atom:

o6 )_i[(N—l—l)!T
wN,l,n rv 7¢ - N2 a3(N+l)'

I
X ex {— r } ( 2r ) L@+ ( 2r ) Y6, ¢) (discrete spectrum) (2.5.160)
p N—I—1 1, pectru -

aNJ \aN aN
1 i
Ypuin(r, 0, ¢) = ——T <1+l+—)
Pt V27 L+ )y ap
X exp <L) M i 41 (—2ipr)Y/ (6, ¢) (continuous spectrum). (2.5.161)
2ap ap>'2

Of course, these wavefunctions form a complete set. The spectrum of the continuous states is, of course,
given by

E,=—2 (p>0). (2.5.162)

These results coincide with those obtained by the operator approach. The complete Feynman kernel,
therefore, reads as

Ko, xo: Ty =y Y e TEVIy (ro, go)w,i (r, §)

=0 N=1

~

+> /O dp e TE Py (ro, g0)¥p 1 (r, ) (25.163)

=0

with the wavefunctions given in equations (2.5.160) and (2.5.161) and the energy spectrum given in
equations (2.5.159) and (2.5.162), respectively.

As we have already stressed, the method of space and time transformations can be applied to the
path-integral treatment of many other solvable potentials, see Grosche and Steiner (1998). One example
we suggest to the reader as an exercise (problem 2.5.7, page 285).

2.5.5 Path integrals on group manifolds

In this subsection, we consider quantum-mechanical systems defined on the manifolds of compact simple
Lie groups. In a sense, the group manifold and homogeneous spaces of a Lie group & (i.e. the factor,
or coset, spaces & /B for some stability subgroup &g, cf supplement IV, volume II) are the closest
analogs of flat spaces. This similarity is based on the fact that any two points of a homogeneous space or
group manifold are related by a group transformation (transitivity of homogeneous spaces). This is the
generalization of the characteristic property of a flat space, where arbitrary pairs of points are related by
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ordinary transformations. One more property of homogeneous spaces and group manifolds is that group-
invariant connections on them produce a constant scalar curvature which can also be considered as the
simplest generalization of the case of zero curvature (flat spaces).

The existence of group transformations (transitivity) provides the possibility of explicitly calculating
the path integrals for free systems on group manifolds and homogeneous spaces (Marinov and Terentyev
1978, 1979, Schulman 1981).

We restrict our consideration to group manifolds only and, moreover, after a general introduction,
we shall discuss some details for the basic example of the SU(2) group (further generalizations can be
found in Landsman and Linden (1991), McMillan and Tsutsui (1995), Kunstatter (1992), Klauder and
Skagerstam (1985), Tomé (1998) and in references therein). In section 2.6.3, we shall consider reasons
for the possibility of exactly calculating path integrals from a more general point of view.

< Metrical quantities on a Lie group

A compact simple Lie group & may be defined as a differentiable manifold M equipped with a group
structure (see basic notions on Lie group theory in supplement IV, volume II). Elements of & correspond
to points on M and may be parametrized in terms of the real coordinates g%, a = 1,...,d (d is the
dimension of the group). As usual, the origin g¢ = 0 determines the unity element of the group. The
group structure is fixed if we know the composition function ® which determines the group multiplication.
Let g{ and g5 be the parameters of two elements g1 = g(g1) and g2 = g(g2) of &. Then the equations

¢“ =g, qp) a=1,....d (2.5.164)

correspond to the product g = g1 g» of these two elements. The left auxiliary coordinate-dependent matrix
is defined as

3%“(q, q1)
nb(q) = - . (2.5.165)
8‘]1 q1=0
The inverse of » comprises the components of the Maurer—Cartan form A:
n'pAPe =8¢ (2.5.166)
Now we consider a matrix representation U(g) of &, satisfying
0 .
U(g) = —iT, (2.5.167)
aqa q:O

where T? are the generators of the group in the chosen representation. The generators T satisfy the
commutation relations
[T, T°] =i fupCTC (2.5.168)

and they are normalized to
Tr T Ty = 38ab. (2.5.169)

The left auxiliary functions are related to the derivatives of U. This can be seen by differentiating

U(®(q1, 92))) = U(g1)U(q2) (2.5.170)

with respect to g2, at go = 0. This yields

np,U=iUT, 9, = (2.5.171)

aq4
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or, in terms of A,
24T = iU~ 19,V (2.5.172)

(this equality justifies our previous claim that A% are components of the Maurer—Cartan form, cf
supplement I'V, volume II). Equations (2.5.171) and (2.5.172) imply that
Lo =170 (2.5.173)

are the infinitesimal generators of transformations via group multiplication from the right: U — UU'.
Note that A (and therefore also n and L) are invariant under global transformations from the left:
U — U'U. The roles of left and right are reversed, when in (2.5.165) the derivation of & is taken
with respect to the first argument.

The natural metric on M is expected to be invariant under both left and right global multiplication. If
& is a simple compact group, this bi-invariant metric is unique up to multiplication by a positive constant:

Sab = Zxcam. (2.5.174)
C

Our choice of multiplicative constant is motivated by the desire that A (and not a multiple of 1) can be
interpreted as a vielbein field. Then the inverse of the metric reads:

g = Z n%eAbe. (2.5.175)
C

Note that the definition (2.5.174) of the metric is independent of any representation. For a given
representation U, satisfying (2.5.167)—(2.5.169), the metric can also be written as

gap = —2TrU~1(3,U)U~" (8, U)]. (2.5.176)

For the purpose of quantization (cf section 2.5.1), we also need the Christoffel symbols on the group
manifolds and their scalar curvature. Substitution of the metric (2.5.174) into the general expressions
(2.5.9) and (2.5.8) yields the result:
%, = 5n“/(@prac + dchan)
= 0" @hac + 3/ M haphdre) (2.5.177)

(the second equality follows from the Maurer—Cartan equation; see supplement IV, volume II),

R=1 Z Fab fab©. (2.5.178)

a,b,c

< Canonical quantization

The quantization on a group manifold is carried out according to the general prescription outlined in
section 2.5.1. The quantum Hamiltonian is defined as in (2.5.12). Taking into account that on a group
manifold, gqp, I'“4p and R are given by (2.5.175), (2.5.177) and (2.5.178), respectively, the quantum
correction A Veyl(¢g) can be calculated to be

hZ
AVivey = o= D (at”e) @), (25.179)
c
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The Hermitian left-invariant generators (2.5.173) of right multiplications can be expressed via the
momentum operators:
Ly= — %(Wbaﬁb + ﬁb’?ba)

i
= —1"uPo+ 5@n"a). (2.5.180)
The quadratic Casimir operator L2 proves to be

L = g™ pupp — Y _[i01"adbna + 1°adon”a) Pe — 30°a(@dcn’a) — $@n"a) @cn‘a)].  (2.5.181)

a

Comparing this to equations (2.5.12) and (2.5.179), we find
~ 1
Hyin = —L* (2.5.182)
2m

where ﬁkin = H - V(g), that is, the kinetic part f-fkin of the Hamiltonian operator (2.5.12) is just the
(unique) quadratic Casimir operator of the group.

< Path-integral quantization

The propagator for a particle on a group manifold is given by the general formulae (2.5.17) (in terms of
the phase-space path integral) or (2.5.19) (configuration-space path integral) after substituting the specific
form (2.5.175) of the metric on a Lie group and the corresponding A Viey (see (2.5.179) and (2.5.182)).
Sometimes, it is desirable to present the path-integral measure in (2.5.19) in a more traditional form:
]1(\/:—11 Vg(qd%%; (i.e. to remove the midpoint prescription in this measure). This is achieved by the
Taylor expansion of g(gx) and g(gx+1) around g up to the order &, with the use of (2.5.25) and subsequent
exponentiation. This transformation converts (2.5.19) into the following form:

‘ m \Ndj2 N d
K(g.1:q0.10) = lim (52— f(]"[ Ve d qk)

N—oo \2mieh Pl
i N2l
b
X exp {ﬁ Z [ggab(q)Aq;?qk —EAV — 8V] } (2.5.183)
k=0
where
hZ
AV = —g"8,The + AViyeyl. (2.5.184)

8

On a group manifold, A Viyey1 has already been calculated in (2.5.179) so that the complete AV is given
by

I? i
AV = =D 1@an"e) @ e) = 0" cBadpn’e — g“n"c@an’a)n” 52 71 (2.5.185)
c

Hence the path-integral representation (2.5.19) of the transition amplitudes becomes

N-1

K = 1l N det A dn
q,1;q0,1) = n - | | et q q

k=1
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N-1
X exp {i Z [%Acakcbéféf —eV

k=0

sh? . . o o
— %((%ch)(abnac) — 8,97 — n“b(aan‘b)nd‘ac)»‘d)“. (2.5.186)

< Example: the path integral on the group manifold of SU (2)

In SU(2) the generators are T = 0 /2 with 6 being the Pauli matrices. They satisfy
1 .
ToTb = 78 + %s”bCTC. (2.5.187)

We want to present the path integral for SU(2) in two different well-known representations, namely,
the exponential one U = exp{—ig9T"}; and the parametrization in terms of Euler angles (see also
problem 2.5.8, page 285 where we suggest the reader considers one more parametrization of SU (2)).

Example 2.1 (SU(2) in the exponential parametrization). First, we want to use the general exponential
parametrization

aTa aTa
Uze T — ¢ 21q| - (2.5.188)
q
where |g| = +/q%q“% and we have denoted, for brevity,
c =cos(|q|/2) s = sin(|q|/2). (2.5.189)

In this case, the composition functions (2.5.164) are rather complicated, but we do not need to know them.
The Maurer—Cartan forms A can be calculated using (2.5.172), the latter formula being applicable since
the parametrization (2.5.188) satisfies the condition (2.5.167):

2¢s b q%° 52

A = 4.5 = ﬁP — +258%g° (2.5.190)
q q q
where the projector P%? is defined by
a, b
p =g LT (2.5.191)
q

This implies left auxiliary functions of the form:

b
qaq _ lgabcqc‘

ab a qcb ¢ ab
=n?.8 = —|q|P 2.5.192
n ne % lg|P™" + 2 2 ( )
Equations (2.5.190)—(2.5.192) can be used to calculate the metric and its inverse:

4 2 a, b

gap = — P+ L (2.5.193)
q q
2 a,b
ab q ab q9

-2 p 7 2.5.194
g 152 7 ( )

The Christoffel symbols can be calculated by using (2.5.177):

, 12 ¢ I b g
Iup = <— - izs) pard <i - —) (P“Cq— + Pb‘q—> (2.5.195)
lal g lq1 s q] lq1 lq1
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and the curvature is given by (2.5.178):
R = Lebegabe = 3, (2.5.196)

The quantum correction A Vyey in the Weyl-ordered Hamiltonian is

AV = P23 1« 1+ = (2.5.197)
Wyl = Qm 27 22 T 2 st q2 o
and the total correction AV, defined by (2.5.185) for the path integral (2.5.183), acquires the form
ay- B (3_¢ 5 + g+ 2 (2.5.198)
T8m\ 2 22 227 31 g% o

Thus the path integral on the SU (2) group manifold takes the form

© . m N2 o oy 4
.1 qos t0) = :
(9.1 q0. 10) N <2meh) / (1[[1 &) Qk)

. N—-1

1 m ~ ~

X exp {ﬁ E [5gab(qk)Aq;?AqZ —eV(qr)
k=0

LR s e 4 (25.199)
gm\2 22 T2z 31 q? ' o

The path integral in the standard exponential parametrization (2.5.188) of the group elements can
hardly be straightforwardly calculated even for the free Hamiltonian with V(g¢) = 0, because of the
complicated form of the effective potential AV. However, in the specific case of the SU (2) group, we
can use the fact that its manifold is the three-dimensional sphere and in this way considerably simplify
the problem (Marinov and Terentyev 1978, 1979, Peak and Inomata 1969, Duru 1984). For this aim we
shall parametrize the manifold in terms of Euler angles and use the path integral in polar coordinates (cf
section 2.5.3).

Example 2.2 (path integral over SU (2) manifold in terms of the Euler angles). In this example, we para-

metrize the points of the SU(2) manifold, which is the three-dimensional unit sphere u“u¢ = 1
(u = (ul, R u4) is the four-dimensional vector), in terms of the Euler angles:
ul = cos(8/2) cos((¢p + ¥)/2) u? = cos(8/2) sin((¢ + ¥)/2)
W} =sin(@/2) cos((¢p —¥)/2)  u* = sin(9/2) sin((¢ — ¥)/2) (23200
where the ranges of the angles are:
0<6<m 0<¢ <2m —2r < <2m.
The free Lagrangian for a particle moving on the SU (2) unit sphere is now given as
L= %uz - %(u% + i+ id +id) (2.5.201)

and the time-sliced version of the action reads

m ) m
S = Xk: g(uk —up_1)? = Xk: Z(1 — cos O) (2.5.202)
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with cos ®; = uy_1 - u;. Note that Oy is the angle that rotates the vector u;_; onto u; around an axis
perpendicular to the plane defined by uy_; and uy. To find the relation of ®; with the Euler angles of
uj—1 and uy, we recall the correspondence between the vectors u and the SU (2) rotation matrices U':

U= ul +iu? —u* + il
T \ut+id u! —iu?

_ < cos(6/2)expli(¢p +v¥)/2}  isin(@/2)expli(¢ — ¥)/2} ) (2.5.203)
isin(6/2) exp {—i(¢p — ¥)/2} cos(6/2) exp{—i(¢p +¥)/2} )" o

It can be directly verified that the scalar product of two vectors uy, u; is given by
wpouj = %Tr(UkUj”).
The kernel for the infinitesimal time shift in the parametrization by Euler angles has a rather simple form:
K(up, up_: €) = exp{iﬂa — cos Oy) +igi} (2.5.204)
e m

where the extra term &/(8m) in the action is the ordering correction AV in the ‘polar’ coordinate ®. If
we expand K (uy, uy—_1; €) up to O?) fore — 0 by using the formula (Peak and Inomata 1969)

o0
e e % e 1
& 8}%— sl L 2 2
eXP{ecos 5 2 Pt -5 (’ 4)}
j=—00
we obtain
ie

. o
Coy 18 esm) o1 ..
K(ug,up_1;¢) = %e Z exp o Ji — 1 + 1/, Ok (2.5.205)

j=—00
which can also be written, by changing the order of the summation, as follows:

. o0 .

e 1€ 1
K , _ ’ — 15/(8m) _ l2 _
(g, up—1; €) e 120 eXpy =5\ T g
=

. 1
— exp {—% ((lk +1)° - %)H Do e, (2.5.206)

my=—Ij
The formula (Gradshteyn and Ryzhik (1980), formula 1.223)
i 2,2
e — e = (a — byxe ™[] [1 + M}

45272
s=1

allows us to write the difference of the two exponents in (2.5.206) as

R e e G|

ie ie ] & QI + 1)e?
= QL+ 1)— (e += - =5
ke + )Zm exp{ 2m (k+2) }H|: 16m2s252

s=1

L 1

QUi + 1% € ()4 ’ (2.5.207)
—_— — X _— — . .
VA P B
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The summation over my in (2.5.206) can be achieved by using the addition theorem for SU (2)
representations (see, e.g., Vilenkin (1968)):

l ! l
Z elmkOr _ Z Z ek (Dr—1—=91) gink (Yi—1— II/A)P’Z\ nk(COSQk ) nkmk(cosek) (2.5.208)

mg=—lk mg=—lx ng=—lg

(P,Z‘wk (cos ) is the O-dependent part of the elements of the rotation matrix). Inserting (2.5.207) and
(2.5.208) into (2.5.206), we obtain for the short-time-interval kernel:

i .
K(uk,ukl;e)=( ) Z Z > (2zk+1)exp{—%lk(zk+1)}

=0mp=—I np=—Ix

Xe””k(¢k—l —0) itk (Y1~ 1!/k)plk (COS@k l)plk

njmi

(cosby). (2.5.209)

We can now introduce the finite-time-interval kernel in the usual time-sliced path-integral form:

1 N+1 N+1
K(u,t;ug, ty) = 11 (47{)2 l_[ < ) /H( Sln9kd9kd¢kdl/fk> l_[ K(up,uip_1;¢)

k=1
(2.5.210)
where

.
Q= W sin Oy dOy d oy dyy

is the invariant volume element of SU (2). By virtue of the normalization relation for the matrix elements
of SU (2) representations, we have

b4 2 27
1 / dOy sin Oy / der / dyi elmedrtni i) o —1('"A+1¢k+nk+|¢k)Plk+l (cos ;) P (cos 6y)
0 0 -2

(47-[)2 Mt 1Mk nunk

1

m%lkﬂ Smpmps1 Sngnis

the integral (2.5.210) can be calculated and we end up with the result:

 Q— i(rt — 19)
K(u,t;uo,to)zw;(ykﬂ)exp{— - l(l+1)}

I
X Z Ze‘("w”"“ —imgotnyo) pl (cos@)PL (cosfp)  (2.5.211)

m=—In=—I

which displays the properly normalized wavefunctions

V2
Y, 0,0, %) = — 1 imo e Pl (cos0) (2.5.212)
TT

and the energy spectrum

1
E=—Il+1). (2.5.213)
2m
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To obtain a more compact expression for the transition amplitude (2.5.211), we sum over n by using
(2.5.208), and arrive at the expression

1
(t - tO) im® ¢ ;
o l(l+1)} § 07, (2.5.214)

m=—I

K (u,t; ug, to) = e )2 Z(Zl-l—l)ex {

where O y; is the angle that rotates the vector u( onto the vector u. We can further simplify (2.5.214) by
calculating the sum over m using

2’: Jnoy, _ SN +1/2)0 1)

sin(®y,; /2)

m=—

and obtain

K.t uo. to) = Z(Zl+1)exp{ ‘(t_tO)l(l+1)}sin((l+1/2)® N (25.215)
s 15 uo, @n)? o fii)- 5.

This expression for the transition amplitude can also be presented as the derivatives of the Jacobi 6-
functions (Schulman 1981).

Note that a similar technique allows us to derive and calculate the path integrals on higher-
dimensional spheres S” which are homogeneous spaces for the orthogonal Lie groups: S* ~ SO(n +
1)/SO(n).
< Coherent state path integral on the SU (2)-manifold

The su(2) Lie algebra is defined by the following commutation relations:
[To, T21=205 [, Jal = +Us (2.5.216)
where J1 = J; £ iJ. Its unitary irreducible representations are given by the finite-dimensional matrices

J3|J, M) = M|J, M)
LI My=JUFMU EM+ DI, M+E1) (M| <J). (2.5.217)

Let us define the non-normalized |§) and normalized |&) coherent states on the group SU (2):

1
By = =0 ) = el §€C (2.5.218)

where we have introduced | J, —J) as the fiducial vector (Perelomov 1986, Klauder and Skagerstam 1985).
Explicitly,

2J o 1/2
&) = ng(m) |/, —J +m) (2.5.219)
m=0

and with the norm (£|€) = (1 + |£]%)?/, giving the normalized states:

N2
" J,=J +m). 2.5.220
0= (1+|5|)12g< ) | " (22220
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They satisfy
, (1 4%
(£1&") = (2.5.221)
518 (1+ €)1+ g1/
2J +1 dg* dg / .
d , =1 2.5.222
f(1+|§|2)2|s El= [ du@E* &) 1) E =1, ( )
where
d&* dgé = dRe(§)d Im(§) (2.5.223)
and
> 1 M) M| (2.5.224)
M=—J

is the identity operator in the (2J + 1)-dimensional irreducible representation. The matrix elements of the
generators are found to be

1—&%¢
E1BIE) = 1+$ é,<$|«§>
T /_ g*
ElJ1E) =J =y ———(§1&). (2.5.225)

Armed with this machinery, we can now discuss the path-integral formula for the Hamiltonian
H =hJ +hada+ h3Js € su(2). (2.5.226)

Let us, for simplicity, consider only the trace formula

Z(T) = Tre T = Tr lim (1— ie N = Nlim Zn (2.5.227)
where
N
= ]_[/du(éj-‘,éj) expli{—iIn(§;|&;—1) — eH (&}, &;-1}] (2.5.228)

with du(é;.*, &;) being given by (2.5.222) and

(&i1H|Ej-1)
(Ejlgj—1)

Here, similarly to the derivation of the path integral in problem 2.2.1, page 190, we have repeatedly
inserted the resolution of unity (2.5.222) into the second relation in (2.5.227). With the aid of (2.5.225),
(2.5.228) is found to be

z —ﬁ/d &% £) exp | i {2iIn AEEE ) s (2.5.230)
N_j=1 NIRRT p 1+§;}<$j—1 1+$;$j_1 . 5.

Under the sign of the trace in (2.5.227), we can always diagonalize the Hamiltonian by using the SU (2)
rotation

H(EG Ej-) = (2.5.229)

=hlz UeSUQ®) (2.5.231)



282 Path integrals in quantum mechanics

so that (2.5.227) is equivalent to the so-called character formula (see supplement I'V, volume II):

Z(T) = Trexp(—ih1T) = Sin(i;;; % i))hT). (2.5.232)

Using the experience from sections 2.2-2.5, the reader can easily generalize this construction
and obtain the path-integral representation for an arbitrary matrix element (transition amplitude),
(&] exp{—iﬁ T})&o). The interesting property of the path integral is that its calculation by the stationary-
phase (WKB) approximation gives an exact result. In section 2.6.3 we shall discuss this fact from a
general point of view.

Many further details on the coherent states for Lie groups and the corresponding path integrals the
reader may find in Perelomov (1986) and Klauder and Skagerstam (1985).

2.5.6 Problems

Problem 2.5.1. Prove the formula for the differentiation of a determinant:

d
ab

det A = (detA)(A™")up

where (A™1),p is the element of the inverse matrix AL
Hint. Use the standard formulae for the determinant of an N x N matrix
detA =gy iy Ali; A2iy - ANiy
where €;,;,..iy is the absolutely antisymmetric tensor, and for the elements of an inverse matrix.
Problem 2.5.2. Calculate the integrals (2.5.25), (2.5.26) and (2.5.27).

Hint. We present a proof of the identity (2.5.25), the proof of the others being similar. Let us consider the

integral
im 27ieh\? 1
I =|[d —ECggElt = 2.5.233
(8ca) / leP{ZShé gcdé} < - ) detg ( )

with g.4 considered as free parameters. Differentiation with respect to one of the parameters gives, on the

one hand, . .
m m
I(ged) = — [ d —gCg g9 ) gagl 2.5.234
(o) = 507 / ¢ exp(ms gedk )s : (25.234)

and, on the other hand,

2mieh\* 0 _
e = (22 e
08ab 98ab
1 (2mieh\%/? _ 1
__1 g V2gab — _ _gabyg . (2.5.235)
2 m 2

Here we have used the formula for the differentiation of determinants from the preceding problem and the
conventional notation g% for the inverse metric:

c

gabgbc =44".
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Problem 2.5.3. Derive the energy-dependent Green function (resolvent) for a free particle.

Hint. The corresponding energy-dependent Green function is given by (withd = 1)

| Y \ET/h m .|x — xol
G<>(x,xo;E)=1/ K (x, xo; T)eET/haT = T S V2mE} .
0

For the d-dimensional case, we obtain

/2 /1 m fa-d/2) Ix — xo|?
GD(x, xo: E :2'( m ) (— - 2) Ki_ —i——-V2mE
(x,x0; E) = 2i xih 2EIX xol 1—d/2\ i m

3(1=d/2)
ymNd/2 [ mn? ) 1) |x — xol
=1( ) M7 1x = xol Ly (=== V2mE

20 2F

where use has been made of the integral representation (see Gradshteyn and Ryzhik (1980)):
/Oodn”*‘ ( a z) 2 (L %K( )
expl—— — =2— Ja
0 PUg 7 ap) VAP

and K, (z) = (in/2)ei””/2H1§1)(iz), K_1(z) = «/m/2ze7*. Here Hlﬁl) and K, are the Hankel and the
2
modified Hankel functions.

Problem 2.5.4. Determine the energy-dependent Green function for the harmonic oscillator.

Hint. Use the integral representation (Gradshteyn and Ryzhik 1980):

o0
/ coth? % exp I:—al -; @ t coshx:| by (t/arasz sinhx) dx
0

. F(% +u—v)
t/araxI'(1 4+ 2p)

Wv,p,(alt)Mv,p.(aﬂ) (2.5.236)

where a1 > ap, Re(% +u—v) > 0; W, ,(z) and M, , (z) denote the Whittaker functions. Now we should
re-express

e’ = \/rrx/Z[I% x) + Ifé(x)]

apply equation (2.5.236) for v = E/2hw and use the relations between the Whittaker and the parabolic
cylinder functions U, to obtain:

1 m 1 E 2mw
G(X,X(); E)Z —E %F E—% U—%"r% T(xo—l—x—l—Ix—on)
U ‘ 2mw )
xU_i, b —,/T(xo+x—|x—x0| .

Problem 2.5.5. Construct the path integral in polar coordinates for a particle in an isotropic potential V (r)
(in d-dimensional space) starting from the Hamiltonian written in polar coordinate representation.
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Hint. The Hamiltonian for the particle reads
~ 12
H=|—-——A+ V() (2.5.237)
2m

where the Laplacian is written in polar coordinates

2 d—-19d 1 ,

Alp=—S+——+- 2.5.238
LB ar? + r or + P27 @ ¢ )
with the d-dimensional Legendre operator
L? a2 +(d —2) coth 9 + L + (d — 3) cotb 9 +
= |— —2)cotf) — — —3)cothr—
@ | 97 901 | sine, | 002 290,
+ ! ’ + cotf 9
cotbq—2
sin” 0 - - - sin® 043 | 367_, 3042
1 32

+ (2.5.239)

sin? 01 sin? ) a2’

The Legendre operator apparently contains non-commutative terms but an introduction of the Hermitian

momenta
~ . d d—1
pr= —ih (_ + >

ar 2r
0 d—1—v
50 = —ih T coth 2.5.240
Do, i (89v+ > co u) ( )
d
s _ipd
p¢ 1 a¢

in the spirit of section 2.5.1 (cf (2.5.11)), casts Hamiltonian (2.5.237) into the form

2
Pr ! 2 I > 1 2
H(pr,roApo. ) = >+ — | pg + ——p3, +- + FV()+AV ({6
(pr--{po. 61 2m  2mr? |:P01 sin® 6; Pe, sin? 0 ...sin% 6> Pe " 10D
(2.5.241)
with
AV (r, {0}) 7 [1 L ! ] (2.5.242)
r, = - .. . oJe
8mr2 sin? 01 sin? 01... sin? 604-2

As can be seen, Hamiltonian (2.5.241) does not contain products of non-commuting operators. Hence,
the path integral for the corresponding evolution operator can be constructed straightforwardly, without
discrete approximation (equivalent to operator-ordering) ambiguities. The result, of course, is equivalent
to that in section 2.5.3.

Problem 2.5.6. Derive expression (2.5.118) for the propagator of the radial harmonic oscillator starting
from expression (2.2.77) for the propagator of a one-dimensional oscillator.

Hint. Represent the propagator of a d-dimensional oscillator as a product of d one-dimensional
propagators and use formula (2.5.88) to convert the product into (2.5.118).
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Problem 2.5.7. Using the Duru—Kleinert method of space and time transformations in the framework of
the path-integral formalism, find the propagator for a quantum-mechanical particle (in one-dimensional
space) moving in the Morse potential

V(x) = Cle™ > —2e™]
where C and a are positive constants, x € R.

Hint. Perform the transformation

x=F(q) =—§ln <%> g € (0, 00)

dt = f(x)ds  f(x)=(F'(g)"
Then the new potential term in (2.5.40) becomes
1 1 8E 1
W—EF?=_-d’Cq®>— — =+ - ) — AV3.
27T T\ Ty V8

Thus the problem reduces to consideration of the isotropic oscillator with frequency w = a+/C and
effective angular momentum

1 8E

l=—= -

2 a?
The next steps are quite similar to the case of the Coulomb potential.
Problem 2.5.8. Construct the path integral on the SU(2) group manifold using the following
parametrization of the group elements:

U=x"+ix%% x=JV1—-x%¢ a=1,273,... (2.5.243)
(0@ are the Pauli matrices).

Hint. Note that this parametrization does not fulfil condition (2.5.167). Therefore the results of
section 2.5.5 cannot be applied straightforwardly so the reader should start from the very beginning.
The composition function reads:

D% (x1, x2) = x?x? + xfxg — 8”bcxfx§ (2.5.244)
which implies for the left auxiliary functions:
= x089P 4 gabexe, (2.5.245)

For the Maurer—Cartan forms, we find that (the reader should be careful about the normalization of the
generators of su(2))
a xb

30 = 05 4 T gabeye, (2.5.246)
X

The addition to the potential term now takes the form:

2 a.a
av e B (XX
8m \_ (x0)2
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and the path integral reads as

| m \3N/2 Nl V2
K(x,1t;x0,t0) = i ( . ) !
(x. 15x0,10) = Jim (== / (Eg (i) xk)

-1 2 a,.a
m ~ b ~ eh x%x
p I:Zgab()Ck)Angxk — 8V(Xk) — % (SW — 3>:|}

= 9

X exp {i
2.6 Path integrals over anticommuting variables for fermions and generalizations

We now turn to the problem of extending the path-integral formalism to cover theories containing both
bosons and fermions. Although we have not so far used these terms (fermions and bosons) so far, since
they pertain to the physics of many-body systems which we shall discuss in the next chapters, we assume
that the reader is familiar with these basic notions of quantum mechanics and statistical physics. For
the aims of the present section, it is enough to remember that the distinctive peculiarity of a fermionic
system is that its many-body wavefunction is antisymmetric. As a result, the corresponding creation
and annihilation operators of fermionic states satisfy anticommutation relations. This leads to a rather
unusual, at first sight, representation for the corresponding evolution operator in terms of a ‘path’ integral
over anticommuting variables, the latter being the generators of the so-called Grassmann algebra.

As a development of this idea of using unusual variables, we shall discuss in the subsequent part of
this section a further generalization of path-integral construction, based on more general algebras than the
Grassmann algebra. These more general ‘path integrals’ have not yet found any physical applications and
the main reason for presenting them is to illustrate the power and to stress, once again, the main points of
constructing path integrals using operator symbols.

The last subsection is devoted to a general analysis of the conditions under which the WKB
approximation for a path integral gives an exact result. This topic is placed in the present section because
the analysis essentially uses, together with other tools, the Grassmann variables.

2.6.1 Path integrals over anticommuting (Grassmann) variables for fermionic systems

The space of states of a fermionic system is constructed with the help of creation and annihilation operators
satisfying the anticommutation relations

(@, @) =8 2.6.1)
(@, @} =1{@,a)=0 (2.62)
j,k=1,...,n

where {;f B } denotes the anticommutator of two arbitrary operators A and B:

def

a

(A, B)

AB + BA. 2.6.3)

Relations (2.6.1) and (2.6.2), being the direct generalization of the corresponding relations for
bosonic creation and annihilation operators, are consistent with the assumption that @' is the Hermitian
conjugate of @. The standard introduction of self-adjoint coordinate and momentum operators starting
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from creation and annihilation operators via the formulae (cf (2.1.47))

~ | b
Xj = 2—(0lj+()[])

R hmo
pj =1 2 (Ol —aj)
leads to the relations

{Xj. P} =0

{xj. %k} h J {Pj. i} = hmw$

Xi, Xk} = —38; i = hmwd;

Jo Xk mo jk Pjs Pk jk
j,k=1,...,n

These relations do not have the form of canonical commutation relations even up to the substitution
[-,-] — {-, -} and do not play such an important role for fermions as their counterpart in the case of
bosons. Thus, as basic relations for fermion systems, we shall use (2.6.1) and (2.6.2).

< The Hilbert space generated by the anticommuting creation and annihilation operators

First of all, we wish to construct a complete basis for the states on which the fermionic creation and
annihilation operators act. Note that for any given j, we have, from (2.6.2),

@ =@h = (2.6.4)
These constraints imply that there exists a ‘ket’ vector |0) annihilated by all o;:
a;jl0)y=0 forany j =1,...,n (2.6.5)

and the corresponding ‘bra’ vector (0| annihilated by all (’ij:

(O@i =0 foranyj=1,...,n. (2.6.6)

Indeed, we can take
n

n
10) ~ (]‘[m)m (0] ~ <g|(]‘[a;)
k=1 k=1

where | f) and (g| are some vectors for which these expressions do not vanish (note that if such vectors
do not exist, the operators ([ ;_, o) and ([];_, &Z) vanish identically, which we assume not to be the
case). These states satisfy (2.6.5) and (2.6.6) by virtue of (2.6.4). We assume that the states (0| and |0)
are unique and normalized, so that

0]0) =1 2.6.7)

(in general, a few such states may exist, labelled by some quantum numbers, but in this section, for
simplicity, we omit this possibility, the generalization being quite straightforward).

Note that, because of the full symmetry of the relation {&, @'} = 1, the role of creation operator may
be assigned equivalently either to @' or to @.

A complete basis for the states of this system is provided by |0) and the states

k. )& oﬁa,j ) (2.6.8)
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with any number of different operators 6?; acting on |0). Note that the vectors | j, k, .. .) are automatically
antisymmetric in the indices j, k, ... as should be the case for fermions. Similarly, we may define a
complete dual basis, consisting of (0| and the states (also antisymmetric in the corresponding indices)

(koo ] = (0] @@ (2.6.9)

The action of operators @, 6?; on these vectors is completely defined by the anticommutation relations
(2.6.1) and (2.6.2). Using these relations together with (2.6.5)—(2.6.7), we can easily derive

m, p,...\j.k,..)= (0|.-.amapaja,j---|o>

0 if the set of values m, p, ...
= does not coincide with j, k, ..., (2.6.10)
j.k,...
(—1)"“)'{1%---] if the sets of values coincide with each other.

Here o [P,;’;)];;,'jj.] denotes the number of transpositions necessary to convert the sequence of valuesm, p, ...
into the sequence j, k, . ...

In order to use the standard techniques of calculations in quantum mechanics, we would like to
be able to rewrite sums over intermediate states like (2.6.8) as integrals over eigenstates of &; or 67,:
However, it is not possible for these operators to have eigenvalues (other than zero) in the usual sense.
Suppose we try to find a state |£; «) that satisfies

ajlE; ) =18 a) (for all j). (2.6.11)
From relation (2.6.2), we see that
&/, &} =¢&& +&& =0 forall j,k=1,...,n. (2.6.12)

which is impossible for numbers. However, we can consider them as elements of an algebra and examine
whether they are of some use for the description of fermionic states. From (2.6.12), we see that these new
‘variables’ are nilpotent elements, i.e.

£7=0  forany j. (2.6.13)

It is clear that an analogous consideration of left-sided eigenstates of the operator @' :
(& @) = (&: I
introduces the conjugate ‘variables’ & ; with the defining relations:
(€. &) =&j& +&E =0 (2.6.14)
{6, 6k} =66k +5&; =0 (2.6.15)
forall j,k=1,...,n.

As a result, the general element g of the algebra G,,, generated by &;, ék, j,k=1,...,n and called
the Grassmann algebra, has the form of the finite sum

g=co+ chg;_j + Zcmgm + ZC?S,/ém + -
j m m,j
Y G i B, (2.6.16)
myp<my<--<nmy
J1<J2<<jn
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mipmy--

where the coefficients Cirip " are arbitrary complex numbers.

Let us postulate that the Grassmann ‘variables’ &, & anticommute with the fermionic creation and
annihilation operators:

(g, a) =1&,.,d)) = (§;, @) = (§;,@)} =0  forall jk=1,...,n. (2.6.17)

We can now construct the eigenstates |&; o) satisfying (2.6.11) (Schwinger 1970) (see, also e.g.,

Montonen (1974))
€ &) —exp{ Zg, } (2.6.18)

with the exponential defined as usual by its power series expansion (see problem 2.6.1, page 315). The
left-sided eigenstates of (’)Z} have quite the same form:

n
(& ol =(0|exp{2§j&j}. (2.6.19)
j=1
One can also define the left-sided eigenvector of «:
n
(£ o] = {0[@n@n—1 - - @1 exp { > } (2.6.20)
and the right-sided eigenvector of o
n

|§;a')=exp{ —Zg@-}&f. @ @ho). (2.6.21)

These vectors have the following scalar products (problem 2.6.2, page 315):

(¢ elg ) = (DDA T - &)
j=1
:aflga’) = DIVATTEG - &)
J= (2.6.22)

(¢ algal) = exp{ - ZE,{,»}
j=1
(& a'[&; @) = exp { Zé/éj}

j=1

(here [(n + 1)/2] is the integer part of (n + 1)/2).

< The Bargmann-Fock representation of the anticommuting operators

As we learned in section 2.3, there exists a convenient representation of creation and annihilation
operators; namely the representation in the space of anti-holomorphic functions F2 on the corresponding
classical phase space (with complex coordinates). This representation is useful for solving many problems
and, in particular, for constructing path integrals in quantum mechanics.
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Having at our disposal an analog of the complex coordinates of the classical phase space, i.e. the
Grassmann variables &;, &, we may try to construct an analog of the anti-holomorphic representation for
the fermionic creation and annihilation operators.

Let us start with a discussion of a system with one degree of freedom. In this case, a general element
of the Grassmann algebra generated by &, £ reads as

FE,.E) = foo+ foré + fiof + f11&é€ (2.6.23)
where foo, fo1, fi0, f11 are arbitrary complex numbers. The elements of the form
fé&) = fo+ fié (2.6.24)

are considered as an analog of anti-holomorphic functions. Recall that in the case n = 1 (one degree of
freedom) the operators &, @' satisfying (2.6.1) can be represented by the 2 x 2 matrices

(00 (0 1
a_<1 0) aQ —(o o) (2.6.25)

i.e. the representation is two dimensional (this is a direct consequence of the nilpotency: @ = (@)% = 0).
The space of ‘functions’ (2.6.24) is also two-dimensional (because they are defined by two numbers, fj
and f1) and we shall use them for the new representation of the fermionic system.

As we know, in the case of bosonic oscillator operators the annihilation operator is represented by
the derivative d; (cf (2.3.41)). Thus we have to define an analog of differential calculus in Grassmann
algebras. Of course, in a non-commutative algebra, we cannot define derivatives by a straightforward
extension of the usual definition of a derivative as the limit of some finite difference. Instead, we shall
understand the appropriate generalization of the notion of derivatives %, a% as a map on the Grassmann
algebra

9 9
d&’ 9E
possessing some properties to be clarified which allows us to consider this mapping as a reasonable
generalization of derivatives. Note that a more refined mathematical treatment of the differential and
integral calculi in Grassmann algebras (more precisely, on Grassmann manifolds), the reader can find
in Berezin (1987). Another approach, which reveals an impressive analogy with the standard theory of
holomorphic functions, is presented in Vladimirov and Volovich (1984).
In our simple one-dimensional case, it is natural to define the derivative as follows:

Y

S o= Liprnd ¥y (2.6.26)
o Py 0 1) = fi1. .6.

Now, if we define the action of the operators on the set of anti-holomorphic functions in a manner similar
to the bosonic case:

afE) =EfE) (2.6.27)
S
af(&) = Y f) (2.6.28)

the reader can easily check that the one-dimensional relation for the fermionic oscillator operators, i.e.
@af) =1 (2.6.29)

(cf (2.6.1)) is satisfied indeed.
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<> The integral over Grassmann variables and scalar product in the Bargmann—Fock representation
space

Our next task is to introduce a scalar product into the space of Grassmann anti-holomorphic functions,
such that the operators (2.6.28) and (2.6.29) are conjugate to each other. We can do this using an
appropriate definition of the ‘integral’ in the Grassmann algebra. Clearly, again, as in the case of the
derivatives, this integral can not be constructed via a limiting procedure starting from a type of Darboux
sum. Instead, we have to define a linear functional on the algebra:

(N:feg—(fHecC
{erfi+ o)) = ct{ i) + 2 f2) (2.6.30)
c1,c0e€C fi,fie€eg

which puts some complex number in correspondence to any element of the algebra G and satisfies the
property of linearity (2.6.30). Another property which we require to be satisfied by this functional is the

following: 8 a
<<¥f>> =<<£f>> =0. 2.631)

In fact, this is an analog of the Stokes formula for normal integrals. Indeed, the functional we seek is an
analog of the integral
o0
/ dx F(x)

—0o0
defined on the set of ordinary functions F (x) and this normal integral definitely satisfies relations of the
type (2.6.31) (i.e. ffooo dx 0, F (x) = 0) for any integrable function F'(x) (due to the Stokes formula).
To construct the functional (-)) explicitly, it is convenient to introduce, at first, the notion of
anticommuting Grassmann ‘differentials’, d§, d§ :

{d&, dE} = 0. (2.6.32)

Then introducing the standard symbol f for the ‘integral’ (i.e. for the linear functional (-))) even in the

Grassmann case, we define
0
/dé c= c/d§ (£$> =0 ceC. (2.6.33)

/ dEc=0. (2.6.34)

Similarly,

Thus the integral for a constant Grassmann ‘function’ f (£, &) = c is equal to zero. Besides a constant,
only linear ‘functions’ exist among holomorphic or anti-holomorphic elements of the form (2.6.24). Thus
if we want to have non-trivial (non-zero) integral, we must put

/ dig =1 (2.6.35)
/ dEE =1 (2.6.36)

(the normalization is, of course, a matter of convenience).
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The multiple integral is understood as a repeated integral:

/dé dE f(5.F) = /dé [/déf@,é)] (2.6.37)

Rules (2.6.31)—(2.6.37), accompanied by the agreement that any Grassmann differential anticommutes
with any variable, completely define the integral (linear functional) of any function (arbitrary element of
the Grassmann algebra) (2.6.23):

/dédéf(&é)=foo/d§d€+f01/d§[/déé}—flofdéé[/dé}
+ fii /dé [/déé}é = fi1. (2.6.38)

This type of integral was initially introduced by Berezin (1966) and is called a Berezin integral.
Now we are ready to introduce the scalar product in the space of Grassmann anti-holomorphic

functions (2.6.24)
def

(Flg) = f dEdg e f1E)g@) (2.6.39)
defining in this way the Hilbert space .7-'(_27. In (2.6.39), we understand that
1@ = f5 + fs. (2.6.40)
The reader can easily check that this scalar product is positively definite, and that the monomials
vo=1 Y1 =£ (2.6.41)

are orthonormalized (problem 2.6.4, page 315). The conjugacy of the operators (2.6.27) and (2.6.28) can
be checked directly or derived from the fact that in the basis (2.6.41) they are equivalent to the matrices
(2.6.25) because

FYo=y1  @Y1=0 GYo=0 @y = (2.6.42)

The Berezin integral shares many properties of normal integrals, in particular
[ deae s vnE i = [ aéae e (2.643)
(see problem 2.6.5, page 316) where a further pair n, 7 of Grassmann variables, anticommuting with

£, &, has appeared. We postulate that any new variable, its corresponding Grassmann differential and its
derivative anticommute with all other Grassmann variables, differentials and derivatives.

< The Gaussian integral over Grassmann variables

Let us apply these rules to calculate the Gaussian integral in the Grassmann case
/ dE d S AETEN+iE (2.6.44)

where A is a complex number. Using (2.6.43) to make the substitution

E>E—Alj E—>£t—Alp (2.6.45)
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and then expanding the exponent, we find
/dg dg EASHENHTE _ o—iATy / dE dt 48

— —Ae AT'm, (2.6.46)

Note that formula (2.6.46) reads quite similarly to the case of the ordinary Gaussian integral for
commuting variables, except for the pre-exponential factor A which has positive power, in contrast to
the standard Gauss formula (2.1.73) where it appears in the denominator.

< Generalization of the differential and integral calculi to the case of n degrees of freedom

All the formulae can easily be generalized to n degrees of freedom. To this aim, we introduce 2n
Grassmann variables

Ely oo Ens 1y By (2.6.47)

together with their differentials and derivatives, with the postulate that all the quantities anticommute with
each other, except pairs of variables and derivatives with the same indices:

(6.6 =188 = 5.8} =0
{d§j, d&x} = {d§;, d&i} = {d§j, ds} =0
&), d&} = 1§, d&k} = (&), d&} = {§). d&} =0
(0, 9.} = (0g,. 9, } = (0, 9, } = 0 (2.6.48)
{9, d&i} = {9, d}) = {9, d&i} = {9, d&} =0
{0, &} = {9, &} =0
{9, &k} = {9, &) =Sk

These commutation relations allow us to calculate the Grassmann—Berezin integral and the action of
a derivative on any element of the Grassmann algebra G>". Due to the linearity, it is enough to consider a
monomial &;, - --&;,&, - - - &, . Then the integral is given by

/déjr Ej o B B B, = (DT B, (2.6.49)
—_
absent
/dskq Ejy oo iy bk B, = (DT L E i & &, (2.6.50)
—
absent

where the underbraces indicate the absent factors in the monomial on the right-hand sides of the relations.
As we have already discussed, a multiple integral is understood to be the repeated one

/déjl mdé,’, déy, - - d&, éjl "'éjlékl .

= f dEj, - d&j, d&y, - d&, [ f dty,, Ejy - Ejbry - -sk,,,] (2.6.51)
Grassmann derivatives act quite similarly to the integrals:
9 - - - - _ _
=& EjEry B, = (1) 1,’%].1 e B E ey E, (2.6.52)
aéjr ——

absent
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9 ; z I+q—1% z
Fé‘jl &k €y ek = (1) Ejr ik &y Sk (2.6.53)
Jq —~—
absent

Note that in these formulae the derivatives are supposed to act on the monomial from the left, i.e. we
must move the variable (corresponding to a derivative) to the left before dropping it. We could also use
derivatives which act from the right:

<«

9

0,

= D"TE B Bk, (2659)
——

absent

ad - - - _ _ _
(3) & BBt b =By By
éjr R

AT . )
<@>R Ejy o Ejbry by, = Ej bR &y "‘fk,,,@

= (=D by &y b (2.6.55)
—

absent

We shall not, however, use the right derivatives in this chapter and, therefore, we shall not specifically
indicate that all the Grassmann derivatives in this chapter are left-sided ones. In the next chapter, however,
we shall need the right-hand derivatives as well.

The space of states féZn consists of anti-holomorphic functions f (£1, ..., &,) and has the dimension
2". The fermionic oscillator operators with the defining relations (2.6.1) and (2.6.2) act in this space as
follows:

_ _ 0 _ _
oA fErL . 8) = —fEL....&) (2.6.56)
0F;
alfE... &) =EfG..... &) (2.6.57)

and they are conjugate with respect to the scalar product

def

(filf) = fdél---déndsn---da exp{—Zé;sj}ff(él,...,§n>fz(§1,...,§n>. (2.6.58)
j=1

Here the conjugation in the Grassmann algebra is defined as follows:
(CEjy )" = C"g &, (2:659)
the conjugation for differentials and derivatives being defined similarly. Note that the ‘integration

measure’ (product of differentials) in (2.6.58) is defined in a self-conjugate manner and that the integral
on the right-hand side of (2.6.58) for an arbitrary function f (&1, ..., &; &1, ...,&y) is

f QB dEydEy--dE) FEr oo BBl E) = Flmom (2.6.60)

where f1,.. n.n,...1 are the coefficients at & - - ~$n§n e §1 in the expansion of the function f(él, L&)
over the basic monomials (cf (2.6.16)).
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The Gaussian integral

Z (EjAjrE) + Z(éjé'j + Ejé‘j)} (2.6.61)

J-k=1 j=1

/dél---déndsn---dsl exp{
can be calculated by using a shift of variables as in (2.6.45) reducing it to

exp{ - Z (Ej(Al)jka)} €, d€ ---d&, d&, - - - d& exp{ Z (éjAjkgk)}. (2.6.62)

Jik=1 Jik=1

The remaining integral is found with the help of formula (2.6.60):

Z (éjAjk%’k)} = (—=1)" detA (2.6.63)

Jjk=1

/dél cdEy dE, - - dE exp{

(see the problem 2.6.6, page 316). Thus the final formula for the Gaussian integral in the Grassmann case
reads as

/dé S déy dEy - - - dE exp{ D EApE) + Y GG+ E,-sn}

Jjk=1 j=l1

= (—1)" detAexp { - Z ¢j (A—l)jk;k}. (2.6.64)

Jk=1

The main distinction from the bosonic case (i.e. a Gaussian integral with commuting variables) is that the
determinant in (2.6.64) proves to be in the numerator (cf the bosonic formula (1.1.85) where it appears in
the denominator). Note that the exponent in (2.6.64) can also be obtained as a solution of the ‘extremal
equations’:

0
= < Y GiAjEn +Z(§/m +§,$,)> (2.6.65)
é /k 1 j=1

P < Z (A jrér) + Z(éj nj +¢i€j) > (2.6.66)

j=1

,...,

This is a general property of Gaussian-like integrals.
A similar calculation gives a useful formula for the square root of the determinant:

n
/ d&; - - - d&, exp{ Z (£ A ,-kgk)} = +/detA. (2.6.67)
k=1
The monomials
Yitde =&j1 - &), Ji<jp<--<jr (2.6.68)

are orthonormalized and form a basis in the state space féz,,
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Note that the products ]_['}=1 (¢ —&;) and ]_['}=1 (¢ = £ ) have a property analogous to the §-function
(problem 2.6.3, page 315):

/dsn 3 (]‘[(q - S,/))f(%‘) =f@©)
j=1

/dén ~-dgy (]‘[(éj - E,/))f(if) = 1.

j=1

(2.6.69)

< Symbols, operator kernels and path integrals in the case of fermionic (anticommuting) operators

Now we are going to construct a path-integral representation for operators in the fermionic Hilbert space.
This will be defined as the appropriate limit of a multiple integral over Grassmann variables. Of course,
the reader may be confused by the very term ‘path integral’. Indeed, we can hardly imagine some real
path in a space (which is usually called superspace) described by Grassmann variables serving as a type of
coordinate. (Perhaps this is possible, at least to some extent, within the so-called ‘point’ approach to the
definition of a superspace (Vladimirov and Volovich 1984), but up to now nobody has succeeded in such
an interpretation.) Recall, however, that even in the bosonic case with the usual c-number coordinates
of the phase space, the trajectories supporting the phase-space path integral are discontinuous functions
so that the very notion of trajectories becomes doubtful (as it should in quantum mechanics). In fact,
path integrals in quantum mechanics provide us with a convenient method for constructing a symbol
or kernel of an evolution operator for finite time shifts, using its representation as a composition of an
infinite number of infinitesimal evolution operators. This latter interpretation can be freely extended to
the fermionic (Grassmann) case. One more remark about the Grassmann—Berezin path integrals is in
order: if we consider a fermionic system with one or a finite number of degrees of freedom, path-integral
techniques seems to be excessive because, in fact, all calculations can be reduced to manipulations with
finite-dimensional matrices. However, in systems with an infinite number of degrees of freedom (quantum
field theory), the path-integral approach proves to be very fruitful. In particular, this concerns most
realistic models, which include both fermionic and bosonic degrees of freedom, where the path-integral
approach provides a unified and powerful calculation method (see the next chapter).

Thus we proceed to the construction of the Grassmann—Berezin path integral and start by constructing
the normal symbol and integral kernel in the space F, (2} (one degree of freedom). The most general operator
in this space is defined by the expression

A=A+ A1ga + Apad + Ana'@ (2.6.70)

where Agg, A10, Ao1, A11 are complex numbers. Similarly to the bosonic case, we can associate with this
operator two functions on the Grassmann algebra: the normal symbol

AE, &) = Ago + A10E + AgiE + ApEE (2.6.71)

and the integral kernel ) } }
Ka(,8) = Koo + K106 + Ko1§ + K1188 (2.6.72)

where the complex numbers Koo, K10, Ko1, K11 are the matrix elements of the operator A in the basis

Yo, ¥ (cf (2.6.41)): -
Kjk = (Y| AlY). (2.6.73)

Now the action of an operator A in the space F, é can be defined by its kernel:

AN @) = / dcdie ™ Ka(z, o) f(0) (2.6.74)
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and the product A} A, of two operators corresponds to the convolution K A, * K4, of their kernels:
(Ka, % Ka,)(5,8) = / dgdge ™ Ka (5. 0)K4,(C,6). (2.6.75)

Recall that the new Grassmann variables (in this case ¢, ¢) anticommute with all other variables, as well
as with the differentials and derivatives.

The relation between the normal symbol A (£, &) and the kernel K 4 of an operator A can be written
in the form

Ka(E,6) = 5 AE, &), (2.6.76)

To prove this formula, it is enough to find the relation between the coefficients A j; and K j; in (2.6.70),
(2.6.71) and (2.6.72), by use of (2.6.73):

Ago = Koo Ao1 = Ko Ao = Ko A11 = K11 — Koo. (2.6.77)

In the same way as in the case of one degree of freedom, any operator

n
N ~F ~F ~ ~
A= Z Z Ajiirikise, kg @ v Oy Oy = Oy (2.6.78)
rq=l ji<--<jr
ki <--<kq

can be defined either by its normal symbol

n
AEE) =Y D AjijikikgEi ik (2.6.79)
rg=1 ji<-.<j
ki <-<kq

or by its integral kernel

n
KaG.8) =" > (Ka)jjrikromkgbis - Einbr - &, (2.6.80)
rg=1 ji<-.<j
ki <-<kq
where R
(KA ikt ooky = Wy e | AT, k) - (2.6.81)

The kernel and the normal symbol are related as follows:
n
KA(E. &) = exp { D &g }A(s, £) (2.6.82)
Jj=1
(problem 2.6.8, page 316). The action of an operator in the space ]—'éz,, is defined by the expression

(Af)E) = f dgy---diydg, -+ dgy exp { > E,;;/}KA@, 0 f(Q@) (2.6.83)

j=1

and the product of two operators corresponds to the convolution of the kernels:

(Ka, % Kp,)(E, §) = f dgy---dudgy---dgy exp { > E,;;;}KA. €, 0K, 8. (2684

j=l1
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We invite the reader to compare these formulae with the corresponding expressions in the bosonic
case for operator kernels and normal symbols and to convince him/herself that all the formulae have the
same form. This implies, in turn, that an expression for a symbol or kernel of an evolution operator in
terms of path integrals (understood as the limit of finite-dimensional multiple time-sliced integrals) also
has the same form. Indeed, the whole derivation of the path-integral representation is based, in fact, on
the formulae for the star-product of symbols or convolution of kernels and the relation between kernels
and symbols. Since these formulae are identical in form in the bosonic and fermionic cases, we can
immediately write the representation for the kernel of the evolution operator of a fermionic system with a
Hamiltonian A @', @; 1) in the form (for details, see Borisov ef al (1976) and Faddeev (1976)):

- £ 1 3 é
U@ et = [ [Tamas exp |5 €080+ & w00
T, /
ot . 1 E . _EEN) — H(E . 2.6.85
_H/to t[i ;(«‘E/«‘Ej —&i&) — (§(t),§(r),t)i|} (2.6.85)

where we assume the following boundary conditions (which are usual for formulae obtained via normal
symbols):

Ei(=E8  EWw)=¢& j=1,...,n (2.6.86)
Here we integrate over an infinite-dimensional Grassmann algebra with the independent generators
§i(r),&i(v), j=1,...,nforevery T € [ty, t]. We suggest the reader explicitly repeats the steps of this

path-integral derivation following the procedure outlined for the bosonic case in the preceding sections of
this chapter.
Another useful exercise (cf problem 2.6.10, page 316) in order to obtain experience in handling

Grassmann variables is to derive path integral (2.6.85) using the completeness relation in the space féz,,

similarly to the way considered for the bosonic case in problem 2.2.1, page 190.

Strictly speaking, we should write the evolution kernel in terms of the ratio of two path integrals (with
a zero Hamiltonian in the denominator), as discussed in section 2.3 for the bosonic case (cf (2.3.77)) so
that the overall factor in front of the integral becomes unessential. We do not go into detail here because, as
we have already mentioned, the Grassmann—Berezin path integral finds a practical application in quantum
field theories (for finite-dimensional fermionic systems, the operator method is more convenient). But in
field theories, such peculiarities prove to be hidden by the renormalization procedure (we shall consider
this in the next chapter). For the same reason, we do not explicitly indicate the shift in time variables
(which, of course, have the same form as in the bosonic case, cf (2.3.122)). From the point of view
of perturbation theory, the shifts again result in the rule that, after expanding the exponent in (2.6.85),
we must drop the terms corresponding to the normal ordering of the Hamiltonian (cf (2.3.129) and the
explanation following this condition). In quantum field theory, such a contraction anyway would result in
a divergent expression and require renormalization. Thus in systems with an infinite number of degrees
of freedom we may freely drop the shifts of the time variable transferring all the subtleties to the correct
renormalization procedure.

2.6.2 Path integrals with generalized Grassmann variables

In the simplest case of one degree of freedom, the path integral over the Grassmann variables describes
a quantum-mechanical system with two possible states. It is natural to generalize this to quantum-
mechanical systems with an arbitrary but finite number of states. An operator description of such systems
is realized with the help of the so-called g-deformed oscillator algebra, the parameter g being the root
of unity: g” = 1, for some integer p (for an introduction into g-deformed algebras and, in particular,
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g-oscillator algebras see, e.g., Chaichian and Demichev (1996) and references therein). We shall consider
even integers p, so that g%+1 = —1 fork = p/2 — 1. The case g> = —1 corresponds to the usual
fermionic oscillator. Of course, generalization to field theory requires the more complicated algebra of a
system of g-oscillators and its precise physical meaning depends on the form chosen for the commutation
relations of the different g-oscillators (bosonic excitations on a lattice with a finite number of states at a
given site or system with fractional statistics). In this subsection, we consider only one degree of freedom.
Our aim is to present possible Bargmann—Fock representations of g-oscillators with a finite Fock space
and to construct the corresponding g-deformed path integral. It is interesting that even in the simplest
Grassmann-like case g2 = —1, there are different forms of the Bargmann—Fock representation and the
path integrals depend on the way in which the Planck constant 7 enters the commutation relation.

<& q-deformed oscillators (the case of a root-of-unity deformation parameter q)

The initial commutation relations for g-oscillator operators are:

- . gV — ¢V
ad' —ga'a=q" @a=[Nl,="——+ (2.6.87)
q9—4
where ¢g¥*! = —1 for some integer k,
def g~ — q -
xly = ——— (2.6.88)

q9—q9
and @' is Hermitian conjugated to @. To construct the Bargmann—Fock representation, we introduce the
operators 8 and B8*:

with the commutation relations

BB —a* BB =1 (2.6.89)
BB* — BB =q>. (2.6.90)

For a root-of-unity parameter g, the operator ,/3\* is not Hermitian conjugate to E but instead
Br=pqV B =q¢g"F (2.6.91)

The Fock space representation of the operators is:

Bin) = ¢"~"/InlgIn — 1)
B¥In) = \/n+1]q|n+1> (2.6.92)

Nln) = n|n).

Since [k + 1], = 0, this Fock space is k dimensional.
There are two possibilities for an explicit realization of (2.6.92). One can construct the Bargmann—
Fock representation in the space of anti-holomorphic functions with the basis

Z}l

[n]q!

with either commuting z, z variables or non-commuting ones. In both cases the variables must satisfy the
condition of nilpotence, zt! = zk*1 = 0, to provide the finiteness of the Fock space.
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< The path integral for the Grassmann-like > = —1 case

We call this case Grassmann-like because, although operators Eand 3* satisfy anticommutation relations,
we use either commuting variables or variables with non-Grassmann algebras on different time slices to
construct the path integrals.

Physically these two possibilities correspond to the different forms of the commutation relations
(2.6.89) and (2.6.90), after recovering the Planck constant /. For the q2 = —1 case and in the
representation (2.6.92), both commutation relations (2.6.89) and (2.6.90) become the same:

BB* + BB =1. (2.6.93)

In (2.6.89), (2.6.90) and (2.6.93) we have purposely dropped an explicit indication of the Planck constant.
The point is that this can be recovered in two different ways. One way is to present (2.6.93) in the form

(B, B*] = h(1 — 2y B*B) (2.6.94)

where y is a dimensionful constant, such that 4y = 1. This commutation relation corresponds in the limit
h — 0 to a curved phase-space dynamics, with the Poisson bracket

{z,z}p =1(1 —2y2z2) (2.6.95)

where z,z are the classical counterparts of ,E, E* The evolution operator corresponding to such
quantization must be expressed with the help of g-path integrals with commuting variables.

The key observation for the development of path-integral representations is that the commutation
relation written in the form (2.6.89) does not lead unavoidably to Bargmann—Fock variables with the
commutation relation zZ = ¢2Zz, but only to the commutation relation

9z — q°70 = 1. (2.6.96)

Thus, for the curved phase space (2.6.94), we can choose the commuting complex variables zz = zz, but
with the following non-trivial commutation relations:

0z +z0=1 dzd = —ddz  zd7 = —(d7)zZ (2.6.97)

and their conjugated counterparts. The creation ,/B\* = Z and annihilation E = 9 operators act in the
Bargmann—Fock space with the basis {yo = 1, {1 = z} and the scalar product

/dZ dz ezz&nl/fm = Sum

where the integral is defined by the usual Berezin rules:

/dZZ=/dZZ=1 /dZ=/dz=O.

This method of path-integral construction is analogous to that in the case of the usual Grassmann path
integral which we considered in the preceding subsection. As a result, the evolution operator kernel takes
the form

dz(r)d !
Ut 1) =/(]‘[ %)exp{zmzm—/to dr (2(r>z<r>+iH(2(r>z(r>)>}.

Note that the integral measure corresponds to the form of the non-trivial Poisson bracket (2.6.95).
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If, after recovering the Planck constant, the commutation relation (2.6.93) takes the form
BB*+B*B=h

then it corresponds to the Grassmann phase space (in the limit 2 — 0), with anticommuting variables. In
this case, the Bargmann—Fock variables seem to be identical to the usual Grassmann path integral. But
there is one subtlety. In the usual construction, not only z(#;) and z(¢;) anticommute for any time slices
t;, tj, but the same variables on different time slices also anticommute, e.g., z(#;)z(¢;) + z(¢j)z(#;) = 0.
Such commutation relations cannot be generalized to other roots of unity of the parameter g. So we
introduce another commutation relation on different time slices, valid for all i # j:

2ty = =2zt 22) =72 (t) =0

z(t)z(tj) = 2(tj)z(t) z2(t)z(tj) = z(tj)z ().

(2.6.98)

We can check that, for such commutation relations, all the ingredients of path-integral construction (scalar
product measure, relation between normal symbol and kernel of operators etc) remain the same as in the
usual Grassmann path integral. Therefore, the path-integral representation of the evolution operator also
has exactly the same form.

< The case g3 = —1

The commutation relations (2.6.98) can easily be generalized to other values of the deformation parameter,
for example, for g3 = —1 we have

2t)Zt) = ¢*7tpz(t) W) =) =0

Z(t)z(tj) = z(tj)z () z(t)z(t;) = z(tj)z(%).

(2.6.99)

In this case, the Bargmann—Fock representation is defined on the space of functions with the basis
vo=1 Y1=2 Yo=2 (2.6.100)

which is orthonormal with respect to the scalar product

/ 42 dz Y} UG Ym ) = Sum (2.6.101)

where

niz) =1+ q2Zz + q222z2.

Here the integral is defined by the natural generalization of the Berezin rules for the Grassmann case:
/dZ dzz"7" = 8pibmilkly! n,m=0,1,2. (2.6.102)
As a result of nilpotence, a general Hamiltonian has the form
H = oupB*B + v(B*)*B?) (2.6.103)

where the constants u, v are restricted by the hermiticity condition H' = H (cf (2.6.91)) and can take

three pairs of values: (Yu =1, v=—q;((Du=1,v=1—-2q;ii)u =0,v = —qz.



302 Path integrals in quantum mechanics

As usual, the action of any operator A in the Bargmann—Fock Hilbert space can be represented with
the help of its kernel K 4:

ARG = / 45 dzs KaGr, 22) f (o) (2.6.104)
where
2
KaGrz2)= Y Kmnil'z. (2.6.105)
m,n=0

Here a further pair of g-commuting coordinates is introduced, the commutation relations for different
pairs being defined by (2.6.99). Now we can express K, through the scalar product

Ky = (I/fm|A|wn> (2.6.106)

and find a kernel of any operator by direct calculation. We consider the usual Schrodinger equation

ih%l//(i, 1) =H@B* PG, 1) (2.6.107)

with Hamiltonian (2.6.103). The integral kernel for the infinitesimal operator

ﬁ%1—1ﬁ8

St

takes the form )
i
U(z,z;e) ~ g(zz) exp {—ﬁHeffS} (2.6.108)

where g(zz) is the kernel of the identity operator

8@ =) Un@V¥ @) = 1+ 22 +2°2

and the effective Hamiltonian Hegr is defined by the relation
Hert(Z2) = g~ (Z2) H (22) (2.6.109)
where H (zz) is the kernel of the initial Hamiltonian. Using nilpotence we obtain from (2.6.109):
Her(Z2) = 0(Zz + q(u + v — qu)z°2%).
Now we can write the convolution of N infinitesimal evolution operator kernels:
UGEnzn-1) * U@n-12n-2) * ... x U(Z120)
:/dzN_ldzN_l...dzldw(zN_lzN_n...u(zlzl)
X g(ZNZN-1) . ..8(Z1z0)e HeiGNaIN-DE  o~iHeii(Z120) (2.6.110)

Due to nilpotence, it is possible to convert the functions g and p into exponentials and in the continuous
limit ¢ — 0, we obtain the path integral for the case under consideration (i.e. g> = —1):

Ut —to) = / (Hdi(r)dz(r) 1+ qZ(T)z(t)))(l +2(0z(1) + (1)

t
X eXp { - / dt[(1+ (1 +29)72)72(7)z(T) + iHeff(Z(T)Z(T))]}. (2.6.111)
1

0
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The kernels U in equation (2.6.111) correspond to the product of unitary operators up to the (¢)2-
terms, with the subsequent limit ¢ — 0. Therefore, these kernels seem to be the kernels of unitary
evolution operators. However, the integrands of these path integrals do not have the form exp{iS/Ah},
where S is a real functional. This is quite unusual and prevents us from an ordinary interpretation of the
path integral. The obvious reason for this lies with the commutation relations (2.6.99) for the z and z
coordinates which contain the complex parameter q.

Let us consider another possibility for g3 = —1. Namely, we now introduce commuting variables,
with the commutation relations (2.6.96) for variables and derivatives in analogy with the Grassmann-like
case. The basis of the Bargmann—Fock representation has the same form (2.6.100) as in the case of non-
commuting variables and is orthonormal with respect to the scalar product (2.6.101) with the measure
w = 1+ 7z + 7222, the integral being defined by (2.6.102) (but now with commuting variables). The
derivation of the path integral is essentially the same as in the case of non-commuting variables and
the result is similar to (2.6.111), the effective Hamiltonian again being defined by the general formula
(2.6.109), but now for all Hermitian Hamiltonians of the form (2.6.103), Hegr proves to be a real function:
(i) Heff = wzz foru = 1, v = —q; (il) Heff = w(Zz — 7%2%) foru = 1, v = 1 — 2q; (iii) Her = w7222 for
u=0,v= —qz.

Thus in the case of commuting variables z and z, the integrand of the path integral has the usual form
exp{iS/h} with the real functional S.

For definiteness, we present the path integral for Hamiltonian (2.6.109) with u = 1 and v = —q:
dz(t)dz(7) z(t)z(7) 22(0)Z%(1)
Uit —1) = 142 3
(0)/[Uh<+h+h2
HOKMO I A(FI())
X (1 + 5 + %)

, _
x exp{ - %/ dr [(1 + %) 2(0)i(D) +ia)Z(r)z(r)i| } (2.6.112)
i1

0

We can see that there is simply no semiclassical approximation corresponding to the limit 7 — 0
(since the terms in the measure and the action diverge). This is an expected result because, as is well
known, the semiclassical approximation for the spinlike systems considered here corresponds to the limit
Jj — o0, where j is the spin of the system (Berezin 1975). Systems with fixed spins (numbers of states)
have no (quasi)classical limit, as is once again confirmed by the expression (2.6.112).

The fact that creation and annihilation operators ,/3\* E are not Hermitian conjugate (see (2.6.91)) is
quite unusual and technically inconvenient (but since they are non-conjugate only up to a purely complex
phase, this does not cause any real problems). We can try to use the Hermitian conjugate operators @', &
with the commutation relations (2.6.87) for path-integral construction, noting that relation (2.6.89) is,
in fact, a polynomial one due to nilpotence. In particular, in the g> = —1 case and in the Fock space
representation, relation (2.6.89) is equivalent to the commutation relation

aa +@H% e =1. (2.6.113)

This commutation relation looks like a natural generalization of the usual relation (2.6.93) for fermionic
operators. We can show that, in general, the algebra of operators

qal+@Ha =1

has an (n + 1)-dimensional Fock representation (Chaichian and Demichev 1996). Using a specific
differential calculus, we can construct the Bargmann-Fock representation for (2.6.113) and the
corresponding path integral (see problem 2.6.11).
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< Higher roots case

Since there are no universal functions in the case of the root-of-unity g-parameter which would connect
operator kernels and normal symbols, there are no universal expressions for the path integrals. However,
for any concrete value of the deformation parameter, the path integrals can be derived in the way
considered earlier. For example, for the next value, q4 = —1, and for non-commuting variables, we
have

Ut —to) = / (Hdi(f)dz(t) [+ (1 +D)Z(0)z()

+ (2c — D2 ()22 (7)) +i(1 — c)z3(r)z3(r)]>
x exp{z()z(t) + (¢ — /)22 (1) + Qc —1/3)Z ()2 (1)}

t
X exp { — / dt[(1 — (1/2 +ic)Zz — 3Q2c — i/2)722D)z(1)i (1) + iHeff(Z(T)Z(T))]}
to

(2.6.114)

where, for brevity, h = 1, ¢ = 2714 = 1/,/[2], and Hef is defined again by relation (2.6.109) but with
the following explicit form of the kernel g(zz):

gzz)=1+7zz+ 22 + 7.

Analogous expressions for g-path integrals with a different choice of variables can be derived for
algebras which correspond to Fock spaces of an arbitrary dimension (i.e. for a g satisfying the condition
q? = 1 with an arbitrary integer p).

We note that the essential distinction of all generalized Grassmann path integrals is that they have
non-trivial integral measures and non-Gaussian integrands.

A g-deformed path integral can also be derived for real values of the parameter ¢ entering the
modified commutation relations for creation and annihilation operators (Chaichian and Demichev 1994,
1996).

2.6.3 Localization techniques for the calculation of a certain class of path integrals

As we have already learned, there are only a few cases where an exact solution for path integrals can
be obtained, most of them being different variations of Gaussian integrals (or integrals which can be
reduced to the Gaussian form via an appropriate change of the spacetime variables). This situation has
prompted the development and wide use of different approximate methods, e.g., perturbation theory in
coupling constants or the semiclassical WKB approximation. We know that for a Gaussian path integral
the semiclassical approximation gives an exact result. Then a natural question arises about the existence
of a more general class of systems for which the semiclassical approximation would also give an exact
result, that is, one for which the path integral is localized around the classical solution (more precisely,
around extremal points, not only minima).

The idea of calculating path integrals by localizing them to sums or finite-dimensional integrals was
instigated by the theorem by Duistermaat and Heckman (1982, 1983) dealing with finite phase-space
integrals in classical mechanics. They proved that the partition function of a classical system expressed as
an integral over the phase space is localized to critical points of the Hamiltonian function, under certain
geometrical conditions. A natural generalization was to formulate these ideas for infinite-dimensional path
integrals (Atiyah 1985, Blau ef al 1990, Witten 1992, Niemi and Tirkkonen 1994). Instead of the critical
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points of the Hamiltonian, the path integral would be localized to the solutions of classical equations of
motion determined by the extrema of the action.

Here we present, in short, the essence of these ideas dropping almost all (rather involved) proofs
and the many beautiful geometrical constructions behind the general properties of systems with localizing
integrals (for details, see the previously cited literature). The aim of this subsection is to give the reader a
very preliminary idea about the subject.

<& A short glance at finite-dimensional symplectic geometry

We start by recalling the basic notions of the symplectic geometry of a classical phase space I" (see, e.g.,
Guillemin and Sternberg (1984)). The phase space I' is described by a generic coordinate system z¢
(a=1,...,2n = dim(I")). In these coordinates, the fundamental Poisson bracket is

{9.2") = 0 (2) (2.6.115)

and the inverse matrix wqp
o“wep = 8, (2.6.116)

determines the components of the symplectic two-form on the phase space I',

o= o dz® ndZP. (2.6.117)
This symplectic two-form is closed:
do=0 (2.6.118)
or, in components,
0awpe + Opweq + Ocwyp = 0 (2.6.119)

which is equivalent to the Jacobi identity for the Poisson bracket (2.6.115).
From (2.6.118), we conclude that w can be represented locally as an exterior derivative of a one-form

U (2):
©=d® = 8,0, dz* Adz? (2.6.120)

and smooth, real-valued functions ¥ (z) on I' define diffeomorphisms that leave w invariant: if we
introduce a change of variables z¢ — 7%, such that

B, dz% = ﬂln? +dyr = 9y + 0,9)dz* = Badze (2.6.121)
we conclude from d? = 0 that w remains intact,

Vo
w— o

. (2.6.122)

The change of variables (2.6.121) determines a canonical transformation on I" and  is the generating
function of this transformation. Indeed, Darboux’s theorem states that locally in a neighborhood on I', we
can always introduce a change of variables z — p,, ¢“, such that w becomes

w =dp, A dq*® (2.6.123)

where p, and g are canonical momentum and position variables on I'. In these variables the symplectic
one-form becomes
¥ = padg® (2.6.124)
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and (2.6.121) becomes
Padq” = p-Lsp +dy =9 = P,dQ". (2.6.125)

Consequently,
Padq® — P, dQ“ =dy (2.6.126)

where both p,, g and P,, Q% are canonical momentum and coordinate variables on I". This is the
standard form of a canonical transformation determined by the generating functional .
The exterior products of w determine closed 2k-forms on I". The 2n-form (recall that dim(I") = 2n)

"=wA- - Aw (n times) (2.6.127)

defines a natural volume element on I which is invariant under the canonical transformations (2.6.121).
This is the Liouville measure and in the local Darboux coordinates (2.6.123), it becomes the familiar one:

1
{—v(—)’“’l—l)/z} " =dpi A ANdpy Adg' A Adq". (2.6.128)
n:

Smooth, real-valued functions F on I' are called classical observables. The symplectic two-form
associates with the exterior derivative d F of a classical observable ' a Hamiltonian vector field Xr by
X& = w9y F. (2.6.129)

The Poisson bracket of two classical observables F' and G can be expressed in terms of the corresponding
vector fields:

{F,G) = 08, F3,G = X£3,G = wapXEXE = 0 (XF, Xo). (2.6.130)
This determines the internal multiplication i r of the one-form dG by the vector field XF:
irdG = X}0,G. (2.6.131)

More generally, internal multiplication i 7 by a vector field X is a nilpotent operation,
iZ=0 (2.6.132)

which is defined on the exterior algebra A of the phase space I" that maps the space A of k-forms to the
space Ag—1 of (k — 1)-forms. Using d and i r, we introduce the equivariant exterior derivative

dr L atir (2.6.133)

defined on the exterior algebra A of I". Since d maps the subspace Ay of k-forms onto the subspace Ak
of (k 4+ 1)-forms, (2.6.133) does not preserve the form degree but maps an even form onto an odd form,
and vice versa. Hence it can be viewed as a supersymmetry operator (cf supplement VI, volume II). The
corresponding supersymmetry algebra closes to the Lie derivative L along the Hamiltonian vector field
Xr,

d* =dip +ird = Lr (2.6.134)

and the Poisson bracket (2.6.130) coincides with the Lie derivative of G along the Hamiltonian vector
field XF:

{F,G}:a)”baaFabG=X;‘§8aGEEFG. (2.6.135)
The linear space of £ € A which is annihilated by the Lie derivative (2.6.134),
LrE=0 (2.6.136)

determines an invariant subspace Aj,y of the exterior algebra A which is mapped onto itself by the
equivariant exterior derivative dr. The restriction of dr on this subspace is nilpotent, dz = 0, hence
dF determines a conventional exterior derivative in this subspace.
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<> The Duistermaat—-Heckman theorem

Let us consider an oscillatory integral of the kind

1(t) = (é) /M dupe'’ (2.6.137)

over a (2n)-dimensional manifold M with an integration measure du. If M is a Riemannian manifold,
under rather mild hypotheses, namely that the function f is a Morse function, i.e. that the Hessian matrix
of the function f is non-singular in all critical points of f:

detHessp(f) # 0 ifd, f(P)=0,a=1,...,2n.
We recall that the Hessian of a function f (x), defined on a d-dimensional space is the matrix

of 02
Hess(f(x)) & 8x“;;b

Then it is possible to show (see, e.g., Guillemin and Sternberg (1984)) that, for large values of the
parameter ¢, we have
Ity =Y cpe’ P+ 00 (2.6.138)
P

where the sum ranges over all critical points of f and the coefficients are given in terms of the determinant
of the Gaussian fluctuations of f around the critical points:

cp = exp[i% sgn HCSSp(f)][detHeSSp(f)]7%. (2.6.139)

Here the signature sgn A of a symmetric real-valued non-singular matrix A is defined as the number of its
positive eigenvalues minus the number of its negative eigenvalues.

Of course, the remainder term @ (+~!) vanishes identically if M is the linear manifold R?" with the
standard integration measure ¢ = dx - - - dx2, and the function f has a quadratic form (i.e. for Gaussian
integrals): f = %Qx -x — & - x, Q being any symmetric real-valued (2n)-dimensional non-singular
matrix. In this case the only critical point of f is xo = 0715 and Hessz, (f) = Q, so that (2.6.138) with
O~ 1) = 0 simply gives the formula for a Gaussian integral.

The Duistermaat—Heckman theorem establishes the conditions under which an integral of the form

(2.6.137) can be exactly evaluated in the stationary-phase approximation (all the remainder terms O (t~!)
in (2.6.138) vanish).

Theorem 2.5 (Duistermaat—Heckman). Consider an integral of the form (2.6.137)
n 1 itH
Z = o' —e (2.6.140)
Mmoo n!

(a characteristic functional for a classical system in which the dynamics is governed by the Hamiltonian
H), where the integration measure is defined by the volume form " (cf (2.6.127)). If

e the Hamiltonian vector field g = o/ 9 i H 9y is a Killing vector field with respect to some metric
g: Lyg = 0; and

e xy is the fundamental vector associated with an element of the Lie algebra g of a compact Lie group
& acting on the manifold M
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then the corrections to the stationary-phase approximation (cf (2.6.138)) vanish:
i H(P)

Z = -
(=1)"D(P)
P
where P are the critical points of the Hamiltonian (i.e. dH(P) = 0) and D(P) is the product of the
non-zero eigenvalues of the Hessian, Hess H = det(0;0; H ), at the critical points.

< Path integrals in a phase space with an arbitrary symplectic form and their interpretation in
terms of the symplectic geometry of a loop space

In the case of an arbitrary non-constant symplectic form w,5(z) and, hence, non-constant right-hand
side of the Poisson brackets (2.6.115), we do not have at our disposal all the necessary ingredients to
construct path integrals from the operator formulation of quantum mechanics. For example, we do not
have the explicit form of a complete basis of states for the algebra which appears after the quantization
(substitution {-, -} — (i/h)[-, -]), or explicit formulae for the star-product of the operator symbols. Such
formulae can be found only after specifying an explicit form of w,;(z). Therefore, we shall not derive,
but just postulate the form of the path integral in the phase space with an arbitrary symplectic form using,
as a guiding principle, the general covariance and correspondence with the standard constant symplectic
form (2.6.123). These requirements imply the following path-integral representation for the generating

functional: ;
Z = /Dz” l_[ Vdet(wgp) exp {1/ dt [0,7% — H(Z)]} (2.6.141)
. 0

(recall that " = det(wgp) d*'z is the volume form and that the one-form ¢ has in the Darboux coordinates
the canonical form (2.6.124); for brevity, we put the Planck constant equal to unity, 7 = 1). We shall argue
that, if the Hamiltonian H (z) satisfies a certain condition which we shall specify in the following, the path
integral (2.6.141) can be evaluated exactly in the sense that it reduces to an ordinary integral over the
classical phase space I'.

In this subsection, we shall consider periodic boundary conditions for the trajectories: z%(0) = z%(T')
(i.e. we restrict our consideration only to the trace of the evolution operator). Then the appropriate
geometrical interpretation of (2.6.141) is, in terms of symplectic geometry, in a canonical loop space
LT over the classical phase space I'. The symplectic geometry of LT is constructed from the symplectic
geometry of I

The loop space LT is parametrized by the time evolution z¢ — z%(t), with the periodic boundary
conditions z(0) = z%(¢). The exterior derivative in LI is obtained by lifting the exterior derivative of the

phase space I,
! 8 8
a a
d= / dtdz" () =dz" — (2.6.142)
0 8z4(7) 8z
where dz%(t) denotes a basis of loop-space one-forms, obtained by lifting a basis of one-forms in the
phase space I" to the loop space.
The loop-space symplectic geometry is determined by a loop-space symplectic two-form

Q= /dr d7' 1 Qup(r, ') dzf (v) A dZP(T). (2.6.143)

This is a closed two-form in the loop space,

dQ =0 (2.6.144)
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or, in local coordinates z%(7),

8 8 8

Hence, we can locally represent €2 as an exterior derivative of a loop-space one-form,
Q=d0O (2.6.146)

where
0= /dr Ou(t)dZ% (7). (2.6.147)

We shall assume that (2.6.143) is non-degenerate, i.e. the matrix Q45(7, ") can be inverted in the loop
space. Examples of such non-degenerate two-forms are obtained by lifting the symplectic two-forms
wqp(z) from the original phase space I" to the loop space:

Qap(t, ') = waplz(1)18(r — T'). (2.6.148)

Similarly, other quantities can be lifted from the original phase space to the loop space.
In particular, we define the loop-space canonical transformations as those loop-space changes of
variables that leave €2 invariant. These transformations have the form

0-L0=0+dv (2.6.149)

with W[z(7)] being the generating functional of the canonical transformation.

The exterior products of 2 determine canonically invariant closed forms on LI", and the top form
yields a natural volume element, the loop-space Liouville measure. We are particularly interested in the
corresponding integrals which are of the form

Z = f Dz%/det(Qap) exp{iSz} (2.6.150)

Sp(z) being a loop-space observable, i.e. a functional on LT'. If we specify (2.6.148) and identify Sp with
the action in (2.6.141), we can interpret (2.6.141) as an example of such a loop-space integral.
We exponentiate the determinant in (2.6.150) using the anticommuting variables c?(t),

Z= / Dz*Dc expliSp + ic’Qpac?}) = / DzDe® expliSp + iSF} (2.6.151)

(cf (2.6.67)). This integral is invariant under a type of supersymmetry transformation (cf supplement VI,
volume II): if A§ is the loop-space Hamiltonian vector field determined by the functional S,

e Qup Xy (2.6.152)

the supersymmetry transformation is defined as follows:

dsz® = c* (2.6.153)
dsc® = —X§. (2.6.154)
Let us interpret ¢?(¢) as the loop-space one-forms dz%(t) ~ c¢“(t), and introduce the loop-space

equivariant exterior derivative
ds =d+is. (2.6.155)
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Here i denotes the contraction along the Hamiltonian vector field X’¢ (cf (2.6.131))
is = X{iq (2.6.156)
and i,(¢) is the basis of loop-space contractions which is dual to ¢ (r):
()t () = 8L —1). (2.6.157)

Again, (2.6.155) fails to be nilpotent (cf (2.6.134)) and its square determines the loop-space Lie derivative
along X¢,
d} = dis +isd = Ls. (2.6.158)

The action in (2.6.151) is a linear combination of a loop-space zero-form (Sg) and a two-form (SF).
The supersymmetry (2.6.153), (2.6.154) means that it is equivariantly closed in the loop space, that is

ds(Sp + Sr) = 0. (2.6.159)
Hence the action can be represented locally as an equivariant exterior derivative of a one-form 0,
Sp+Sp = (d+i5)0 = O, X¢ + " Qupc? (2.6.160)
and the supersymmetry (2.6.159) implies that
d%0 = (dis +isd)® = Ls® =0 (2.6.161)

so that © is in the subspace where dg is nilpotent.

< Infinite-dimensional (loop-space) generalization of the Duistermaat-Heckman integration
formula

The supersymmetry (2.6.159) can be used to derive a loop-space generalization of the Duistermaat—
Heckman integration formula:

NEORE
Z= / Dz, /det(Q)elSs = Z VA sy, (2.6.162)

o v/det(82Sp)

Here the sum on the right-hand side is taken over all critical points of the action Sp, i.e. over the zeros
of the Hamiltonian vector field X§. The derivation of (2.6.162) assumes that the loop space admits a
Riemannian structure with a globally defined loop-space metric tensor G5 (z; T, t’) which is Lie-derived
by the vector field X¢,

LsG =0 (2.6.163)

or, in component form,
3 X Gpe + 0: X8 Gpg + X20,Gue = 0. (2.6.164)

For a compact phase space, the corresponding condition would mean that the canonical flow generated
by the Hamiltonian vector field X’§ corresponds to the global action of a circle S ()~ U(1) on the phase
space I". We assume that this is also the relevant case in the loop space. The circle SV is parametrized
by a continuous parameter s, i.e. z¢ — z%(s) with z%(1) = z%(0). Thus

az(t; s)

X (alth) = —— = (2.6.165)
s=0
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and if we also assume that we have selected the coordinates z%(¢) so that the flow parameter t shifts the
loop (time) parameter T — T + s, we obtain

az%(t; dz® )
Xy = ZEN 0 (2.6.166)
35 s=0 dt
The relation (2.6.152) then simplifies to
88 .
= = Qup(0)zt (2.6.167)
8§z
and the supersymmetry transformation (2.6.153), (2.6.154) becomes
d;z% = (2.6.168)
d;c® = z°. (2.6.169)
Here
ds > d: =d+1i: (2.6.170)

is the equivariant exterior derivative along the S("-vector field X’ ¢ — %, and the corresponding Lie
derivative is simply

d
L:=di; +izd~—. (2.6.171)
dt

< Sketch of a proof of the generalized Duistermaat—-Heckman integration formula (in loop space)
for Hamiltonians which generate a circle action

We want to evaluate the path integral (2.6.141) for a Hamiltonian H that generates the global action of
SM ~ U(1) on the classical phase space I'. We shall first evaluate this path integral by interpreting it
in the space of loops that are defined in the original phase space I'. The relevant loop-space equivariant
exterior derivative has the functional form

d+i;+ig. (2.6.172)

Asin (2.6.151), we introduce the anticommuting variables ¢ and write (2.6.141) as
t
Z = /Dz“ Dc? exp {1/ dt [0, — H + %C“wabcb]} . (2.6.173)
0

The loop-space Hamiltonian vector field that corresponds to the bosonic part of the action is
Xé =3 — w9 H (2.6.174)

and we identify ¢%(¢) as the basis of one-forms on this loop space. The corresponding loop-space
equivariant exterior derivative then has the form (2.6.155):

ds=d+is=c"0,+ Xfia =d+i:+ipy (2.6.175)

where i, denotes again the basis for loop-space interior multiplication which is dual to the ¢%, as in
(2.6.157):
io(t)cb (@) =8 — 7). (2.6.176)



312 Path integrals in quantum mechanics

In order to evaluate (2.6.173) using the supersymmetry determined by (2.6.175), we introduce, at
first, the following generalization of the path integral (2.6.173):

t
Z. = sz“ Dc® exp {1/ 8t 052" — H + Lcbwpac? + dsg]} . (2.6.177)
0

Here £ is an arbitrary one-form on the loop space. Using the supersymmetry determined by (2.6.175), we
find that if we introduce a ‘small’ variation

§—> &+ (2.6.178)
where 8¢ is a homotopically trivial element in the subspace defined by the condition
LssE =0 (2.6.179)
the path integral (2.6.177) is invariant under this variation:
Zs = Zegse. (2.6.180)
In particular, if £ itself is a homotopically trivial element in the subspace
LsE=0 (2.6.181)

we conclude that the path integral (2.6.177) is independent of & and coincides with the original path
integral (2.6.141). The idea is then to evaluate (2.6.173) and (2.6.177) by selecting & in (2.6.177) properly,
so that the path integral simplifies to the extent that it can be evaluated exactly.

Since the Hamiltonian H in (2.6.173) and (2.6.177) generates a global action of SM | we conclude
that the phase space I" admits a Riemannian structure with a metric tensor g, which is Lie-derived by the
Hamiltonian vector field X7},

Lug=0 (2.6.182)

or, in component form,
aaX;Ing + abX[iIgca + X;]acgab =0. (2.6.183)

Locally, such a metric tensor always exists in domains where H does not have any critical points. To
achieve this, it is sufficient to introduce local Darboux coordinates, so that the Hamiltonian coincides with
one of the coordinates, say H ~ p1. For g,, we can select, e.g., ga» ~ 845. However, since we require
(2.6.182) to be valid globally on I', for a compact phase space, this is equivalent to the requirement that
H generates the global action of S('). We can construct such a metric tensor from an arbitrary metric
tensor on I', by averaging it over the circle SV ~ U(1). Obviously, this metric tensor is not unique. For
example, if g, satisfies the condition (2.6.182), the following one-parameter generalization of g, also
satisfies (2.6.182):

8ab = 8ab + I+ 8ac Xy Xf 8ab. (2.6.184)

If we select g, so that it satisfies (2.6.182), the following one-parameter family of functionals is in
the subspace (2.6.181):
A
£ = Egang'cb. (2.6.185)
If a variation of the parameter A indeed determines a homotopically trivial variation (2.6.180), the
corresponding path integral (2.6.177) is independent of A and, for A — 0, it reduces to the original
path integral (2.6.173). Consequently, (2.6.177) and (2.6.185) coincide with (2.6.173) for all values of A,
and the evaluation of (2.6.177) with £ defined by (2.6.185) in the A — oo limit gives the path-integral
version (2.6.162) of the Duistermaat—Heckman integration formula (see Keski-Vakkuri et al (1991) and
Niemi and Tirkkonen (1994)).
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<> Hamiltonians which are generic functions of H

The localization formula for the evaluation of the path integral (2.6.141) proves to be valid (Niemi and
Tirkkonen 1994) for a Hamiltonian which is quite a general (almost arbitrary, see later) function P(H) of
an observable H that generates the action of S() on the phase space ",

t
Z= /Dz“ Dc® exp {1/ dt (92" — P(H) + %cbwbdcd]}. (2.6.186)
0

In order to evaluate (2.6.186), we first consider the quantity

exp {—i/ P(H)} . (2.6.187)

In fact, the generalization to a function of H is valid under the assumption that there exists another function
¢ (&), so that we can write (2.6.187) as a Gaussian path-integral transformation of ¢ (§):

exp{—i/P(H)} - /Dg exp{i/dr[%éz —¢($)H]}. (2.6.188)

Note that locally such a function ¢(£) can always be constructed, but there might be obstructions to
constructing ¢ (§) globally.
<> Examples of the application of the localization formula and comparison with known results

Let us consider now the quantum mechanics of a spinning particle, described by the Hamiltonian
H=BJ (2.6.189)
where the spin operators J i (j = 1,2, 3) satisfy the usual commutation relations (2 = 1):
(i, Jj1 = ieijiJi. (2.6.190)

Thus we consider the quantization of spin, i.e. the path integral defined on the two-dimensional sphere S2
(co-adjoint orbit of SU (2)). Choosing the magnetic field along the third axis, the Hamiltonian becomes a
function of the generator J3 of SU(2): H ~ J3.

In the spin-j representation of SU(2), the canonical realization of J3 on the Riemann sphere S is
(Berezin 1975)

1 —zz*
H~Jl=j 2.6.191
3= T ( )
and the corresponding symplectic structure is determined by the two-form
1 a b 2ij . o
w = —wgpc?c’ = ————c*c* . 2.6.192
2 (1+2z2)? ( )

Calculations with the help of the localization formula reduce the corresponding path integral to the finite-
dimensional one, the integrand being a function of the combination zz* + cc¢ only:

Z= it / dzdz* de dé F(z2* + c€) (2.6.193)
g
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where the function F (y) is

-y

1=y
2 1+y

F(y) = sm[f( )]exp{—ijt<:—§>}. (2.6.194)

The integral (2.6.193) can be evaluated using the so-called Parisi—Sourlas integration formula (recall that
¢, ¢ are Grassmann variables):

|

1 2 -5 -  dF(u)
— | d“xd6d6 F(x~ +00) = du —— = F(oc0) — F(0) (2.6.195)
T 0 du
and the result is L
t
z-= S_‘“(IJ ). (2.6.196)
sin(51)

We refer to Keski-Vakkuri et al (1991) for a discussion of the reasons for the necessity of making the
so-called Weyl shift j — j + % in order to obtain the correct result for the SU (2) group:
. . 1
sin(t[j + 5
z - vl 1_2]), (2.6.197)
sin(51)
We only note that the general explanation can be traced back to the way in which the path integral has
been regularized (discretization).
This method can also be applied to evaluate the path integral for the Hamiltonian H ~ J32 in the
spin-j representation of SU (2):

2 ) 1 - ZZ* 2
H~J =j"{\——| . (2.6.198)
1+ zz*
In this case, the corresponding integration formula gives the following finite-dimensional integral:
zZ ! /ooqul/d dzdcdc Fy(zz" + ¢€) (2.6.199)
= — — zdzdcdc Fy(zz* + cc .6.
Vamit )o@ v
where
11y . I—y
2 T+y I H .. -
F, =—————¢ —tp° —ijtop | — 2.6.200
e ()] oo e (1) (26200
y

and we have redefined

¢ > \/gc“. (2.6.201)

It is possible to evaluate this integral using the Parisi-Sourlas integration formula (2.6.195) and,
introducing the Weyl shift j — j + % we obtain

Y 2sin[(j + 3)t¢] [t
zZ=/— d td’ e CRRN Yed ) / d —it¢m 4t¢
4mi .[oo sm(2t¢) Z ve ©

j
= Y e = e, (2.6.202)

m=—j

The two last equalities confirm the correctness of the functional Duistermaat—Heckman formula for the
trace of the evolution operator.
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2.6.4 Problems
Problem 2.6.1. Verify that the state

n
C o) — _ Pl
;) = exp{ Zs,a,}lm
j=l1
is the eigenstate of the fermionic annihilation operators o;.

Hint. Use the relations (2.6.1) together with the fact that the & j&; commute with each other and have zero
square.

Problem 2.6.2. Calculate the scalar products of the eigenstates given by (2.6.18), (2.6.19), (2.6.20) and
(2.6.21) and prove that the result is given by (2.6.22).

Hint. Use the basic properties (2.6.5) and (2.6.6) of the vacuum vectors and the nilpotence (2.6.13) of the
Grassmann variables. For example:

€ a'lg oy = 0[] + G - 2pan a0
k=1

j=l1

=0 [J& —¢pap [[alo)
j=1 k=1

n
= []& - .
j=1
Other scalar products can be calculated similarly.

Problem 2.6.3. Prove that the product H?:l (¢j — &) satisfies the equality (2.6.69) and hence in the space
of functions of Grassmann variables it can be used similarly to the Dirac §-function.

Hint. Use the identity

[]‘[(r:j —s,>]f(s> = [1‘[(;, —sj>]f<; - —¥9)

j=1 j=1
n
= []‘[(q —sn}f(;)
j=1
(the second equality is fulfilled due to the nilpotence property (2.6.13) of the Grassmann variables).

Problem 2.6.4. Verify that the scalar product (2.6.39) is positively defined and that the monomials (2.6.41)
are orthonormalized.

Hint. i
(Wolvo) =/d§ds ot =/d§ds(1 _Ey =1,

The scalar products for other pairs of functions can be calculated similarly and the positive definiteness
follows from this fact.



316 Path integrals in quantum mechanics

Problem 2.6.5. Prove the ‘translational invariance’ (2.6.43) of the Berezin integral.

Hint. Check straightforwardly that, for an arbitrary Grassmann element f, the right- and left-hand sides
of (2.6.43) are equal.

Problem 2.6.6. Prove the formula (2.6.63) for the Grassmann—Berezin Gauss-like integral.
Hint. Use formula (2.6.60).

Problem 2.6.7. Prove the transformation rule for the Grassmann measure under the change of variables:

> G=) Ajg  Gj=1,....n
J

[[ds = @etA)™' []a:. (2.6.203)
i=1

i=1

Hint. Show that rule (2.6.203) gives the correct result for the integration of an arbitrary function of
Grassmann variables.

Problem 2.6.8. Prove relation (2.6.82) between the normal symbol and integral kernel of a fermionic
operator for an arbitrary number of degrees of freedom.

Hint. Use as a hint the discussion of the fermionic system with one degree of freedom (cf (2.6.77)).

Problem 2.6.9. Prove the completeness for the eigenvectors |&; &), |£; '), (&; |, (¢; «| (defined by
(2.6.18),(2.6.19), (2.6.20) and (2.6.21)):

(—1)"/|s;a>dsn~~dsl Eall=1
(2.6.204)

/Ic;oﬁ)dznmda (il =1

Hint. Represent an arbitrary vector | /) as a expansion over the eigenvectors |£; «):

If) = / &5 ) d&y - - - dEy f(8)
and find that the ‘coefficients’ f(§) of the expansion are given by the equality:

FE) = (=D"E | f).

Substitution of this expression for f(£) into the expansion immediately gives the first required
completeness relation. The second relation is proved similarly.

Problem 2.6.10. Derive the path-integral representation for the transition amplitude (¢; «, 1|£0; «, 1) in
the case of a fermionic system with a normally ordered Hamiltonian H (@, @), using the short-time
expansion together with the completeness relation (2.6.204) and acting similarly to the method suggested
in problem 2.2.1, page 190 for the bosonic case.
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Hint. Let us start from the case of one fermionic degree of freedom. The matrix element of the
infinitesimal evolution operator has the form

(€ afle /Mg o) ~ /dg eSE D) -ieHEH)/h, (2.6.205)

The completeness relation (2.6.204) allows us to write the time-sliced approximation for the fermionic
transition amplitude as follows:

ol te AN g o 1) = (6 0l @AMV g )
/ / _ISH/hlfN, IN)YAEN (N, lNIC_iSH/hMNfl, IN—1)diNn—1
- dey (g, n e EH Mg )

(here |&;, 1;), (¢i, ;] are eigenvectors of & and (&;, ;, |&;, #;) are eigenvectors of &@"). Using the expression
(2.6.205), reordering the factors and passing to the continuum time limit, we obtain the path integral
(2.6.85). The generalization to the case of n degrees of freedom is straightforward.

Problem 2.6.11. Construct the path-integral representation for operator satisfying the defining relations
(2.6.113), by using the appropriate generalization of Grassmann-like differential and integral calculi.

Hint. Introduce the following unusual ‘differential’ operators D, D, with the properties:
Di+72D*=1 Dz+D*=1 P=7=1. (2.6.206)

Consider, for definiteness, the commuting variables zz = zz (we can consider other possibilities, e.g.,
anticommuting z and 7). The basis of functions (2.6.100) is orthonormal with respect to the scalar product
(2.6.101), with the function . = 14Zz+72z2, the integral again being defined by (2.6.102). The operators
7z and D are Hermitian conjugate with respect to this scalar product. We can check that the normal symbols
An(Zz) of operators A and their kernels A(Zz) are related with the help of the same function 1 (zz) that
defines the scalar product, the kernel being defined in the usual way:

AY () = /dz’ d7 Az, ().

Thus, using nilpotence and the usual procedure for path-integral derivation, we obtain
Ut — t0) = / (]‘[ dz(v) dz(v) (1 + 2Z(0)z(1) + 322(t)zz(r))>u(2(t)z(t))
T

t
X exp { - / dt [(1 4+ zz2)z(7)z(7) + iHeff(Z(r)z(r))]}.
fo
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A General pattern of different ways of construction and applications of path
integrals

In order to give the reader an idea about the different approaches to the construction of path integrals and
their main applications, we present schematically the general pattern in figure 2.5 (page 319). Obviously,
it is impossible to reflect in a single figure the many different path-integral applications and thus this
diagram may serve only for a preliminary orientation in the subject and for visualizing the links which
exist among various topics discussed in this monograph.

B Proof of the inequality used for the study of the spectra of Hamiltonians

This appendix contains the proof of the second condition (2.1.110) which is used for proving the
discreteness of the spectrum of Hamiltonians in which the potential energy satisfies the conditions
(2.1.105). To this aim, rewrite the Cauchy—Schwarz—Bunyakowskii inequality (2.1.114) in the form

_M}

V) < / ” dxowz(xo)exp[—t
~ ) 0 Jrt

t
X / dwx(s) exp {—2/ ds V(x(s))}. (B.1)
C{0;x;,1} 0

The set C of continuous functions can be separated into two non-intersecting subsets C1 and C2 (C =
C1UC,, C1 NCy =0), so that

t
exp {—2/ ds V(x(s))} <e¢ Vx(s) € Cy. (B.2)
0

This condition is fulfilled if
[x(s)| > M(e) (B.3)

(due to (2.1.105)), for a suitable function M (g). We also imply that x; > M/(e); recall that inequality
(2.1.110) is expected to be correct for x; > X (¢) with a suitably chosen function X (¢).
Thus the second factor in (B.1) can be estimated as follows:

'
/ dwx(s) exp {—2/ ds V(X(S))}
C{0;x;,1} 0

'
<é€ +/ dwx(s) exp {—2/ ds V(x(s))} (B.4)
Co{0;x,,1} 0
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Figure 2.5. General pattern of different ways of construction and applications of path integrals.

or, taking into account the inequality (2.1.115), as

large x; and restricted ¢.

t
/ dwx(s) exp {—2/ ds V(x(s))} <e€ +/ dwx(s).
C{0;x¢,1} 0 Co{0;x7,1}

(B.5)

The next step is to show that the second term of (B.5) can be made arbitrarily small for sufficiently

First, we estimate this term by the inequality

/ dwx(s) < / dwx(s)
Co{0;x¢,1} C3{0:x;,1)

(B.6)
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only C3

x,—i—L ____________ —

C, and C3

Figure 2.6. Illustration of the inclusion Cy C Cj3: all trajectories from C» must drop inside the interval [—M, M] and
hence belong to C3, as shown on the right; the sample trajectory which belongs only to C3 is depicted by the bold
curve.

where the subset C3 is defined by the condition

0y = [x(s)‘ sup [x(s) — x| > L}. (B.7)

0<s<t

The inequality (B.6) follows from the positivity of the Wiener measure and the inclusion C; C C3.
Indeed, we can choose x; so that

X;—L>M

and this provides (see figure 2.6) that any trajectory, belonging to the set C, (i.e. violating the inequality
(B.3)), satisfies also the defining condition (B.7) for the set C3.

The right-hand side of (B.6) can be substituted by the path integral over the set of trajectories
terminating at the origin, due to the spatial homogeneity of Wiener processes:

/ dwx(s) = / dwx(s) (B.8)
C3{05x¢,1) C4{0;x,=0,1}
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where

Cy = {x(s)| sup |x(s)| > L}.
0<s<t
It is clear that
1 =/ dwx(s) =/ dwx(s) +/ dwx(s) (B.9)
C{0;x,=0,t} C4{0;x;,=0,1} C5{0;x,=0,1}

where

Cs = {x(s) sup |x(s)| < L}

O<s<t

because C = C4 U Cs.
Thus, the problem is now reduced to estimating (from below) the following Wiener integral:

L
/ dwx(s) = / dx()/ dwx(s)
C5{0;x;=0,1} —L Ce{x0,0;x,=0,1}

L
_ / dxo R (0, 110, 0) (B.10)
—L
where

Co = {x(s)‘x(O) — x0, (1) = 0, sup |x(s)| < L}

0<s<t

so that K (0, t]x0, 0) is the fundamental solution of the diffusion equation with the modified boundary
conditions

9K 19°K
o 4 09x2
KlieL = Klx=—— = 0. (B.11)

This equation can be solved by the well-known method of images (cf problem 1.2.15, page 117),
with the result

- eXp{_xr_g} °° 4Ln 4Ln
K (0, t|xg,0) = T[l — Z(—l)” (exp{—T(Ln —i—xo)} + exp {—T(Ln —xo)}) :|

n=1

(B.12)

Using the obvious properties of series with alternating signs and with monotonically decreasing terms, we
obtain the estimation

"‘|om

- eXp{_ 4L 4L
K, t|xp,0) > ——— (1 —exp{—T(L +xo)} —exp{—T(L —xo)}>

(1-2ew |- -}
>— 1 I (1—2expl—=(L — %o
Tt t

[¢]
X
o
! e,
|
- |o><|\>
[S——
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which, together with (B.10), gives

2
exp —XTO} — GLolxl? }

L L exp{
dwx(s) > / dxg —— — 2/ dxo
—/;5{0;)(,:0,[} —-L VTt -L vt

_& _ _& _&
ZI_LL&M_ZU LdSM%“dSM)

exp {5
dwx(s) > 1 —3/ d§ ———.
—/;5{0;)(120,1} l&]>L VTt

Taking into account (B.9) this means, in turn, that

ol 4]
dwx(s) <3 / dt (B.13)
/04{0;x,=0,z} l|>L Nt

and, using (B.4), (B.7) and (B.8), we derive

or

t
/ dwx(s) exp {—2/ ds V(x(s))} <e+e(L)——0 (B.14)
C{0;x;,t} 0

| x| =00

(because at |x;| — 0o, we may take L arbitrarily large).
Finally, with the help of the inequalities (B.1) and (B.14), we can conclude that

¥ (xr) food vi( )M( +&)——0 (B.15)
X)) < . x0 Y (xo \/77 e+ ¢ oo .

i.e. ¥ (x;) uniformly tends to zero at large values of x; and the second condition (2.1.110) has been proved.

C Proof of lemma 2.1 used to derive the Bohr—Sommerfeld quantization condition

The proof of the lemma starts from the inequality

n n
t 1 t
e — - < — — i)}— .1
Xp{ E V(xl)n} =2 E exp{ IV(xz)}n (C.1)
i=1 i=1
which, in turn, is the particular case of the following proposition.

Proposition 2.2 (Jensen inequality). Let ¢(x) be a convex function (so that ¢”(x) > 0) defined on the
interval [a, b] € Rand x;,i = 1, ..., n be some points in the interval: x; € [a, b]. Then

D ip(x) = ¢<Zaixi> (C2)
i=1 i=1

where

n
Zai =1 a; € Ry (positive numbers). (C.3)
i=1
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. ~ def . .
Proof of the Jensen inequality. It is clear that X = Y, aix; belongs to the interval [a, b]. Consider the
Taylor series with the remainder term

D) =X + (xi —DP'E) + 3(xi —X)’¢" &) i=1,....n
where & € [a, b]. Since the function ¢ is convex, we have ¢”(x) > 0. Multiplying each of these series

by «; and summing them up over i, we obtain the required inequality

D ip(xi) = ().

i=1

|

Corollary 2.2. In the particular case o; = 1/n, ¢(x) = e™¥, we introduce a; = e~ and the Jensen
inequality becomes equivalent to the relation:
1

(a1a2~'an)l/"§;(al—i—az—i—ou—i—an) a € Ry. (C.4)

Corollary 2.3. The set of the positive numbers ¢ = {o;} can be considered as a probability distribution
due to condition (C.3), so that the Jensen inequality can be written in the more general form

¢ ((x) = (¢(x)) (C.5)

where (-) denotes the mean value with respect to the distribution o = {e;}.

Relation (C.1) follows from (C.4) if we put

a; = e V@,
Since the inequality (C.1) is correct for arbitrary n, we can take the limit n — oo with the result
1 (! 1 (!
exp{—;/ ds V(x(s))} < ;/ ds exp{—tV (x(s))} (C.6)
0 0

and since the latter is correct for arbitrary x (s), we can integrate it with the Wiener measure to get

t
Kp(x,t|x,0) = / dwx(s) exp{—/ ds V(x(s))}
C{x,0;x,t} 0
1
< l/ dwx(s)/ ds exp{—tV(x(s))}. (C.7)
tJegx,0:x,0) 0

Changing the order of integration and using the ESKC relation, we can derive from (C.7) the inequality

00 1 [*® ! 1
[m dx Kg(x, t|x,0) < ;ﬁw dg /0 ds eXp{—tV(é)}ﬁ

1 o
== /_Oo d& exp{—tV (£)) (C.8)

(problem 2.1.8). This relation is correct for arbitrary . Now we shall prove that for small values of ¢,
there exists the inequality with the opposite sign. Thus, actually, (C.8) is an equality and this proves the
lemma.
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Let us make the substitution:
x(s) — x +x(s) x =x(t) = x(0)

in the Wiener integral

t t
/ dwx(s) exp {—/ ds V(x(s))} = / dwx(s) exp {—/ dsV(x +x(s))} . (C9)
C{x,0;x,t} 0 C{0,0;0,¢} 0

The integrand of the latter path integral can be rewritten with the help of the step-function 6 via the

Stieltjes integral
t 00 t
exp {—/ dsVi(x +x(s))} = / e”du9<u — / dsVi(x —i—x(s))) (C.10)
0 0 0

due to the well-known relation J
—0O(um—a)=56u—a). (C.11)
du

Using (C.10), we can write (changing the order of the integration)

t
/ dwx(s) exp {—/ ds V(x(s))}
{0,0:0,7) 0
00 t
:/ e”du|:/ dwx(s)Q(u —/ dsV(x +x(s))):|
0 {0,0:0,7) 0
(e} t
z/ e_“du[/ dwx(s)Q(u —/ dsV(x —|—x(s)))i| (C.12)
0 Cs{0,0;0,1} 0

where Cs{0, 0; 0, ¢} is a subset of C{0, 0; 0, ¢} such that
|x(s)|] < 6.

The inequality in (C.12) follows from the positivity of the Wiener measure and the positive semi-
definiteness of the step-function 6. With the help of the inequality

t
sup / dsVx+x(s) <tmax V(x +y) (C.13)
|x(s)<8| JO [yl<s

and the characteristic property of the -function, we can make the estimation (C.12) stronger:

t
/ dwx(s)G(u—/ ds V(x+x(s))> 20<u—tmax V(x+y)>/ dwx(s). (C.14)
C5{0,0:0,7} 0 [yl<é C5{0,0;0,1}

Thus, (C.9) gives

o o0
/ dx Kg(x,t|x,0) > / e “d, Meas {x ctmax V(x +y) < u} / dwx(s)
—o0 0 lyl<é C5{0,0;0,7}

o0
= / e " d, Meas {x tmax V(x +y) < u}/ dwx(s). (C.15)
0 lyl<d C5{0,0;0,7}
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Here we have used (cf (2.1.131))

o0
/ dx@(u—tmaxV(x+y)):Meas{x:tmaxV(x+y)<u}
—00 lyl<s lyl<s

and the substitution u — ut.
We want to derive asymptotic behaviour for the right-hand side of (C.15) as t — 0. The path integral
can be estimated as follows (the influence of the boundary condition |x(s)| < & becomes negligible at

very small r because the particle does not have time to reach the boundaries, cf also the discussion in the
preceding appendix, inequality (B.13)):

1
dwx(s) ~ / dwx(s) = —. (C.16)
/Ca{O,t;0,0} t—0 C{0,£;0,0} ATt

The first factor in (C.15), at small values of 7, can be estimated using conditions (2) and (3) on the potential
energy (see (2.1.130)). The point is that the asymptotics in ¢ of the integrals

oY / " e E )
0

do not depend at small ¢ on the actual form of the function F(u), provided that the latter has the fixed
asymptotics in u:
FW)|ysoo ~ Cu® a > 0.

In fact, this statement is a particular variant of the Tauberian theorem (see appendix D). In the case under
consideration, the function F (u) can be written as

F(u) = Cu® + s(u)u®
where ¢(u) — 0. Hence,
u— 00

00 U 00
f@) = C/O du e*t”u“—i—/o du e*tue(u)u“—i—/ due ™e(u)u®.

U

Here U is chosen so that
e(u) <8 iffu > U.

Using the integral representation for the I'-function:

o
r'B) = / due "uf! (C.17)
0
we obtain Cr( D
o+

F®Oli—o = et

because ~ - |
/ due Me(u)u® < M@+
U tO(+1

and

U
due "e(u)u® —> constant.
0 t—0
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This result, together with conditions (2.1.130), allows us to write

o
/ e “'d, Meas {x : ‘m‘a)é Vix+y) < M}
0 Yi=<

o
~ / e "d, Meas{x : V(x) < u}
0

t—0
oo
= / dxe VO, (C.18)
—00
Thus, we have obtained the inequality
o (.¢] V( )
dx K(x,t|x,0) > dxe V™
/—oo 120 VIt J 00
and comparison with (C.8) gives the statement of lemma 2.1. O

D Tauberian theorem

Theorem 2.6 (Tauber). Let a function F (1) satisfy the following asymptotic condition

o
/ due ™F(u) ~Ct77 y>0,C,yeR (D.1)
0

t—0

Then the asymptotic behaviour of the integral

R
/ du F(u) (D.2)
0 R—o0
at R — oo is uniquely defined.
Sketch of proof of the Tauber theorem. Since
o0
r

/ du e_m(e_m)nuy_l = & ne 7,

0 (n+1)
and since the relation (D.1) implies

o

/ due """ F(u) ~CtV(n+1)77

0 t—0

there exist the following asymptotic relations
o C o0
/ due (eftu)n F(u) ~ / due™ (efu)nuyfl
0 i—o 1'Tw) Jo
or, summing them with the coefficients a,, we obtain the relation
due ™Y a,(e”"™"F(u) ~ / due ™Y a,(e ")y, (D.3)
/0 Z ! im0 T Jo Z !

We can show that there exists such a choice of coefficients a, that

0

<
\%

tu

Z an (eftu)n —

€ u <
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With this choice, (D.3) gives the following asymptotics:

1/t
/ du F(u)
0

and this proves the statement of the Tauberian theorem. O

C
=0 fyl“()/) tVl“()/ +1)
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annihilation operators, 132
anti-normal symbols, 207
anticommutation relations, 286
anticommutator, 286
anticommuting variables, 286
asymptotic series, 171
asymptotic states, 222

Baker—Campbell-Hausdorff formula, 155
Bargmann-Fock realization of CCR, 206
Berezin integral, 292
Bernoullian random walk, 49
Bloch equation, 65, 72, 76
Bohr—Sommerfeld quantization condition, 123,
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Borel set, 5
bra-vector, 127
Brownian bridge, 82
Brownian motion, 12, 13
and fractal theory, 28
discrete version, 13
in field of non-conservative force, 115
independence of increments, 23
of interacting particles, 67
under external forces, 68
under an arbitrary external force, 66
under an external harmonic force, 64, 84
with absorption, 73
Brownian particle, 6, 13
drift velocity, 49
time to reach a point, 118
under an external force, 76
with inertia, 71

canonical commutation relations (CCRs), 132
canonical loop space, 308

canonical transformations, 305
Cauchy—-Schwarz—Bunyakowskiiinequality, 143

caustics, 176
change of variables in path integrals, 45
characteristic function, 101
characteristic functional, 101
chronological ordering, 74
coherent-state path integrals, 200, 218
coherent states, 207

normalized, 218

on the group SU (2), 280

overcompleteness, 219
commutator of operators, 129
compound event, 22
conditional probability, 15
conjugate points, 174, 175
continuity equation, 13
continuous integral, 1
contraction operator, 144
contravariant symbol, 220
coordinate representation, 129
correspondence principle, 201
Coulomb problem, 122
covariance, 103
creation operators, 132
curvature, 246

scalar, 246
cyclotron frequency, 196

deformed oscillator algebra, 298
delta-functional (§-functional), 71
diffusion constant, 13
diffusion equation, 13
inhomogeneous, 20
solution, 18, 19
discrete random walks, 108
discrete-time approximation, 37
double-well potential, 91
driven harmonic oscillator, 104
classical (stochastic), 104

333



334 Index

transition probability, 107
quantum
propagator, 198
Duistermaat—Heckman theorem, 307
loop-space generalization, 310
Duru—Kleinert method, 267

effective action, 247
equivariant exterior derivative, 306, 309
ESKC (semigroup) relation, 21
Euler-Lagrange equations, 79, 80, 141
evolution operator, 125
as a ratio of path integrals, 213
normal symbol, 217
Weyl symbol, 212
excluded volume problem and the Feynman-—
Kac formula, 110

Fermat principle, 188
Feynman—Kac formula, 65, 73, 137
in quantum mechanics, 123
proof for the Bloch equation, 76
finite-difference operators, 95
fluctuation factor, 80, 82
focal points, 176
Fokker—Planck equation, 61, 111
Fourier decomposition, 95, 100
for Brownian trajectories, 95
independence of coefficients, 117
free Hamiltonian, 222
functional derivatives, 86
functional integral, 1
functional space, 26
functionals
characteristic, 31
generating, 101
integrable, 34
simple, 33
Cauchy sequence, 34
fundamental solution, 20

gauge invariance, 186

gauge transformations, 186

gauge-fixing conditions
Coulomb, 195

Gaussian distributions, 59

Gaussian integral, 18
complex, 135

Grassmann case, 295
multidimensional, 38
Gelfand—Yaglom method, 43, 87, 168, 263
generalized eigenfunctions, 130
generating function, 101
generating functional, 101
Grassmann algebra, 286, 288
infinite-dimensional, 298
Grassmann variables, 289
Green functions, 20
of the stationary Schrodinger equation, 177
ground state, 132

Hamiltonian vector field, 306
harmonic oscillator, 103

quantum, 131

with time-dependent frequency, 168
Hermite function, 132
Hermite polynomial, 132
Hilbert—Schmidt theorem, 142
hopping-path approximation, 91
hopping-path solution, 92

index of a bilinear functional, 175

instantons, 91

integral kernel of an operator, 78, 103
convolution, 134

integral over histories, 1

integral over trajectories, 1

interaction representation, 223

invariant torus, 178

Ito stochastic integral, 63, 120, 183
Stokes formula, 120

ket-vector, 127

Kolmogorov second equation, 61

Kolmogorov’s theorem, 36

Kustaanheimo—Stiefel transformation, 245, 266,
269

Lagrangian, 141

Langevin equation, 61, 62
Laplace—Beltrami operator, 246
large fluctuations, 91

lattice derivative, 95

Legendre transformation, 180
Lie derivative, 306

Liouville measure, 306
Lyapunov exponent, 181



Markov chain, 13
Markov process, 23
Maslov—Morse index, 174, 181
Maurer—Cartan form, 273
mean value, 58
measure, 5
Feynman (formal), 138
Lebesgue, 5
Wiener, 25
method of images, 231
method of square completion, 159
midpoint prescription, 47, 186, 210
mixed states, 127
mode expansion, 100
Morse function, 307
Morse theorem, 176

normal symbol, 206, 207

observable, 123
operator

annihilation, 132

compact, 142

conjugate, 124

creation, 132

Hamiltonian, 125

self-adjoint (Hermitian), 124

symmetric, 124
operator ordering problem, 129, 183, 187,200
operator spectrum, 124

study by the path-integral technique, 141
ordering rules, 129
Ornstein—Uhlenbeck process, 63, 90
overcompleted basis, 207

Parisi—Sourlas integration formula, 314
partition function, 56
path integrals, 1
and singular potentials, 267
calculation by ESKC relation, 39
change of variables
via Fredholm equation, 45
via Volterra equation, 46
coherent state PI on SU(2) group, 281
discrete-time (time-sliced) approximation, 36
Feynman, 122, 137
in phase space, 122, 139, 155
in terms of coherent states, 218

Index 335

Wiener, 25
with constraints, 122
with topological constraints, 122
path length, 188
periodic orbit theory, 154, 181
periodic orbits, 176, 178
perturbation expansion, 152
phase-space path integral, 122
physical-optical disturbance, 187
Poincaré map, 181
Poisson brackets, 129
Poisson distribution, 50
Poisson formula, 232
Poisson stochastic process, 51
postulates of quantum mechanics, 123
probability amplitude, 124, 125
probability density, 57
probability distribution, 19, 56
initial, 14
normal (Gaussian), 19
probability space, 56
propagator (transition amplitude), 135
for a particle in a box, 232
for a particle in a curved space, 248
for a particle in a linear potential, 197
for a particle in a magnetic field, 195
for a particle on a circle, 240
and «-quantization, 241
for a particle on a half-line, 236
for a short time interval, 140
for a torus-like phase space, 242
for the driven oscillator, 198
interrelation in different coordinate systems,
257
radial part for a free particle, 265
radial part for the harmonic oscillator, 265
pure states, 127
px-symbol, 202

quadratic approximation, 86, 87
quantization
canonical, 128
quantum chaos, 181
quantum fluctuations, 162
quasi-geometric optics, 187
quasi-periodic boundary conditions, 230, 241

radial path integrals, 258, 260
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random field, 102

random force, 62

random function, 57

random variable, 56

random walk model, 108

renormalization in quantum field theory, 212
resolvent of a Hamiltonian, 177

Riemann ¢-function, 100
Riemann-Lebesgue lemma, 170

S-matrix, 222
saddle-point approximation, 170
scalar curvature, 246
scattering operator, 222, 223
adiabatic, 224
Schrodinger equation, 125
stationary, 133
Schwarz test functions, 130
Schwinger variational equation, 1
semiclassical approximation, 80, 144
semigroup property, 21
source functions, 102
spacetime
Euclidean, 139
Minkowski, 139
spacetime transformations in path integrals, 253
star-product (star-operation), 201
state vector, 123
stationary Schrodinger equation, 126
stationary state, 126
stationary-phase approximation, 170
steepest descent method, 170
stochastic (random) field, 57, 102
Gaussian, 102
stochastic chain, 57
stochastic equations, 61
stochastic function, 57
stochastic integral, 63
stochastic process, 17, 23, 57
Gaussian (normal), 58
Markov, 58
stationary, 58
white noise, 59
Wiener, 59
stochastic sequence, 57
summation by parts, 96

superposition principle, 126
superselection rules, 126
superselection sectors, 127
superspace, 296
supersymmetry operator, 306
symbol of an operator, 200
px-symbol, 202
xp-symbol, 201
contravariant, 220
normal, 207
Weyl, 202
symplectic two-form, 305

Tauberian theorem, 149, 326
time-ordering operator, 126
time-slicing, 28

topological term, 234

transition amplitude (propagator), 135
transition matrix, 14

transition probability, 14

Trotter product formula, 156, 157

uncertainty principle
and path integrals, 159, 216

vacuum state, 132

Van Vleck—Pauli—-Morette determinant, 173
variational methods, 80

volume quantization condition, 243

wavefunction, 127
Weyl symbol, 202, 203
Wick theorem, 225
Wiener measure, 25
conditional, 25
unconditional (full, absolute), 25, 43
Wiener path integral, 1, 25
Wiener process, 24
its derivative (white noise), 113
Wiener theorem, 29
analog for phase-space path integrals, 214
and differential operators in path integrals,
100
WKB approximation, 169, 172

xp-symbol, 201
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